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PREFACE

More than 2Д00 papers were submitted by the
nations, the specialized agencies, and the International
Atomic Energy Agency, which participated in the
Second United Nations International Conference on the
Peaceful Uses of Atomic Energy. The number of papers
was thus about twice that involved in the First Conference. Provision was therefore made to hold five
concurrent technical sessions in comparison with the
three that were held in 1955. Even so, the percentage
of orally presented papers was less in 1958 than in 1955.
In arranging the programme, the Conference Secretariat aimed at achieving a balance, allowing adequate time for presentation of as many papers
as possible and, nevertheless, leaving time for discussion of the data presented. Three afternoons were
left free of programme activities so that informal meetings and discussions among smaller groups could be
arranged. No records of these informal meetings were
made.
A scientific editorial team assembled by the United
Nations checked and edited all of the material
included in these volumes. This team consisted of:
Mr. John H. Martens, Miss L. Ourom, Dr. Walter
M. Barss, Dr. Lewis G. Bassett, Mr. K. R. E. Smith,
Martha Gerrard, Mr. F. Hudswell, Betty Guttman,
Dr. John H. Pomeroy, Mr. W. B. Woollen,
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Dr. K. S. Singwi, Mr. T. E. F. Carr, Dr. A. C. Kolb,
Dr. A. H. S. Matterson, Mr. S. Peter Welgos,
Dr. I. D. Rojanski and Dr. David Finkelstein.
The speedy publication of such a vast bulk of literature obviously presents considerable problems. The
efforts of the editors have therefore been primarily
directed towards scientific accuracy. Editing for
style has of necessity been kept to a minimum, and
this should be noted particularly in connection with
the English translations of certain papers from French,
Russian and Spanish.
The Governments of the Union of Soviet Socialist
Republics and of Czechoslovakia provided English
translations of the papers submitted by them.
Similarly, the Government of Canada provided Frenchlanguage versions of the Canadian papers selected for
the French edition. Such assistance from Governments has helped greatly to speed publication.
The task of printing this very large collection of
scientific information has been shared by printers in
Canada, France, Switzerland, the United Kingdom
and the United States of America.
The complete Proceedings of the Second United
Nations International Conference on the Peaceful Uses
of Atomic Energy are published in a 33-volume
English-language edition as follows:

Sessions
Included

Progress in Atomic Energy
Survey of Raw Material Resources
Processing of Raw Materials
Production of Nuclear Materials and Isotopes
Properties of Reactor Materials
Basic Metallurgy and Fabrication of Fuels
Reactor Technology
Nuclear Power Plants, Part 1
Nuclear Power Plants, Part 2
Research Reactors
Reactor Safety and Control
Reactor Physics
Reactor Physics and Economics
Nuclear Physics and Instrumentation
Physics in Nuclear Energy

1,2, 23a, 23b, 23c
E-5, E-7b, E-9
E-10, E-6 and E-7a
E-11, E-12, C-14, C-15
E-14, E-15
E-13, E-17, E-18
E-19, E-21, E-22
3, 6, 7
B-9, B-10, B-11
B-5, B-12
B-13, B-14a, A-14
B-17, B-18, B-21
B-19, B-15, B-14b
A-18, A-19
A-21, A-22

Volume

Sessions

No.

Included

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

Nuclear Data and Reactor Theory
Processing Irradiated Fuels and Radioactive Materials
Waste Treatment and Environmental Aspects of Atomic Energy
The Use of Isotopes: Industrial Use
Isotopes in Research
Health and Safety: Dosimetry and Standards
Biological Effects of Radiation
Experience in Radiological Protection
Isotopes in Biochemistry and Physiology, Part 1
Isotopes in Biochemistry and Physiology, Part 2
Isotopes in Medicine
Isotopes in Agriculture
Basic Chemistry in Nuclear Energy
Chemical Effects of Radiation
Fundamental Physics
Theoretical and Experimental Aspects of Controlled Nuclear Fusion
Controlled Fusion Devices
Index of the Proceedings

VI

A-11, A-12, A-13
C-17, C-18, C-19
C-21, C-22, D-19
5b, D-7
D-6
5a, D-15
D-9, D-10
D-11, D-12
D-13
D-14
D-17, D-18
D-21, D-22
C-9, C-10, C-11
C-12, C-13
15, A-17
4, A-5, A-6
A-7, A-9, A-10

TABLE OF CONTENTS
Volume 31
Session 4: Possibility of Controlled Fusion

page

P/145

Alfvén

Magnetohydrodynamics and Thermonuclear Problems

3

P/2298

Artsimovich

Controlled Fusion Research in the USSR

6

P/1056

Biermann

Recent Work on Controlled Fusion in Germany
(Federal Republic)

21
27

P/2410

Teller

Peaceful Uses of Fusion

P/78

Thonemann

Controlled Thermonuclear Research in the United
Kingdom

Record of session

34
39

Session A-5 Theoretical Aspects of Plasma Physics
P/2500

Braginsky, Shafranov

High-Temperature Pinches

43

P/2292 Dreicer

Runaway Electrons

57

P/383

Garren

Individual Particle Motion in Axial Magnetic Fields

65

P/1799

Hoyaux et al

Effect of Distant Collisions on Autostriction

72

P/1861

Longmire

Static Pinch

84

P/347

Rosenbluth

Stability and Heating in the Pinch Effect

85

P/2213 Trubnikov, Kudryavtsev . . .

Plasma Radiation in a Magnetic Field

93

P/2300

Akhiezer et al

High Frequency Plasma Oscillations

99

P/357

Berger et al

Plasma Heating by Oscillating Electromagnetic Fields

112

P/2215

Sagdeyev, Shafranov

Absorption of High-Frequency Electromagnetic Energy

118

P/361

Stix

Generation and Thermalization of Plasma Waves . . . .

125

P/1307

СМИ, Micu

Plasma Oscillations in External Magnetic Fields . . . .

134

P/365

Kruskal, Oberman

Stability of a Plasma in Static Equilibrium

137

P/349

Rosenbluth, Rostoker

Theoretical Structure of Plasma Equations

144

P/2214

Sagdeyev et al

Dynamics of a Rarefied Plasma in a Magnetic Field . .

151

P/354

Suydam

Stability of a Linear Pinch

157

P/33

Tayler

Stability of a Constricted Discharge

160

P/1538 Berkowitz et al

Cusped Geometries

171

P/376

Berkowitz et al

Magnetohydrodynamic Stability

177

P/386

Grad, Rubin

Hydromagnetic Equilibria and Force-Free Fields

190

vii

vin

VOLUME 31
page

P/1875

Johnson

Some Stable Hydromagnetic Equilibria

198

P/1876

Kruskal, Kulsrud

Equilibrium of a Plasma in a Toroid

213

P/l

Adlam, Allen

Large Amplitude Disturbances

221

P/2509

Akhiezer et al

Simple Waves and Shock Waves in Magnetohydrodynamics

225

P/374

Gardner et al

Hydromagnetic Shock Waves in High-Temper ature
Plasmas

230

P/1368

Barsanti et al

Possibility of Fusion with An Focusing

238

P/2532

Boulegue étal

Slowing Down of Charged Particles

242

P/l 183 Braffort, Chaigne

Mechanization of Some Fusion Reactor Calculations

247

P/2358

Engineering Aspects of a Thermonuclear Power Plant

257

P/l 765 Grad

Thermonuclear Reaction Rate in a Discharge

263

P/2430

Transient Temperature Variations in

Geller et al
Greyber

Self-Heated

Plasma
P/1941

Gryzinski

P/l 184 Magn ac- Valette et al

267

Fusion Chain Reaction

270

Energy Development in a Thermonuclear Plasma . . .

275

Record of session

278

Session A - 6 : Experimental Aspects of Plasma Physics

P/360

Stix, Palladino

Ion Cyclotron Resonance

282

P/2211

Dubovoi et al

Ion Cyclotron Oscillations and New Injection Methods

288

P/2536

Sinelnikov et al

Electron Resonance, Plasma Wave-Guides and Plasmoids

292

P/344

Barnett et al

The Oak Ridge Thermonuclear Experiment

298

P/1790

Luce

Intense Gaseous Discharges

305

P/2396

Neidigh, Weaver

Effect of a Pressure Gradient on a Magnetically Collimated Arc

315

P/2383 Boyer et al

Ixion

319

P/l708

Dattner et al

Liquid Conductor Model of Instabilities

325

P/345

Kolb

Magnetic Compression of Shock Pre-heated Deuterium

328

P/355

Marshall

Acceleration of a Plasma into Vacuum

341

P/2301

Andrianov et al

High Current Pulsed Discharges

348

P/1460

Curren et al

High Current Gas Discharges

365

P/2302

Komelkov et al

Development of a Power Fuel Discharge in Deuterium

374

P/2504

Komelkov et al

Plasma Motion in Powerful Discharges

382

Record of session

389

Session 4
POSSIBILITY OF CONTROLLED FUSION
LIST OF PAPERS
Page

P/145

Magnetohydrodynamics and the thermonuclear problem

P/2298

Research on controlled thermonuclear reactions in the USSR

P/1056

Recent work on controlled thermonuclear fusion in Germany
(Federal Republic)

P/2410

Peaceful uses of fusion

P/78

Controlled thermonuclear research in the United Kingdom

H. Alfvén

3

L. A. Artsimovich

6

L. Biermann

21

E. Teller

27

P. C. Thonemann

34

P/145

Sweden

Magnetohydrodynamics and the Thermonuclear Problem
By H. Alfvén*

At the first Geneva Conference, Dr. Bhabha made
his famous prediction about the future of thermonuclear energy, and since then the possibility of the
peaceful use of this energy has attracted a rapidly
growing interest in the newspapers and also in scientific
literature. It is the purpose of this and the following
sessions to give a survey of the present situation.
The way which we have to go towards thermonuclear energy diners in some respects from the way
which has led to the release of fission energy. The
latter was opened by research in nuclear physics carried out as pure science. The objective was to gain
knowledge of the structure of matter and not to
achieve any technological results. In fact, it was
not until the discovery of fission that technological
aspects entered this field in a serious way.
As a comparison, it is of interest to see what is
needed before we could hope to release fusion
energy for peaceful purposes. This possibility does
not depend on nuclear physics because the processes
which possibly are of importance are very well known
in nuclear physics. The main difficulty is to heat a
gas to a very high temperature and to keep this gas
confined during a sufficiently long time. The field of
physics which we must study in order to be able to do
so is magnetohydrodynamics and the physics of hot
ionized gases, which is usually referred to as plasma
physics. Magnetohydrodynamics is a combination
of electromagnetism and hydrodynamics, and this
means that we are facing the difficulties of electromagnetism multiplied by the difficulties of hydrodynamics. But the thermonuclear problem furthermore requires a combination of magnetohydrodynamics with plasma physics, which means that we
have to multiply once again by the difficulties of
plasma physics. Hence we are entering an extremely
complicated, but also extremely rich and fruitful field,
which is well worth our investigations even from the
purely scientific point of view.
Up to quite recently magnetohydrodynamics was
studied mostly because of its interest to astrophysics,
where it is of basic importance. In fact, contrary to
what was believed up to recently, ordinary hydrodynamics is applicable only to very few astrophysical
problems, because under most astrophysical conditions
* Department of Electronics, Royal Institute of Technology,
Stockholm.

the electrical conductivity is so great that there is
generally a coupling between the mechanical motion
and electromagnetic phenomena. In solar and stellar
physics, the physics of interplanetary and interstellar
space, and also in quite a few problems of the ionosphere and of the earth's interior, we must introduce
magnetohydrodynamics. Thus, in the whole universe,
we leave to ordinary hydrodynamics only the lower
parts of the planetary atmospheres and the seven
seas.
This means that the thermonuclear problem is
closely coupled with modern astrophysics. Progress
towards the solution of the thermonuclear problem
will necessarily be fruitful for astrophysics and, vice
versa, progress in the concerned fields of astrophysics
may be important also from the thermonuclear point
of view.
Thus, summarized in a brief statement, fission
energy was released as a result of purely scientific
research carried out in order to investigate the atom
and find the microscopic structure of our world. The
progress towards thermonuclear energy is connected with astrophysics, the study of the macroscopic
structure of our world.
There are at present a number of big projects aiming
at the production of the necessary conditions for the
release of thermonuclear energy. They are, of course,
very important because they have directed interest towards the field and demonstrated its difficulties. But I think that of equal importance is an
advance on a very broad front in magnetohydrodynamics and plasma physics, and I believe that this
may lead to a great number of new projects. The field
is rich in new possibilities, and we cannot be sure
that any of the present lines of approach will lead to
the best solution.
Capture of a Plasma by a Magnetic Field

As an example of what I mean I shall discuss one
of the basic principles in the field. In order to make
a thermonuclear reactor it is essential to keep heated
gas enclosed during a certain time. The first question
which should be decided is whether we should
(a) confine the gas at first and then heat it,
(b) heat it at first and then confine it, or
(c) heat and confine it at the same time.
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Most thermonuclear projects seem to have chosen
the first or, in some cases, the third alternative, in spite
of the fact that from a technological point of view it
may be an advantage to heat the plasma at first and
then shoot it into a region of confinement where it will
be used.
Let us discuss whether this could be an alternative
to the present projects. This would be the case, for
example, if we could shoot a heated plasma into a
magnetic field in such a way that it is captured by the
magnetic field. It has been argued that this is very
difficult, if not impossible. A charged particle which
is shot into a magneticfieldfrom outside usually comes
out of it again. Also, if we consider magnetic lines
of force which are " frozen " into a plasma, we are
tempted to conclude that the plasma could not be
brought into a magnetic field from outside and
captured by it. I think that we could learn from
astrophysics that these objections are not watertight;
for example, we can see what happens during
magnetic storms and aurorae. This rather indicates
that a magnetized plasma could be shot into and
captured by the magnetic field. Certainly there are
several conflicting theories about magnetic storms and
aurorae but I think it is now fairly evident that a
magnetic storm is caused by an extremely hot plasma
which occupies parts of the geomagnetic field and is
held captured by it during a considerable time. It
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is also very likely that this plasma has been shot into
the geomagnetic field from the sun, where it has been
heated by " solar activity " and magnetized by the
solar magnetic fields.
Hence, from a study of these phenomena, we could
conclude that in principle it is possible to shoot a
heated plasma into a magnetic field and capture it
there. This might be checked by laboratory experiments in which we simulate the geophysical phenomena. However, there may also be other and simpler
methods for achieving the same results.
A possible method of capturing a plasma which is
shot into a magnetic field is illustrated by Fig. la.
An electric field is applied between the cylindrical
electrodes A and В and a magnetized plasma ring is
produced which drifts in the axial direction due to the
action of the electric and magnetic fields. In a region
NS, a radial magnetic field is produced between a
magnetic pole S inside the inner electrode and an
annular pole N outside the outer electrode. If the
plasma ring has a sufficiently high conductivity and
density it may carry the magnetic lines of force with
itself as illustrated by Fig. \b. When the ring proceeds further the lines of force will disrupt so that we
obtain a configuration as shown in Fig. \c. The
original field between the electrodes is almost restored
and a magnetized plasma ring is produced.
The ring is characterized by a longitudinal magnetic
field which is wrapped up infieldlines passing the hole
of the ring. This structure is rather different from
Bostick's plasmoids, but is similar to the field configuration in Zeta. The temperature of the plasma
ring is a function of the kinetic and thermal energy
of the initial plasma and of the strength of the radial
magnetic field. The dependence is rather complicated.
Theoretical and Experimental Magnetohydrodynamics
at Stockholm

Finally, I should mention, as an example of the
different possibilities which there might be in this
field, the theoretical and experimental work which is
done in Stockholm. As will be reported later by
Professors Ohlin and Siegbahn, interesting investigations in this field are also going on in Uppsala.
During the last decade the magnetohydrodynamic
research in Stockholm has consisted of a series of
theoretical and experimental investigations. The
experiments have been carried out in conducting
liquids, mercury or liquid sodium, which are placed
in strong magnetic fields. But, of course, experimental investigations of hot plasmas seem to be an even
more fascinating field. Following a long series of investigations of relatively cool plasmas, presented by
Dr. Lehnert at this Conference, we have now started
a series of experimental investigations on hot plasmas,
concentrating on the fundamental properties of the
plasma. We are also trying to analyze in a more or
less systematic manner possible new ways of approach
to the thermonuclear problem. As an example I should
like to mention the theoretical and experimental investigations by Dr. Lehnert about whether a plasma could
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be confined in a very simple way by the magnetic field
of a circular loop of current. At first one would say
" Yes, of course ", but, on second thoughts, one would
say " No, not at all, because the leads to the loop will
disturb the conditions " ; but I think it has been demonstrated that there is a fair chance that the eñect
of these leads to the loop can be eliminated by the
magneticfieldsof the leads themselves. We have also
started experiments with discharges of a few hundred
kiloamps to produce fast-moving magnetized plasmas,

in order to investigate whether they could be captured
by magnetic fields in the way I have just discussed.
Our investigations also cover other problems in magnetohydrodynamics with possible applications both to
astrophysics and to the thermonuclear problem.
We have chosen this line of research because we
believe that the way to solve the thermonuclear problem should be by an advance on a broad front in
magnetohydrodynamics, plasma physics and astrophysics.
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Research on Controlled Thermonuclear Reactions
¡n the USSR
By L. A, Artsirnovich *

The idea of developing controlled thermonuclear
reactions for power generation by utilizing the synthesis of light atomic nuclei has been expressed time
and again in the past. But it is only after many
years of preparatory work, the results of which were
not tangible earlier, that justified hopes have arisen
as to the possibility of finding a successful solution
to this problem. A rapid expansion of the scale of
research followed, and now the development of ways
of attaining controlled thermonuclear reactions has
become the most important problem of atomic
engineering.
The trend towards a lessening of the rigid bounds
of secrecy that had earlier so fully isolated physicists
working on this problem in the different countries
from one another was important in speeding up
scientific investigation. As long as the dominant
doctrine in this field was that the danger of publishing
one's scientific results cannot be balanced by the
advantage to be gained through scientific information
from abroad, research languished. A significant
change occurred in 1956, when certain results of work
done in the USSR were disclosed for the first time.
This was followed by the gradual emergence of
publications from England and the USA. It was
then possible to begin some sort of an exchange of
ideas and experience—a thing of incalculable value in
attacking such a scientific and technical enigma as is
the problem of controlled thermonuclear reactions.
In spite of the wide range of the investigations for
controlled thermonuclear reactions, all of them are
still in the stage of exploring various approaches to
the problem. Not a single one of these approaches has
been explored to such an extent as to permit one to say
that success is assured. Apparently there is only one
conviction that seems to be generally accepted, and
that is that the solution of the problem must follow
from a correct choice of the technique of magnetic
confinement (thermoinsulation) for practical realization of the general idea of confining hot plasma by
strong magnetic fields.

Original language: Russian.
* Academy of Sciences of the USSR, Moscow.

Methods of utilizing a magnetic field for the purpose
of thermoinsulation and heating of plasmas may be
divided into two basic groups. One group includes
methods of accelerating the plasma by electrodynamic
forces; the other, methods of obtaining equilibrium
plasma configurations, that is, states in which, the
pressure of the plasma is balanced by magnetic pressure. The difference between these two groups of
methods becomes more distinct if we express it in
terms of magnetohydrodynamics, which deals with
the general laws of behavior of a conducting fluid in
a magnetic field. Under certain conditions which we
shall assume fulfilled, the plasma may be regarded as
analogous to a conducting fluid, macroscopically
speaking. The equation describing the behavior of
a plasma under the action of electrodynamic forces is
(1)
where v and p are respectively the velocity and density
of an elementary volume of plasma moving under
the action of electrodynamic forces and a pressure
difference. The electrodynamic force acting on a
unit volume of plasma is represented by the first
term on the right-hand side of the equation. It
is due to the interaction between the magnetic ñeld
and the currents flowing in the plasma (H is field
strength and j is current density).
A glance at this equation is sufficient to see that
two extreme cases are possible, each characterizing a
large group of confinement methods.
If the gas kinetic pressure is relatively small, the
electrodynamic force will be balanced by " inertial
forces" :
dv
1
Under these conditions, the plasma as a whole will
acquire under the action of electrodynamic forces a
directed velocity which may considerably exceed the
random thermal velocity of the ions. The kinetic
energy of directed motion due to acceleration of
the plasma in the magnetic field may then be utilized
for subsequent heating of the substance (in processes
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of the implosive compression type, during impact of
accelerated plasmoids on a target, etc.). Some concrete techniques of such utilization will be described
below.
Characteristic of this type of plasma-magnetic
field interaction is the short duration of the process.
In order of magnitude it is equal to a/v, where a is
the distance traversed by the plasma under the
action of the accelerating forces, and v is the velocity
attained. In cases of practical interest, the duration
of this acceleration process should be of the order of
6
5
10~ -10- sec. Obviously, such momentary pulsed
processes will be of considerable interest only if it
is possible to utilize them as the first phase in heating
the plasma. This phase should result in the transformation of kinetic energy into heat and in the
transition to some quasi-stationary state in which
the rapid inertial motions remaining after the first
phase should damp out within a very short time.
An opposite case will occur if acceleration of the
plasma is small and if the " inertial term " on the
left-hand side of the equation may be disregarded
compared with the pressure gradient. In this case
the gas-kinetic and magnetic pressures balance each
other for all times:
Vp = — j x H .
с
One may imagine a multiplicity of ways for attaining such equilibrium plasma configurations characterizing a quasi-stationary state of plasma in a
magnetic field. At present the following trends appear
to be emerging in more or less clear outline:
(a) Development of methods for confinement and
heating of plasma in systems with large closed discharge currents which are maintained by an external
voltage and stabilized by an external magnetic field;
(b) Research into magnetic traps in which a hightemperature plasma is produced by accumulation of
fast particles injected into the trap.
This classification of different approaches to the problem of obtaining and maintaining high temperatures
in plasmas is of course very incomplete, but within
the scope of this paper it is quite natural, since it
corresponds to the principal directions of research on
controlled thermonuclear reactions in the USSR.
Before describing some concrete results obtained in
the theoretical and experimental studies carried out
along the lines mentioned above, I should like to
touch on some questions relating to the general
properties of future thermonuclear reactors. Of
course I fully realize that at the present stage of our
knowledge any discussion of such questions can only
rest on our faith in the ultimate triumph of human
ingenuity.
First it is necessary to note that, irrespective of
which concrete variant of magnetic system is proposed as a technical solution of the thermonuclear
energy problem, the system must satisfy one fundamental condition: the energy released in nuclear
fusion must cover by a wide margin the energy

consumed from other sources for maintenance of the
high temperature in the plasma.
A simple analysis shows that this condition may be
written in the form of the following relationship
between the principal parameters determining the
performance of a thermonuclear generator:
A{\ - 7 ] ) .

(2)

In this formula, H is the intensity of the plasmaconfining magnetic field and т is the time the high
temperature is maintained in the plasma. The
quantity 7] denotes that fraction of the thermal
energy of the plasma which is converted into electrical
energy at the end of the operation cycle. The
constant A depends on the nuclear fuel selected.
Under the most optimistic assumptions concerning the
character of the processes occurring in a thermonuclear
generator, this constant may be taken as equal to
1010 for pure deuterium and 108 for a mixture of D
and T in equal proportion. These values of the
constant are based on the supposition that thermonuclear reactions in the plasma proceed at an " optimum " temperature, which for deuterium amounts to
50 kev (5 X 108 °K) and for the D-T mixture to
15 kev (1.5 x 108 °K).
When applying the inequality (2) with the indicated
values of the constant A one must bear in mind that
strictly speaking it refers to the ideal case, where
there is no escape of particles from the plasma in the
high-temperature regime. This implies that the
particle lifetime coincides with the time the high
temperature is maintained in the plasma.
From condition (2) it follows that the shorter the
time interval during which a high temperature is
maintained, the higher the intensity of the magnetic
field must be. In order to satisfy these requirements
by means of present-day electrical facilities, one must
have some method for confinement of the fast particles of the plasma during periods of time of the order
of seconds or even tens of seconds. To illustrate, if
T is put equal to 10 seconds then the field strength in
a generator with pure deuterium must be of the order
of 30,000 gauss. This value is within limits technically
feasible for stationary apparatus. However, it should
be pointed out that in this case the power released per
unit volume of the generator would be small, and for
such a complex machine to be workable it would have
to be of an enormous size.
We shall now examine the problem of direct conversion of thermonuclear energy into electric power.
The energy released in a fusion reaction consists of
two different parts that play quite unequal roles in
the operation of a thermonuclear generator. The
energy carried away by neutrons produces no effect
on the processes occurring in a plasma. In the
balance of electric energy produced by a generator,
this part can participate with an efficiency that does
not exceed 0.3 (which is the same as for the energy
released in conventional nuclear power stations using
the fission of heavy nuclei). The other part of the
nuclear fusion energy is related to the charged particles produced in the high-energy reaction; it is

8
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released directly in the plasma, producing the temperature rise and it may be converted into electrical
energy with an efficiency r\ close to unity.
The possibility of a transformation of this nature
stems from the fact that during magnetic thermoinsulation the high-temperature nuclear fuel is
surrounded by a strong magnetic field which is
similar to an elastic shell compressing the plasma.
Upon expansion a plasma heated to a high temperature does work against the magnetic pressure at the
expense of thermal energy which is thus converted
into electromagnetic energy. If the maximum temperature of the plasma at the onset of expansion is
equal to T± and the minimum temperature to which
the plasma cools at the end of each work cycle of the
thermonuclear generator is T2, the maximum value
of 7] will be given by the familiar formula

L A. ARTSIMOVICH

In most methods of exciting controlled thermonuclear reactions the energy source is either deuterium
or a mixture of deuterium and tritium. Of these
two types of nuclear fuel, the future will, apparently,
belong to the D-T mixture. Its chief merit is the
large value of the reaction cross section. In the
temperature interval of practical interest the yield of
a mixture with equal parts of D and T exceeds that
of pure D by two orders of magnitude. Though the
tritium obtained from conventional atomic reactors is
at present a very expensive nuclear fuel, this can only
be a temporary barrier to its use, for there exist
methods that can easily compensate the tritium used
up in a thermonuclear generator.
In each elementary D-T reaction event, a nucleus
of tritium disappears and a fast 14.1 Mev neutron is
produced that subsequently leaves the plasma. If
a thermonuclear generator is surrounded with a
sufficiently thick layer of a substance in which fast
neutrons induce (n, 2n) reactions, it should be possible to increase substantially the initial neutron
From the foregoing it follows that at least in
flux. For neutron multiplication via (n, 2n) reprinciple it is possible to make 7] very close to unity,
actions we may use either beryllium or such heavy
inasmuch as the upper temperature in the thermal
elements as lead or bismuth. In these substances,
cycle of the generator is very high and therefore the
the effective cross section of the (n, 2n) reaction for
ratio Т2/Тг can be made sufficiently small.
14.1 Mev neutrons exceeds that of other competing
However, it should be borne in mind that a very
nuclear processes. If any one of these substances is
considerable reduction of the temperature during
used as the shell of the thermonuclear reactor the
expansion can be accomplished only at the expense of
number of neutrons should increase roughly 1.5- to
a large increase in the plasma volume. In the case
2-fold. This enhanced neutron flux may be utilized
of adiabatic expansion, the temperature is inversely
for breeding tritium by disintegration of Li6. An
2JZ
proportional to V , where V is the plasma volume. analysis of data relating to (n, 2n) reactions and
For this reason, the volume the plasma occupies should
tritium-producing reactions shows that even in very
be increased many-fold in order to convert a large part
conservative estimates the breeding ratio of tritium
of the thermal energy of the plasma into electric
in a thermonuclear reactor should easily be made to
power. This implies that, during the period of time
exceed 1.
the plasma is at maximum temperature and is a
Thus, the use of a D-T mixture should enable us to
source of thermonuclear energy, it should occupy
provide conditions for constant enhancement of the
only a very insignificant part of volume of the vacuum
supply of tritium. Therefore, as long as there is no
chamber in the thermonuclear generator, the redanger that the accessible supplies of Li 6 on the
maining volume being filled solely by the strong
earth will be exhausted, thermonuclear reactors can
magnetic field. Since only a small part of the genebe operated on a D-T mixture with regeneration of
rator volume is utilized at 73 close to unity, some
tritium. To this we may add that even if for some
compromise value of 7), probably not exceeding 0.75,
reason we are forced to give up regeneration of tritium
must be chosen.
and begin to use deuterium, the principal energy
The principal advantage of direct conversion of
effect will nevertheless be obtained from tritium
thermal energy of the plasma into electrical energy
produced in the D-D reaction.
consists in the fact that in this method utilization of
Now let us examine the theoretical and experithermal energy of the plasma is attended by much
mental material on controlled thermonuclear resmaller irreversible thermal losses (the magnitude of
actions amassed during the past few years in the
which is proportional to I-73). Moreover, the thermal
USSR. Our attention will be directed chiefly to the
conditions in the system are also more favorable
results of recent work that have not yet been extensince the thermal load on the plasma chamber walls
sively discussed. I shall present the material in
is lower.
accordance with the earlier mentioned classification of
The total amount of energy produced by a thermoresearch trends.
nuclear generator should not depend to any large
extent on whether the thermal energy of the plasma
FAST PULSED PROCESSES
is converted directly into electric energy or an intermediate heat-transfer agent is required. This can
In studies of pulsed processes of short duration,
readily be seen if we recall that a large part of the
the main efforts thus far have been concentrated on
energy released in nuclear synthesis is carried away
powerful pulsed discharges in deuterium at low
by neutrons and cannot therefore be directly transpressure. The principal idea here is to obtain a
formed into electric energy.
high temperature and a high density in a compressed
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plasma column over a short period of time. An
investigation of pulsed discharges with a very high
rate of current build-up (from 1010 to 1011 amp/sec)
has shown that irrespective of whether such discharges
occur in linear tubes or in toroidal chambers, the main
role is played by acceleration of the plasma by electrodynamic forces. In the initial phase of the pulsed
discharge the plasma is pinched to the axis of the
discharge tube. This compression is the first stage
of rapid oscillation of the plasma column. Maximum
temperature and density is reached when the column
radius is a minimum.
Theoretical

Two stages can be discerned in the theoretical
analysis of phenomena occurring in plasma during
pulsed discharges. At first a very simple model was
used for a qualitative description of the dynamics of
the plasma column. The motion of the ionized gas
as a whole under the action of given electro dynamic
forces was examined. At the next stage an attempt
was made to carry out a more rigorous quantitative
calculation of the contraction and pulsation of the
plasma column that would take into account the
formation and implosion of shock waves in the plasma and the time variation of the mass of the moving
gas. This calculation was performed in the magnetohydrodynamic approximation in which the plasma
was regarded as a monatomic gas with constant
conductivity. Even in this extremely idealized form
the problem reduced to a complex system of partial
differential equations which can be solved only by
numerical integration in large electronic computors.
The solution of this problem yields data on the
density, temperature and drift velocity for each part
of the plasma column at different instants of time,
and also data concerning the distribution of the
current density and magnetic and electric fields in
the plasma. The volume of this information is far in
excess of what can be derived from experimental
studies of the properties of plasmas. However, the
reliability of theoretical results for a series of the more
important special cases can be checked against
experimental findings. This can be done for the
distribution of current density and radial velocity of
the plasma, since these characteristics of the process
are accessible to experimental determination. A
comparison of theory and experiment of this kind was
performed in a number of particular cases, and as a
whole resulted in satisfactory agreement, at least as
regards the initial stage of the pulsed process up to the
second phase of compression. For this reason, one
may regard as justified the use of the results of
theoretical calculations to estimate the magnitude of
quantities which cannot readily be measured experimentally with sufficient accuracy. Most important
of such characteristics of the plasma are the temperature at the instant of maximum implosion of the
shock wave and the density distribution of the substance at this instant of time.
As numerical calculations have shown, the following
equation may be used to evaluate the lower limit of
the temperature at the first compression maximum:

T = 4.6 x 1012

P

(3)

where / is the current in ka at this instant of time and
N is the number of particles of a given sign per unit
length of plasma column. This equation gives the
mean plasma temperature (in kev) on the assumption
of ideal heat exchange between ions and electrons.
The temperature distribution along the radius of the
column is plotted in Fig. 1. The dashed line is the
mean value of T. Due to a cumulative effect created
by the incident shock wave, the temperature at
small distances from the axis rises sharply and exceeds
the mean value several-fold. If in addition we note
that under typical experimental conditions thermal
equilibrium between ions and electrons is attained at
the instant of maximum contraction only for
T < 0.1 kev, it should be obvious that the foregoing
equation serves as a most cautious estimate of ion
temperatures in a real plasma column. We may
therefore confidently use it to estimate the lower
limit of the temperature achieved in the latest experiments on powerful pulsed discharges.
Figure 2 shows the density distribution of matter at
the instant of implosion. The maximum density at
this instant is from 30 to 40 times the original density
of the gas. One of the interesting peculiarities
of the theoretically determined density distribution is
the low value in the neighbourhood of the column
axis. This type of density variation is directly
connected with the temperature rise near the axis
(the pressure, proportional to pT, should level out in
this region).
Experimental

Experiments conducted during recent years on
high-power pulsed discharges have continued the
main trend of earlier research, the results of which
were published in 1956 and are well known to our
colleagues. In the recent experiments, much attention has been devoted to raising the parameters of the
pulsed discharge with the aim of attaining higher
temperatures.
Design refinements in the spark-gap system and
electric power system have made it possible to raise
considerably the voltage per unit length of the discharge tube and simultaneously reduce the spurious
inductance of the circuit. This has resulted in a
several-fold increase in the rate of current build-up and
in a rise of the current during the first contraction up
to 500 ka (in a discharge tube 50 cm long and 40 cm
in diameter). Figure 3 shows the temperature in a
plasma column as a function of the initial voltage
applied to a discharge tube filled with deuterium at
initial pressure of 0.05 mm Hg. The temperature was
calculated from Eq. (3) which, as was mentioned
above, yields values which are certainly too low. For
this reason, we may assume with a high degree of
confidence that in the experiments mentioned a
temperature exceeding 3 to 4 million degrees was
actually attained. One conclusion therefrom is that
the neutron emission observed under these conditions
is due in large measure to thermonuclear reactions.
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Radial distribution of temperature at the first
compression maximum

In this connection, mention should be made of the
fact that in such high-power processes neutrons appear
immediately after the first phase of compression, that
is, when both the temperature and density are at a
maximum, and the neutron pulse is spread out over
a period of the order of a microsecond.
At present, however, proof or disproof of the thermonuclear origin of a small burst of neutron emission
in the pulse discharge is hardly of such importance as
to warrant special attention in discussions on this
subject. This is why I do not consider it necessary
to insist that in the above-mentioned experiments
thermonuclear reactions were actually observed.
The question of whether a given neutron belongs
to the noble race of descendants of thermonuclear
reactions or whether it is the dubious offspring of a
shady acceleration process is something that may
worry the pressmen but at the present stage in the
development of our problem it should not ruffle the
composure of the specialists. When the number of
neutrons arising in a single discharge pulse reaches a
value in excess of 1012 then all doubt as to the origin
of this effect will vanish.
However, in order to achieve thermonuclear neutron
emission of this magnitude in pulsed discharges, it will
be necessary to conduct experiments with electric
circuits of considerably higher parameters than have
been involved heretofore. The chief difficulty in this
direction is that further increase of the power of the
discharge pulse is impeded by heating of the chamber
walls. To a certain degree, this difficulty may be
surmounted by using sectional metal-walled chambers. However, attempts should be made in other
directions. For example, an interesting possibility
would be magnetic protection of the walls and the use
of vacuum chambers with local injection of directed
streams of gas.
Besides the series of experiments with high-power
discharges, a number of other investigations were
carried out to study the different properties of the
high-temperature plasma in a pulsed discharge.

L. A. ARTSIMOVICH

Much headway has been made in spectroscopic studies
of plasma. After a method had been developed for
obtaining streak photographs of discharge spectras,
it was found that at the instant of the first maximum
compression a sharp flash of the continuum was observed throughout the whole range. This flash is
particularly vivid in the photograph in Fig. 4, which is
a streak photograph of the spectrum of a discharge in
hydrogen at an initial pressure of 0.1 mm Hg and an
initial voltage of 35 kv. The flash of the continuum
is explained by the fact that at the instant of maximum
compression there is a jump in the degree of ionization
of the plasma and, consequently, in the concentration
of free electrons, the result being an intensive bremsstrahlung and recombination glow. By measuring
the intensity of the continuum in a given spectral
range, it is possible to measure the density of the
plasma with sufficient accuracy (on the assumption of
total ionization).
As calculations show, due to a fortuitous play of
numbers, the intensity of the emission is very insensitive to the magnitude of the electron temperature.
For this reason, any arbitrariness in choice of the
electron temperature produces practically no effect
on the value of the density derived from measurements
of the spectral continuum. Density measurements
carried out in this way yield data that are in good
agreement with the values obtained from magnetohydrodynamic theory.
Spectral investigations likewise permit evaluation
of the plasma temperature from Doppler broadening
of impurity lines. As yet this method has been applied only to discharges under standard conditions
(initial voltage 35 kilovolts, hydrogen pressure
0.05 mm Hg, tube length 90 cm). Under these conditions, the plasma temperature at the instant of
maximum compression as measured from the width
of the nitrogen line N IV 3479 works out at roughly
100 ev, as against 65 ev predicted by Eq. (3).
The aim of a number of studies was to determine
the properties of hard radiation arising in the plasma
and of the mechanism of production of this radiation.
Cloud chambers were used to investigate the spectrum
of electron produced by hard X rays from pulsed
discharges. These studies confirmed the earlier
2298.2

Figure 2.

Radial distribution of density at the first compression
maximum
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estimate of the maximum X-ray energy (about 350400 kev).
Also successful was an attempt at mass-spectroscopic
analysis of fast particles produced in the discharge.
The parabola method was used to measure the value of
ejm and the energies of ions extracted from the
discharge chamber through openings in the side wall
or in the electrode. It was found that the deuteron
energy reaches 200 kev.
In discussions of the possible mechanism of processes that could lead to the appearance of hard
radiations, a frequent opinion was that an essential
role is played here by column instability of the
" neck " type which enhances cumulation of the shock
wave. To check this supposition, experiments were
conducted with a discharge geometry which from the
start created conditions that would make the compressing plasma assume an approximately spherical
shape. These experiments yielded interesting results in
that they proved that artificial creation of spherical
implosion in the compressing plasma radically alters
the emission of hard radiations.
Now let us briefly touch on the question of the
future of thermonuclear reactions based on the
utilization of powerful fast discharges. From the
purely physical point of view, everything ultimately
depends on two basic characteristics of the pulsed
discharge :
(a) the degree of compression of the plasma column,
which is characterized by the minimum value of
the column radius a;
{b) the duration of the compressed state т.
It is easy to see that the energy efficiency of a
powerful pulsed discharge viewed as a source of thermonuclear reactions is proportional to the squaie of the
current and to the quantity т/а2. Theoretical estimates of the numerical value of the quantity т/а2
in the case of very powerful pulsed devices vary more
than two orders of magnitude, depending on the
portion of optimism which either explicitly or implicitly enters into the initial conditions of the calculation. However, even with optimum prerequisites,
it is found that the efficiency of a thermonuclear
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reactor based on pulsed discharges can approach
unity only if an enormous amount of energy is concentrated in the system (of the order of 1010 joules
when operating on a D-T mixture). This energy is
initially stored in the power sources and then for a
brief moment of time it is converted, to a large extent,
into the thermal and mechanical energy of the expanding plasma column. This stage of the process
would have the nature of a powerful explosion, at the
least estimate equivalent to that of 10 tons of TNT.
At the present level of technical development we do
not know of any way of rationally utilizing this explosive energy nor do we know of any means of protecting the unwieldy and expensive apparatus from
the destruction that should occur after each pulse.
Still we do believe that continued research on pulsed
discharges at a technical level higher than so far
achieved is of definite interest, with current build-up
rates approaching 1013 amp/sec and in conditions where
gases from the walls of the discharge chamber do not
play any part at the initial stage of compression.
Such experiments would not go beyond what is
technically feasible at present. However, they may
unexpectedly lead to the discovery of new facts which
may effect in a fundamental way the general development of research into this problem. Studies of powerful fast discharges have been developing mainly in the
Institute of Atomic Energy of the Academy of Sciences
of the USSR. Certain questions in this domain have
been the subject of investigations carried out at the
Physics Department of the Moscow University. The
Institute of Atomic Energy of the Academy of Sciences of the USSR, as well as the Ukrainian PhysicoTechnical Institute and the Sukhumi Institute of
Electron Physics have also carried out experimental
investigations of some other types of pulsed processes
in which the plasma is acted on by strong magnetic
fields.
Plasma acceleration by electrodynamic forces is
achieved in its purest form in devices such as the
electrodynamic gun. The simple principle underlying
all such devices consists in the following. A plasmoid
produced as a result of the passage of a large current
through a fine wire or a gas cloud is accelerated along
metallic rails under the action of a force F due to
interaction of the current / with the magnetic field
of the leads (or, in another version, with an external
magnetic field). Experiments have shown that in
systems of this type, plasma velocities up to 5 X 107
2298 4
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Streak photograph of the spectrum of a hydrogen
discharge
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cm/sec can be attained without special effort. Probably considerably greater velocities are attainable.
Another method of obtaining plasmoids has been
investigated at the Institute of Atomic Energy. It
consists in the following. First a circular plasma loop
containing a current is produced in an alternating
external magnetic field HG, the lines of force of which
are normal to the plane of the loop (Fig. 5a). The
loop is created as the result of breakdown of the gas
by the induced electric field during build-up of the
He field. After a certain interval of time following the
formation of the loop, the latter begins rapidly to
contract to the axis and changes into a plasmoid
(Fig. 5b). Experiments have shown that in this way

L A. ARTSIMOVICH

proceeds under conditions in which the density of the
substance is very great, considerably exceeding that
of solids. The brief duration of the heating process
makes it possible to dispense with magnetic thermoinsulation. It is quite obvious that this process can
be of economic interest only if the release of thermonuclear energy can balance the cost of the expensive
explosives.
Just as in the case of large pulses of electric energy
with power yields up to 10 tons of TNT (see above),
difficulties connected with the explosive nature of
the process are encountered on the way towards a
practical utilization of implosive heating.
SLOW PULSED DISCHARGES
IN TOROIDAL CHAMBERS

Figure 5.

Plasma loop in an external magnetic field

it is possible to obtain plasmoids with particle concentrations up to 1016 cm- 3 and with an initial temperature of at least 100-200 ev. One of the imaginable
practical consequences of these experiments may be
the development of a method of injecting hot plasmas
into magnetic traps.
A pulsed thermonuclear reaction may also be possible under conditions when a high temperature is
reached during the compression and implosion produced not by electromagnetic forces, but by a charge
of conventional explosives (such as TNT or something
more powerful) surrounding a capsule of deuterium
or a mixture of deuterium and tritium. Without
going into details of the experiments, it should be
mentioned that conditions have been found under
which the generation of neutrons both in the D + T
and the D + D reactions is detected with absolute
reliability and reproducibility. In this case the
recording apparatus is destroyed. However, the
signal from the neutron pulse reached buildings
located at a greater distance before the explosion has
time to destroy the instruments. In experiments
conducted in 1952 it was possible to record both fast
neutrons that passed through the charge without any
great loss of energy as well as neutrons that were
slowed down in the explosive and entered the apparatus gradually, creating a pulse with a width of several
tens of microseconds. In this case, obviously, the
notorious question of whether these neutrons are
thermonuclear or not is not present. We surely
observed in this case neutrons produced as the
result of the heating of matter to extremely high
temperatures.
The chief difference between this process and
electromagnetic compression is that the former

In cases where the current builds up at a slow rate
the discharge conditions should be expected to diner
fundamentally from those observed when the current
rises at a fast rate. A quantitative criterion which
may be used to differentiate between " slow " and
" fast " discharges is the ratio of the current rise-time
to the period of inertial radial oscillations of the
plasma column. Hundreds of inertial oscillations
may occur in rarefied gas discharges with peak currents of the order of 105-106 amp and durations
of the first half-period of the order of 10~3 sec. Such
discharges may be called "slow", in contrast to " fast "
discharges, in which only two or three radial oscillations occur before the current reaches its peak value.
Theoretical
In slow discharges the gas-kinetic pressure of the
plasma may be expected to balance the electrodynamical forces and the column temperature will be
raised at the expense of Joule heat.
An equilibrium state of this type will be suitable for
heating of the plasma to very high temperatures only
if the following two conditions are satisfied:
(a) The plasma column should not be in contact
with the walls.
(b) The state under consideration should not only
be in equilibrium but be stable as well.
Progress in the theoretical investigation of equilibrium and stability conditions of plasma columns
and of their laws of heating has been made in work
carried out in the Institute of Atomic Energy of
the Academy of Sciences of the USSR under the
guidance of M. A. Leontovich. It was first shown in
this work that stability of a plasma column with a
more or less sharply defined boundary can be attained
only if the discharge chamber is enclosed in a conducting sheath (which must be close to the chamber
walls) and also only if a stabilizing magnetic field
produced by external coils and directed along the
column exists at the same time as the field produced
by the plasma current. Two different stability regimes
were inferred. One of these is realized when the
contracting plasma column captures a large part of
the magnetic flux of the longitudinal field which
initially exists in the chamber (" paramagnetic
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Figure 6. Radial distribution of longitudinal field Hz and current
field Нф (with maximum near a), in the " paramagnetic column"

column"). In this case the longitudinal field inside
the column is approximately equal to Ho (b/a)2, where
Ho is the initial field strength, and b and a denote the
inner radius of the discharge chamber and the radius
of the plasma column, respectively.
The conditions considered above were investigated
in detail by English physicists working with Zeta.
Theoretically this approach seems to be the most
promising as far as stabilization of the shape and
size of the plasma column is concerned. In the
magnetohydrodynamic approximation, the main condition for damping of all dangerous perturbations in
highly conducting plasma columns is that Hz within
the column should be sufficiently close to the field
strength of the current on the boundary of the latter
and should exceed several-fold the longitudinal field
strength beyond this boundary (see Fig. 6, where the
distribution of the longitudinal field Hz and current
field Нф are represented graphically). Another
requirement is that the column radius a should not
be too small compared to the radius of the chamber
cross section, or else the stabilizing effect of the
conducting sheath will vanish.
In order to realize the conditions discussed above
a comparatively small initial value of the longitudinal field Ho should suffice. Another advantage is
that these conditions naturally arise during the
development of pulsed discharges, which are initially
spread over the whole cross section of the chamber and
then, after Нф becomes equal to Ho, begin to contract,
dragging along the lines of the longitudinal field.
From a theoretical point of view, this possibility also
possesses some weak points. Thus for a paramagnetic
column to be stable, Hz and Нф(а) should differ but
slightly. Therefore only a minor part (0.3-0.4) of
the electrodynamic pressure produced by the current
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will be able to counteract the gas-kinetic pressure.
This means that for equal values of / and N the
temperature of the paramagnetic column will be
several times smaller than if the longitudinal field
were uniformly distributed over the cross section of
the discharge chamber. It should also be added that
in order to ensure satisfactory heat exchange between
the electrons and ions under paramagnetic conditions
the value of N should exceed at least by an order of
magnitude the value corresponding to the case when
the field is not captured.
The magnetohydrodynamic theory also predicts
the existence of another stable discharge regime. In
this case stabilization of the plasma column is attained
with help of a strong longitudinal magnetic field Hz
which everywhere is larger than Нф. According to
the theory, a necessary condition for stability in this
case is
L
(4)
1-ка
where L is the column length (equal to 2nR for an
annular column in a toroidal chamber of radius R).
However, even if this requirement is met there
still exist some types of unstabilized perturbations
that tend to modify the shape of the column. The
character of these perturbations is schematically
depicted in Fig. 7. Apparently they should not be
dangerous as they are not associated with displacement
of the axis of the plasma column.
In the case under consideration the longitudinal
magnetic field covers the whole cross section of the
chamber and should not appreciably change near the
column boundary (see Fig. 8). An advantage of this
method of discharge stabilization is that the time
during which the corresponding conditions are maintained does not depend on the skin-effect period but
only on the time during which / and Hz persist.
Another advantage is that a much higher ion temperature can be obtained than under " paramagnetic "
conditions involving currents of the same magnitude.
However, a high price must be paid for these possible
advantages since very strong magnetic fields are
required. Thus, magnetic fields of the order of
3 X 104-5 X 104 gauss will be needed in a large volume
just to enable one to approach the threshold of
temperatures of practical interest, and in order to
produce such fields some very serious engineering

Figure 7.

Unstable perturbations in the regime

> L/lna
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Figure 8. Radial distribution of longitudinal field Hz (upper curve),
and current field Нф (lower curve)

problems will have to be surmounted. Difficulties
will also be encountered when establishing the necessary conditions in the system.
The results of magnetohydrodynamic theory briefly
considered above nevertheless give good reason to
believe that the approach suggested here should be a
promising line of advance. It should be kept in
mind that the preceding results were based on a
simplification of the physical picture of the discharge
and many important points may have escaped attention. The theory does not apply to displacements
from the equilibrium position which possesses wave
lengths smaller than the thickness of the skin-effect
layer and which evidently cannot be damped by
methods suitable for perturbations with larger wave
lengths.
It should furthermore be noted that by its very
essence magnetohydrodynamic theory cannot be
employed to study, for example, such kinetic effects as
transition of electrons to a state of continuous acceleration in an electric field. Due to the low density of
matter and to resultant diminution in the retarding
force which the ions exert on the electrons, such processes may occur near the boundary of the plasma
column. They may also occur inside the column
since in the electron energy spectrum there must
be particles which possess energies considerably
exceeding the mean energy, and for such particles
acceleration may commence even at large values of
N. It is well known that accelerated electron beams
can excite various types of plasma oscillations and
thus violate the normal course of the process. Other
types of perturbations are conceivable which do not
fit the simple magnetohydrodynamic picture and
which are potentially dangerous as far as stability of
the column is concerned.

L. A. ARTSIMOVICH
Experimental

We now proceed to a discussion of the experimental
results. In the early experiments all basic investigations were carried out with chambers made of insulating materials (glass, quartz and porcelain). Because
of the gaseous efflux from the chamber walls reliable
results could be obtained with these chambers only
for relatively high gas densities in the chamber and
for not too powerful discharges.
A study of the effect of a longitudinal magnetic
field on the properties of slow discharges revealed
that the paramagnetic effect earlier discovered by
Soviet physicists in fast pulsed discharges could also
be observed in discharges in which the plasma current
build-up was slow. At low values of Hz the effect
leads to contraction of the plasma column. The
influence of the longitudinal magnetic field on plasma
conductivity was found to be small. Irrespective of
the initial pressure, the induced electric field strength
and the value of Hz, the conductivity was approximately 1-3 xlO 1 4 esu which signifies a low plasma
temperature in chambers with insulating walls. The
assumption of pronounced instability of the discharge
process at small values of the ratio Нг/Нф is confirmed
by studies in which the shape of the plasma column
was recorded by ultra-high-speed cinematography and
also by an analysis of oscillograms of the variation of
the electric and magnetic parameters of the discharge.
With growth of the external field the discharge
becomes more stable but the conductivity does not
exhibit an appreciable rise. In order to determine
the stability conditions for a plasma column detached
from the walls, experiments were performed with
discharge tubes in which the discharge started near
the axis and then began to expand towards the walls.
These experiments qualitatively confirmed the theoretical conclusion that when inequality (4) is satisfied
the column becomes stable. However, because of
large losses at the electrodes there could be no hope of
obtaining high plasma conductivities in these experiments.
The next step was the transition to chambers with
metallic walls. It was hoped that in such chambers
sufficient purity of the gas could be maintained during
powerful discharges. Several large assemblies with

Figure 9. Apparatus for high-current toroidal discharges
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metallic toroidal chambers were built at the Institute
of Atomic Energy. A photograph of one of them
designed for investigation of high-current discharges
at various values of the external longitudinal field is
shown in Fig. 9. A cutaway of the assembly is shown
in Fig. 10. The discharge takes place in a closed
toroidal chamber made of stainless steel 0.2 mm thick.
This chamber was enclosed in a toroidal copper sheath
20 mm in thickness. Two insulated cuts in a plane
parallel to the torus axis and an insulated cut along
its generatrix are incorporated in the copper sheath.
The inner thin-walled chamber and the space between
it and the sheath are evacuated by separate vacuum
systems. The diameter of the inner cross section of
the discharge chamber is 0.5 m and the mean diameter
of the torus 1.25 m. The chamber is the secondary
coil of an air-core transformer. The primary coil is
formed by 20 turns of a thick copper strip wound
near the surface of the sheath. A copper shield which

Figure 10.
a
b
с
d
e
f,
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encloses the sheath is arranged between the turns and
the sheath and is employed to remove stray magnetic
fields. The coils for producing the longitudinal
field were wound directly on the surface of the copper
sheath. The field can be increased up to 12,000
gauss. Electrical energy for the discharge circuit
and longitudinal field coils is supplied by capacitor
banks (at peak voltage the total amount of stored
energy is 1.2 million joules). In the experiments
carried out with the device described here the peak
gas current was 400 ka (for a discharge voltage of 0.45
kv and longitudinal field strength of 12,000 gauss).
The main results obtained in the first stages of our
experimental study of discharge processes in toroidal
metallic chambers can be summarized as follows :
1. In hydrogen and deuterium, at initial pressures
from 3 X 10~4 to 5 X 10~3 mm Hg, the peak current
of a discharge whose first half-period lies between
300 [xsec and 1200 (¿sec is approximately proportional

Cutaway of the apparatus of Fig. 9

Primary winding
Copper shield
Coils for axial magnetic field
Copper sheath (20 mm) surrounding discharge chamber
Stainless steel (0.2 mm) chamber with 0.5 m bore
g, h Ports
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Dependence of /max on Hz in the high-current toroidal
discharge

to the initial discharge voltage and is weakly dependent
on the gas density. With increasing Hz, the current
first increases and then remains practically constant.
The general character of the dependence of / m a x on Hz
is represented in Fig. 11.
2. At small values of Hz the plasma column separates from the walls, and its radius grows with increase of Hz. If Hz >> 0.2 Imax/b where b is the radius
of the chamber cross section, the plasma column will
always be in contact with the walls.
3. Under conditions involving small values of Hz,
when the column contracts and separates from the
walls the plasma conductivity (computed on the
assumption of uniform distribution of the current
over the cross section of the column) approaches the
value 1 X 1015 esu. In discharges located in strong
longitudinal fields, when the plasma completely fills
the cross section of the chamber, the conductivity
drops to 1-2 x 1014 esu.
The results presented above compel us to admit
that in our experiments the electron temperature
(deduced from the conductivity) probably did not
exceed 15-25 ev.
This means that even under conditions in which
one would expect the plasma column to be complete]y
detached from the walls, energy losses are still very
large and it is for just this reason that the plasma
temperature does not reach the high value predicted
by the theory. The mechanism of these energy losses
is not clear at present. A possible explanation is that
either the plasma column is not sufficiently stable or
that impurity atoms emitted by the chamber walls
contaminate the plasma.
These conclusions are of a preliminary nature
since experimental investigations with metallic chambers are still in progress.
In the near future our main aim will be to create
conditions which will significantly diminish the deleterious effect of impurities on plasma processes.
MAGNETIC TRAPS

Generally speaking, the term " magnetic trap " can
be applied to any device used to obtain ultra-high
temperatures and based on the principle of magnetic
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confinement. However, it seems expedient to narrow
the meaning of this term to denote a more definite
type of system.
In the devices considered above, the plasma
current maintained by external sources of voltage was
the main factor in confining the heated substance.
This implies that in such systems the particles appear
to " hold on to each other " by means of the selfconsistent magneticfieldwhich they produce. External magnetic fields in this case play the subsidiary
role of a medicine for combating the instability. In
systems with large plasma currents the hydrodynamic
pressure p is of the order of Н2/8тс and hence the plasma
exerts a strong counterforce on the magnetic field, a
consequence being the appearance of characteristic
instabilities.
In contrast to devices of this type we shall apply
the term magnetic traps to systems in which only
external fields are employed to confine the plasma and
in which plasma conduction currents do not play a
decisive role. Therefore in magnetic traps 8np/H2
may be small compared with unity, i.e., the rarefied
plasma does not appreciably affect the external
magnetic field.
Various methods can be employed to obtain highly
heated matter in magnetic traps. One possibility is
to fill the magnetic system with fast ions introduced,
for example, by injection from a powerful accelerator.
Another way would be to fill the trap with a plasma
and then heat the plasma by dynamic magnetic
fields or by a high-frequency electromagnetic field.
Still another possibility is that of producing fast ions
inside the trap itself, by accelerating ions from the
plasma in the trap with the aid of a constant or
variable electric field.
Theoretical

The most natural way of attacking the magnetictrap problem would be to start with an analysis of the
problem of the bounded motions of a single particle
in an external field; after a satisfactory solution of
this problem the next step would be to investigate
the behavior of a large number of particles comprising
a plasma. Despite obvious shortcomings in this procedure, it has the advantage of being graphic and, what
is more, it permits one as a first step to b}Tpass the
difficulties inherent in an exact theory of the behavior
of plasmas in fields of complex configuration.
Many Soviet physicists have been occupied with
the problem of devising a magnetic trap which at
least in principle could be realized practically. The
г
2
work of Tamm and Sakharov stimulated discussion
of this problem. In 1950 these authors proposed the
first concrete model of a magnetic thermonuclear
reactor. It was suggested that rarefied deuterium
be ionized and heated in a toroidal chamber in which
a strong longitudinal magnetic field is produced by
a coil wound on the outer surface of the chamber.
As a prototype of a magnetic trap, however, this
system is fundamentally defective. Each particle
located in the inhomogeneous field inside the toroidal
chamber would acquire a drift velocity perpendicular
to the field lines; the drift would terminate only
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order that the energy released in a system of this type
as a result of thermonuclear reactions be sufficient to
balance energy losses due to fast particle escape as a
consequence of coulomb collisions, the following condition must be satisfied:

Figure 12.

Axially symmetric magnetic trap utilizing " magnetic
plugs "

after collision of the particle with the chamber wall.
The authors of the toroidal generator model were
aware of this circumstance and subsequently suggested
that the drift could be suppressed by using the magnetic
field of a plasma current.
Further work in this direction confirmed the
fruitfulness of the original idea; several types of
magnetic systems were found which could be used to
confine the particles to a restricted region of space.
As a result new horizons opened up for experimental
work on different types of magnetic traps. However,
the final goal, which is the invention of an ideal trap
confining all particles regardless of direction of velocity, has not been reached and the question as to
whether a system of this type can be devised at all
still remains open.
The specific types of magnetic traps studied so far
can be divided into two main classes :
1. Traps with magnetic plugs.
2. Traps with restricted drift.
A theoretical study of systems of the first type was
started by G. I. Budker 3 in 1953. In these systems
the magnetic field increases along the lines of force
on both sides of a median plane on which H is minimum
(Fig. 12). Particles which possess velocities which
form sufficiently large angles with the lines of force
are reflected back when they approach the strong
field region and hence are trapped in the magnetic
system. For the sake of simplicity, the field in the
central region will be considered to be uniform. Let
Я denote the strength of this field and Hm the maximum field strength at points of concentration of the
lines of force (magnetic plugs). Then if the velocity
vector of a particle located in the uniform field region
lies within any of the cones defined by the condition
sin2 a <

H

during its subsequent motion it will pass in the vicinity
of the maximum field and escape; if, however, the
initial velocity lies outside these cones the particle will
be trapped.
Suppose now that a thermonuclear generator is
to be built on the basis of the magnetic trap considered
above. A question which immediately arises in
this case is that concerning the role of collisions between the particles. Evidently, one collision is sufficient for the velocity vector to enter the escape cone
The lifetime of particles of the plasma in the magnetic
plug trap will equal in order of magnitude the mean
time between two coulomb collisions of the ions. In

Here, crn is the effective cross section for the nuclear
reaction, ac is the effective cross section for coulomb
collisions and Wn is the energy released in an elementary nuclear fusion event.
This condition can be used to estimate the minimum
temperature at which the thermonuclear generator
should begin to produce surplus energy. For D-T
mixtures it is of the order of several tens of kilovolts,
and for pure deuterium of the order of 1 Mev. Thus,
for practical purposes pure deuterium evidently
cannot be employed in such systems. This conclusion
can be confirmed by more rigorous calculations in
which other types of losses (bremsstrahlung and betatron radiation of fast electrons) are taken into account.
Theoretical studies of the stability of a plasma in
traps with magnetic plugs carried out at the Institute
of Atomic Energy predict the existence of perturbations of the equilibrium state which are unstable by
themselves. Additional causes of instability in systems of the type considered here are anisotropy of the
pressure in the plasma and the pronounced deviation
of the component of the particle velocity (directed
along the lines of force) from the Maxwellian distribution.
Some types of instability are closely related to
the geometry of the magnetic field in the traps. It
is therefore possible that a given type of disturbance
can be stabilized for trap fields of some definite shape
and will grow in traps of other types. Thus, for
example, a dangerous type of instability can arise in
systems in which the external boundary of the plasma
has a negative curvature (Fig. 13). At points of
negative curvature the plasma may leak out in the
form of protuberances perpendicular to the lines of
force. However, instability of this type should
probably not be observed in systems with lines of
force of positive curvature (Fig. 14).
The adverse effect of the chief types of instability
should sharply increase with the ratio ф/Н2. Therefore, even if the practical value of traps with magnetic
plugs turns out to be negligible such traps nevertheless
may be used to demonstrate the physical feasibility
of thermonuclear reactions at small values of Srcp/H2.

Figure 13.

Theoretically unstable configuration
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Theoretically stable configuration

Experimental

Experimental investigations of traps with magnetic
plugs were initiated at the Institute of Atomic Energy
several years ago. The first experimental system was
built with the purpose of studying the storage
of fast ions extracted from a cylindrical plasma
column produced along the axis of the magnetic
system (Fig. 15). Plasma columns with ion concentrations of the order of 1014 cm-3 were produced by arc
discharges in a longitudinal field. A general view of
the apparatus with which the chief experiments in the
indicated direction are being carried out at present is
shown in the photograph in Fig. 16. The length of
the vacuum chamber is 2 m and the magnetic field
strength is 8500 gauss in the central region and 12,000
gauss in the plugs. During operation of the ion source
the pressure is maintained at 10~7 mm Hg by means
of titanium pumps. A voltage of 40 kv between the
plasma column and lateral wall of the chamber is
applied for acceleration of the ions. The main aim of
these experiments is the determination of the lifetime
of fast ions for various ion concentrations in the
magnetic system. The mean lifetime can be derived
from the rate of decrease ol the ion concentration
after instantaneous switching off of the accelerating
voltage.
Results of the first experiments permit one to
conclude that in a system of the type considered
plasmas containing fast ions exist during a period of
the order of a few milliseconds. The lifetime increases
with improvement of the vacuum and with increase of
H.
In the summer of this year the construction of
a large experimental assembly with magnetic plugs
was completed at the Institute of Atomic Energy.
The external injection of particles will be studied
with this machine. For accumulation of D+ ions,
use is made of dissociation of D 2 + molecular ions
which are introduced from the injector into the central
part of the trap. Dissociation of the molecular ions
occurs either in collisions with the molecules and atoms
of the residual gas or as a result of interaction with ions
of the rarefied deuterium plasma previously produced
inside the chamber. A schematic diagram of the appa-
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ratus is depicted in Fig. 17. The distance between the
centers of the plugs is 12 m ; the inner diameter of
the vacuum chamber is 1.4 m. Thefieldstrength in the
central part can be raised to 5000 gauss and the
field in the plugs up to 8000 gauss. An arc source
with a transverse magnetic field is employed to produce the intense D2+ ion beam. The D2+ ions,
accelerated by a voltage of 200 kv, are focused and
injected into the magnetic trap by a system of electric
and magnetic fields. It is expected that after adjustment of the apparatus it will be possible to raise
the D2+ ion current entering the vacuum chamber to
several hundred milliamperes. It is hoped that with
injected ion beams of this intensity the concentration
of the D+ ions in the trap will reach 1012.
An experimental study has also been started on
systems possessing thefieldgeometry shown in Fig. 14.
This type of field is interesting in several respects.
In particular, as mentioned above it is hoped that for
some types of disturbances a higher degree of plasma
stability will be attained.
Other types of traps

One may attempt to discover magnetic systems
suitable for magnetic traps by applying a somewhat
different method. The main problem is to ascertain
under what conditions the particles do not escape
from a restricted space region as a result of drift in
an inhomogeneous field. A magnetic system which
may be considered as illustrating one possible approach
to this problem is represented in Fig. 18. In this
system the magnetic field along the straight sections
is " corrugated " (by a non-uniform winding on the
chamber surface). A particle moving in such an
inhomogeneous field will be subjected to rotational
drift and its trajectory will therefore turn about the
axis of the field. Thus, despite the presence of curvilinear crosspieces the particles should not approach
the walls after a complete circuit, as rotation of the
trajectories in the long linear parts should balance the
effect of the directed drift in the crosspieces.

Figure 15.
(1)
(2)
(3)
(4)

Experimental arrangement of magnetic trap
experiment
Plasma
Plasma
Region
Region

source
beam
with strong electric field
of motion of fast ions
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Figure 16.

Experimental apparatus for magnetic trap experiment

It is easy to see that the system described above
has the same defects as a trap with plugs. It is
capable of confining only particles whose velocity
vectors lie within an allowed range of directions.
Any particle entering the curvilinear interval with a

small longitudinal velocity will drift to the wall before
escaping from this interval. However, in all probability further development of the principle mentioned
above should lead to systems in which the escape cone
will be so narrow that the properties of these systems
will approach those of ideal traps.
The methods described above for obtaining magnetic
traps are based on the application of constant or
slowly varying magnetic fields. Theoretical studies
indicate broad possibilities of applying high-frequency
electromagnetic fields for confinement and insulation
of plasmas. Here, the term " high frequencies "
means that the oscillation period of the field is much
smaller than the periods characteristic of the behavior
of the plasma. The respective frequencies ranged
from tens of megacycles up. The plasma-confining
force in this case is determined not by the instantaneous
value of H but its mean-square-value.
Evidently, high frequency fields can be most
effectively employed in conjunction with constant
magnetic fields which perform the auxiliary task of
eliminating energy losses due to corpuscular beams.
For example, high-frequency electromagnetic fields
can be used as " plugs " which trap particles escaping
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Magnetic trap with D 2 molecular ion injection
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Magnetic trap with corrugated field in the straight
sections to offset drift in the U-bends

along the lines of force from the strong constant field
region.
The possibility of confining plasmas by means of
field combinations of this type was experimentally
confirmed with a small-size device at the Institute of
Atomic Energy. Practically, the application of
high-frequency fields for confinement of a heated
plasma seems to be very unpromising because of the
large amount of energy which will be required to
maintain such fields. Nevertheless investigation of
various possibilities of high-frequency thermal insulation deserves close attention.
High-frequency electromagnetic fields may also
be used to heat the plasma. In this respect a study
of the potentialities of ion cyclotron resonance would
be of special interest. Investigations carried out in
the USSR in this direction will be presented in a
report from the Ukrainian Physico-Technical Institute.
CONCLUSION

In his speech at the First Geneva Conference on the
Peaceful Uses of Atomic Energy, the President of
the Conference, Dr. H. Bhabha said:
" The historical period we are just entering in which
atomic energy released by the fission process will
supply some of the power requirements of the world
may well be regarded one day as the primitive period
of the atomic age. It is well known that atomic
energy can be obtained by fusion process as in the
H-bomb, and there is no basic scientific knowledge
in our possession today to show that it is impossible
for us to obtain this energy from the fusion process in
a controlled manner. The technical problems are
formidable, but one should remember that it is not
yet fifteen years since atomic energy was released in
an atomic pile for the first time by Fermi. I venture
to predict that a method will be found for liberating
fusion energy in a controlled manner within the next
two decades. When that happens, the energy problems of the world will truly have been solved forever
for the fuel will be as plentiful as the heavy hydrogen
in the oceans. "
Three years have passed since this prophecy and
now, before our eyes, there begins to emerge a rough
outline of the scientific foundation on which the methods of solving the problem of controlled fusion
reactions will probably rest. This foundation has
been laid by the numerous experimental and theoretical
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results obtained in recent years in Great Britain, the
USA, the USSR and other countries. For the first
time these results will be discussed on an international
scale, and this is probably the most important step
which has been made towards the solution of this
problem. The importance of this fact is greater
than that of the separate investigations, which as yet
have not brought us very much nearer to our ultimate
goal.
We do not wish to be pessimistic in appraising the
future of our work, yet we must not underestimate the
difficulties which will have to be overcome before we
learn to master thermonuclear fusion. In the long
run, the main difficulty lies in the fact that in such a
light substance as rarefied plasma, any manifestation
of instability develops at an enormous rate. The
creation of an automatic monitor that could quickly
damp various deviations from the equilibrium state
is no simple task. It would therefore seem that the
most radical solution of this problem would be to
create a system in which all types of instability are
removed beforehand.
Most likely the solution of this problem will be
simpler when the reaction of the plasma on the
magneticfieldis small, that is for p <C H2/8TZ.
Returning now to a more general appraisal of the
present state of affairs, it may be asserted that so far
not a single one of the ideas regarding controlled
fusion reactions is decisively superior to any other.
Therefore, investigations in the near future should be
carried out in diverse directions.
A most important factor in ensuring success in
these investigations is the continuation and further
development of the international cooperation initiated
by our conference. The solution of the problem of
thermonuclear fusion will require a maximum concentration of intellectual effort and the mobilization
of very appreciable material facilities and complex
apparatus.
This problem seems to have been created especially
for the purpose of developing close cooperation between the scientists and engineers of various countries,
working at this problem according to a common plan,
and continuously exchanging the results of their
calculations, experiments and engineering developments.
The combining of efforts on an international scale
in the field of controlled fusion reaction investigation
will undoubtedly shorten the time needed for us to
arrive at our ultimate goal.
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Germany (Fed. Rep.)

Recent Work on Controlled Thermonuclear Fusion
in German/ (Federal Republic)
By L. Biermann *

Before presenting a summary of the work on controlled thermonuclear fusion in the Federal Republic
of Germany, I should like to make some general
comments about the scope and background of this
work
Soon after the first Geneva Conference on the Peaceful Uses of Atomic Energy, physicists m a number of
scientific institutions m Western Germany began to
give serious attention to the potential possibilities of
controlled fusion The advantages of thermonuclear
devices and of using magnetic fields for containing the
hot charged particles were realized very early It was
natural, therefore, that both experimental physicists
with experience in the physics of gaseous discharges,
plasmas and theoretical astrophysicists with their
acquaintance with magnetohydrodynamics and with
the propagation of cosmic rays m cosmic magnetic
fields, started to think about how a plasma with the
required high temperature could be controlled
I may say that the closest connections to our
work are to be found, perhaps, in the developments
at Princeton and at Harwell Experiments on high
current discharges at Gottingent and Aachen î are
as yet on a fairly small scale as compared with
some of the other experiments described at this
conference, although experiments with toroidal
discharges, suitable exterior magnetic fields, and large
diameters ranging between 40 cm and 1 m, have also
been considered at Aachen and Gottingen
In addition to the work on toroidal discharges, high
current linear discharges are or will be used to investigate controlled fusion problems at Aachen,
Munich, Hanover, Kiel and Stuttgart The work
at Kiel and Hanover is especially related to spectroscopic problems The Aachen group has also studied

the magnetic compression of plasmas by means of
fast electrodeless discharges
The theoretical work, most of which has been done
m Gottingen, was started there m 1956 m advance of
the experiments and pertains to a number of separate
subjects The subject of stability has also been
considered by the Aachen group
EXPERIMENTS
Linear Discharges

In the Munich experiments,1 § a cylindrical glasb
vessel 20 cm in diameter and 50-cm long, filled with
very pure deuterium at some 10~2 mm Hg, is used
The electrodes are formed by copper plates at the
ends A concentric copper cylinder conducts the current at the exterior of the glass cylinder The capacitor bank stores approximately 30,000 j when charged
to 40 kv Measurements show that the current rises
to some 100,000 amp in 1-2 fxsec and then fluctuates
during several (¿sec Beginning with the second
maximum of the current, neutrons are emitted for
2 or 3 (¿sec m a continuous manner, their integrated
number being of the order of 106 to 107 per discharge
with considerable differences between the separate
experiments The fluctuations of the current are
apparently produced by compressions of the plasma
column (by a factor of ~ 25 m the density) owing to
the pinch effect The maximum associated radial
mass velocities are of the order of 107 cm/sec High
energy quanta (in the range 50 to some 100 kv) were
looked for, but none was observed The number of
neutrons depended critically on the purity of the
deuterium From the collective evidence mentioned
it is concluded that approximate thermal equilibrium
and a temperature of the order of several million
degrees is present in the later phase of the discharge
In the Aachen experiments, || currents of the order
of a million amperes and temperatures of the order of
106°K appear to have been reached, but further

Original language English
* Gottingen
t The Gottingen Max Planck Institute has just been trans
ferred to Munich where facilities will allow work on a much
larger scale than was possible in Gottingen The experiments
were carried out in the Physics Division of the Institute
whereas the theoretical work was performed in the Astro
physics Division
î The Aachen group will move shortly to a Fusion Institute
at the Nuclear Center now under construction near Julien

§ E Funfer et al Laboratorium fur techn Physik Techn
Hochschule
|| W Fucks and H L Jordan et al, Physikalisches Institut
Techn Hochschule
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details have not been given. In the Stuttgart work,lf
the corresponding values are 10,000 amp and 105°K.
The investigations in Hanover ** and in Kiel tt
are related especially to the spectroscopic aspects
of the problem, and pertain up to now mainly to the
temperature range around or below 100,000°K.
Those in Kiel, where special attention is given to
transition probabilities, may be characterized as
" experimental atrophysics " related to the physics of
stellar atmospheres. In the experiments in Hanover,
the exploding wire technique has also been used;
methods of measuring the temperature in the plasma
column have been studied.
Toroidal Discharges

The present experiments in Gôttingen ÎÎ are performed with a pyrex torus of 100-cm major diameter
and 4.5-cm bore. The coaxial electric field, of the
order of several v/cm, is induced by means of a set
of copper wires along the surface; a large number of
ring-shaped magnetic cores serve to improve the
coupling with the plasma column. The capacitor
bank stores up to 104 j when charged to 0.1-30 kv, the
potential used depending on the pressure. A number
of coils are distributed around the torus in order to
provide a coaxial magnetic field up to 20,000 gauss.
The initial pressure of the gas is of the order 10-4-10~2
mm Hg and the pre-ionization is effected by RF
excitation.
The measurements, which are still in progress,
show that during approximately 100 (¿sec, current
densities of the order of some 103 amp/cm are reached.
The temperature should be of the order of 106°K.
Spectroscopic measurements and photographic and
X-ray emission observations are being carried out.
Experiments with larger toruses of 30-cm bore and
much larger energies are being prepared, but these
can be made only after the transfer of the institute to
Munich.
THEORY
Basic Considerations

The Gôttingen work originated in 1956 in connection
with researches in theoretical astrophysics, in particular on astrophysical applications of plasma physics
and magnetohydrodynamics and on the origin of
cosmic radiation.2
The dependence of the ionization state of added
heavier elements on the physical conditions is of
interest in connection with experimental techniques
of measuring the temperature in a discharge by observing the contours of spectral-line ions, e.g., of oxygen
(to be added in a small amount or present as impurities), and the state of ionization of the heavier
elements. Given sufficient time, for temperatures
around 106°K and electron densities below 1018 cm-3,
Tf W. Kluge, W. Pfender and K. M. Hôcker, Institut fur
Physik, Techn. Hochschule.
** H. Bartels et al., Physikalisch.es Institut, Techn. Hochschule.
tt W. Lochte-Holtgreven et al., Institut für Experimentalphysik.
tt G. v. Gierke et al, Max Planck Institut für Physik.
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the ionization depends only on the temperature,
precisely as in the solar corona,3' 4 since radiative
recombination is balanced by collisional ionization
(in contrast to the conditions in perfect thermal
equilibrium). It has been evaluated for oxygen by
Knorr 5 who found that at (and above) kT = 50 ev
( ^ 500,000°K), there should be < 0.1% of Ov left,
the prevailing state of ionization being O v n at that
temperature. The results depend critically on the
cross sections in question, for which the earlier
work of Elwert 4 was used. The time scale in which
stationary conditions are approximately reached is
of the order of a fraction of a millisecond for this
temperature and an electron density of 1014 cm"3,
but much shorter for higher temperatures. The
radiative energy losses by impurities of heavy elements
in that temperature range are due mainly to the
excitation of discrete levels.5 At lower temperatures
other mechanisms dominate,6 e.g., excitation of
molecules around 20,000°K, where the energy losses
have a first maximum, and recombination radiation
and loss of non-ionized particles around 105 to 106°K.
The results of the work of Knorr 5 are compatible
with the more recent experiments with ZETA 7 if it
is assumed that the electron temperature is much
lower than the value of some 106°K which apparently
pertains to the ions. The radiation losses due to
impurities were found to be relatively large in the
temperature range 105-106°K even for small amounts
of heavier elements.
The work on the equilibrium of dissociation and
ionization and the energy losses of a high temperature
discharge in pure hydrogen, begun by Schmidt and
Stodiek, has been extended by Schmidt.8 The
equilibrium of dissociation and ionization has been
calculated by studying the different elementary
processes as a function of the electron temperature
for a density interval 1012 to 1015 H/cm3. It is
found that there are deviations from thermodynamic
equilibrium, since the photo processes are not important because of the small optical thickness of a
typical gas discharge. Molecular recombination on
the walls and the cooling of the neutral particles by
impacts with the walls reinforce these deviations.
(The interactions of the charged particles with the
wall, which might be important under certain conditions, have not been included in this discussion
because of the assumption of strong magnetic fields.)
The losses of energy by radiation and by the transport
of the kinetic energy of neutral particles to the walls
due to recombination and charge exchange have been
estimated. The maximum losses occur around
15,000°K.
Methods of Heating

Three methods have been studied in some detail:
Joule heating by means of azimuthal currents induced
in the plasma ring; high frequency radiation, in
particular near the eigenfrequencies of the plasma;
and, finally, forced oscillations of the magnetic field.
The possibilities of the mechanism first mentioned
have been discussed by Grossmann-Doerth,9 who
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reached the conclusion that it should be effective with
reasonable technical means up to temperatures of the
order of one million degrees. Heating by high
frequency radiation, and in particular, the dependence
of the refractive index on the parameters involved,
has been investigated by Kôrper.10 He found that
its effectiveness depends critically on the physical
parameters which enter. The third mechanism was
recognized to be particularly effective if the oscillation
frequency of the magnetic field is near to or larger
than the collision frequency of the ions. This heating
effect is due to the constancy of the magnetic moment
between collisions and to the redistribution of the
energy by collisions ("gyro-relaxation");11 it has
been studied in some detail by numerical integrations,12 in which attrition was paid also to the energy
losses of electrons.
The equations for gyro-relaxation given by Schlüter
have been integrated by Schmidt12 for a simple
model taking into account the free-free radiation of
the electrons. Periodic variations of the magnetic
field with a frequency of the order of the ion collision
frequency lead to an increase of the temperature with
the two-thirds power of the time. Finally, one can
reach temperatures of the order of 109°K asymptotically if the amplitudes are large enough. Here the
time scale for the increase is somewhat larger than
the collision time of the final state.
Kôrper 13 has investigated the problem of heating
by high frequency radiation in more detail. From the
behavior of the refractive index it follows that one
can use frequencies below the geometric mean of the
gyro-frequency of the ions and the electrons. The
efficiency depends very critically on the phase of
the oscillations of the plasma at the surface. Since
the wave-length in the plasma is very small compared
to the linear dimensions of a normal plasma cylinder, a
small variation of the radius, of the frequency, or
of the physical parameters will change the phase
drastically. Thus, averages over all phases have
to be taken into account. The input impedance of the
heating coils varies in the same manner with the
physical parameters and therefore it is not possible
to use the customary high frequency methods for
matching the generator to the coil. Variational
methods are to be used to find the optimum matching.
Configurations in Mag neto hydrostatic Equilibrium

The aim of these investigations is to find the properties of exact solutions, of appropriate general
character, of the equation of magnetohydrostatic
equilibrium. This equation expresses the exact
balance of the gas pressure gradient (or pressure
difference) by the magnetic volume (or surface) force
given by the vector product of the electric current
density and the magnetic field intensity. The
majority of those investigations pertain to the case
of surface currents and to ring-shaped (toroidal) configurations of the plasma surrounded by a vacuum.
The special case of axial symmetry and circular cross
section was discussed with potential theory methods
in 1957:14 the properties of the solution with ex-
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clusively azimuthal surface currents, i.e., parallel to the
generating circle, and the geometry of the magnetic
field of exterior origin, which have to be superposed,
were given in detail. Jôrgens 15 extended the analysis
to the more general case of non-circular meridianal
cross section, using a stream function related to the
magnetic flux, and indicated the locations of the
singularities, outside the torus, which correspond to
electric currents in exterior conductors. Kippenhahn 16 established necessary and sufficient differential
geometrical conditions for the surface of a plasma
which must be fulfilled if the plasma is to be in equilibrium with a surrounding magnetic vacuum field
and discussed, in particular, the case of azimuthdependent circular cross sections and currents spiralling around the torus surface.
In all these cases it was found that a component
of the electric current parallel to the generating
circle is necessary for equilibrium. An attempt,
made by Meyer and Schmidt,17 to prove this property
to be true for still more general cases, revealed,
however, that, in fact, solutions can be constructed, of torus-like geometry but with neither axial
symmetry nor circular cross section, which are
characterized by electric currents flowing everywhere with equal surface density along closed lines of
meridianal character, but not in meridianal planes.
The cross section appears to have at least two maxima
along the generating circle. If there are only a few
maxima, the relative variation of the cross section
along the generating circle appears to be fairly large;
if, in contrast, there are many extrema, the surface
must have a rippled structure at least on the
" inner " side (as seen from the centre of the aperture
of the torus). The magnetic lines of force, in this
case, are everywhere perpendicular to the current
if there is no magnetic field in the plasma.
Axially symmetric solutions with volume currents
have also been considered, using the stream-function
method.18 For cylindrical symmetry, without dependence on z, the general solution has been given for the
case of vanishing volume-forces; i.e., "force-free"
magnetic fields.19
The investigations of Meyer and Schmidt17 on
configurations of torus-like character with surface
currents with vanishing line integral of the total
current across closed meridianal lines have been
completed. In addition to the analytic treatment by
means of a special coordinate system, a simple model
of the surface currents andfieldshas been constructed,
using paper strips of suitable shapes, folded and
joined together in a special way; this model is a true
analogue to the physical situation for the case of
vanishing magnetic field in the plasma, and it allows
one to survey existing solutions and their general
properties rather easily.
Stability Problems

In 1957, general conditions for the stability of
hydromagnetic configurations were investigated in
Gôttingen, by Hain, Lüst and Schlüter,20 on lines
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largely analogous to those along which the simultaneous work in Princeton has been done. For the
special case of cylindrical symmetry the stability of
certain specific configurations has been treated by
Hain et al.21 by studying the various possible modes
of disturbances. For / —
- > (r2 -f- a2)"2 and homogeneous coaxial magnetic fields, instability was
found, the rates of growth decreasing with increasing
coaxial magnetic field. More general cases for the
current distributions and for the coaxial magnetic
field are still being investigated. Since the emphasis
in this work is to compare the properties of various
current distributions, no regard is being taken of the
possible stabilizing influence of external conductors.
The stability of a linear discharge in an exterior
longitudinal magnetic field with surface currents has
been investigated theoretically by Jordan22 in
Aachen.
Of the work done by Hain, Lüst and de Vries,21
a first paper by Hain and Lüst 23 has been completed
which contains the discussion of the more special
case.
To study the problem of the so-called exchange
stability, Meyer 24 has extended an investigation by
Kruskal and Schwarzschild 34 in such a manner that
a plasma with gravity and horizontal magnetic field is
supported by a vacuum magnetic field, which is also
horizontal but is skew to the inner one. With the
approximation used by Kruskal and Schwarzschild
the unstable perturbations found by them can be
stabilized. The stabilization depends on the angle
between the two fields and on their relative strengths.
The calculations are extended to the case of large
wave-length. It is shown that here unstable perturbations with very large wave-length exist for arbitrary
angles and strengths of the magnetic field.
Particle Losses by Drift Motions

Since the macroscopic equations of plasma physics
give information only on the net balance of mass,
momentum and energy, their discussion must be
supplemented by studying, from the microscopic
point of view, the motion and, in particular, the
containment of individual charged particles in
suitable electromagnetic fields. This can be done
with the help of methods analogous to those developed
earlier in connection with the theory of aurorae and
of cosmic radiation.
For axially symmetric magnetic fields, Lüst and
Schlüter25 derived an integral for the azimuthal
component of the velocity which shows that this
component depends only on the meridianal component
of the magnetic field. It may be seen, in addition,
that it is not affected by a meridianal electric field (as
produced, e.g., by pressure gradients). Also, the
influence of an azimuthal electric field (as, e.g.,
generated by means of a transformer) can be included.
This leads (by the energy integral) to the existence of
so-called forbidden regions which show that all
particles within a certain range of initial conditions
can, indeed, be contained in suchfieldswith a suitable
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meridianal component of the magneticfield; that is to
say, with azimuthal electric currents. For the simplest
cases of toroidal symmetry, the structure of the forbidden regions and the geometrical properties of a
number of individual trajectories have been studied
by Fisser and Kippenhahn.26 The more special
case of the motion in an azimuthal curl-free magnetic
field of cylindrical symmetry (without dependence
on the z coordinate) has been discussed in detail by
Hertweck.27 The particles show, in general, a drift
parallel to the z axis. The magnitude of this drift
has been calculated using the approximation method
of Alfvén and by numerical solutions of the equations
of motion. A comparison of the results indicates
the range of validity of the approximation. The
constancy (" adiabatic invariance ") of the magnetic
moment M or of the angular momentum of the
gyrating motion of a charged particle in a magnetic
field has been the subject of an investigation of
Hertweck and Schlüter,28 who established that, for
a homogeneous field varying in time, the relative
variation of M goes to zero at least exponentially with
the rate of change of the magnetic field strength.
Fisser and Kippenhahn 26 have developed methods
by which the properties of given trajectories in
relation to the geometry of the allowed and the
forbidden regions can be surveyed easily. These
methods can also be used to discuss problems of
particle loss. The authors have applied these methods
to the special case of the magnetic field of an ideal
circular ring current.
Magnetohydrodynamic Shock Waves

In connection with the theory of controlled fusion,
as well as in that of the acceleration of cosmic rays in
cosmic magneticfields,the structure of hydromagnetic
shock waves, in particular their thickness as compared
to the kinetic mean path and the gyro-radius, is of
importance. For this reason, the special case of a
stationary plane wave, propagating in the absence of
collisions with unchanging form and speed perpendicular to a magnetic field, in a completely ionized gas
(plasma) of " zero " temperature, has been investigated
rigorously by Davis, Lüst and Schlüter.29 In spite
of these severe restrictions (in addition, the Debye
length has been assumed to be small compared
with the gyro-radius), the results seem to make it
possible to draw certain general conclusions regarding
the structure of hydromagnetic shocks under more
general circumstances.
The macroscopic equations for this case are identical
with the microscopic ones and both ions and electrons
have the same velocity U(x) and the same particle
flux F in the direction of propagation x. Furthermore, as in the hydromagnetic analogue to the Rankine-Hugoniot equations of ordinary gas dynamics,30'31
FU(x) + B2(X)/8TI is an integral of the motion.
If one includes in the equations of motion the terms
arising from the inertia of the current-carrying
particles, one finds that B(x) is determined by the
second order differential equation of a one-dimensional,
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undamped, anharmonic oscillator. Thus, the oscillatory character of the solutions is obvious, and the
wave-length turns out to be of the order of the geometric mean of the gyro-radii of the ions and the
electrons when moving with the velocity of the wave.
The assumption that U(x) is everywhere positive on all
trajectories limits the Mach number U/B(4TIQ)- ,
Q being the mean mass density, to values below 2.
Numerical integration of the differential equation has
been carried out for a systematic array of values of the
parameters. For the limiting case of an oscillatory
wave train when the frequency goes to zero, one gets
solitary waves with Mach numbers between 1 and 2.
In the complete absence of collisions, all particle trajectories are symmetrical about their extrema and
no stationary shock waves can be found. But if a
few collisions are admitted, both the trajectories and
the variation of В with x become asymmetrical. It
appears that a shock will start with a wave that is
almost a solitary wave followed by some kind of wave
train, and that after the particles have travelled a
distance of the order of a mean-free path there will
be a fairly smooth flow of gas of higher temperature.
Thus the total shock thickness will be of the order of a
few mean-free paths while its detailed structure should
be related to the waves found here. In the limit in
which the time between collisions goes to infinity, the
only solutions connecting regions of different properties
must be non-stationary solutions; thus the stationary
waves treated in this work are completely inadequate
for the discussion of such cases.
The case of non-zero temperature, both with isotropic and non-isotropic pressure in the plane perpendicular to the magnetic field, has been studied by the
same authors and Hain,32 using mainly the macro1J2
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scopic formulations of the equations. For the first
case, the results do not seem to differ essentially from
those obtained for the case of zero pressure. The
second case is still being studied; for this, new equations have been derived by discussing suitable moments of the Boltzmann equation.
The investigations of Davis, Hain, Lüst and
Schluter 33 on the structure of hydromagnetic shock
waves with non-zero pressure (isotropic perpendicular
but not parallel to the magnetic field) have been
completed. The results are very similar to the
case of zero pressure. To get shock waves, dissipative
mechanisms such as viscosity, heat conduction,
electrical resistivity and gyro-relaxation were taken
into account. A discussion showed that the last two
are the most important mechanisms. The dissipation
has the consequence that a solitary wave, which one
obtains under certain initial conditions and which is
symmetrical without dissipation, is somewhat
asymmetrical. This solitary wave is followed by a
train of waves with decreasing amplitude until finally
the homogeneous subsonic solution is reached. The
whole thickness of this region will be of the order of
the mean-free path and may be very large compared to
the thickness of the solitary wave.
That concludes my very incomplete and brief
survey of the work that has been done, mainly in the
last two years, in the Federal Republic of Germany.
You will have noticed that hitherto there has been
very much duplication of effort, but I should like to
say that I share very much the satisfaction that has
been expressed by earlier speakers that now the
period of duplication and non-communication has
apparently come to an end and that international cooperation gives better promise for the future of physics.
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Peaceful Uses of Fusion
By Edward Teller *

ticles involved in that explosion will necessarily move
with high velocity.
The second and more important difference is the
following: The fission chain reaction is regulated
by assembling the correct amounts of active materials
and absorbers. If the correct amount is exceeded,
the energy release rises in a rather slow manner due
to the action of delayed neutrons. In contrast, the
main regulating feature in a fusion reaction is the
temperature. When a certain ignition temperature
has been exceeded, the reaction itself raises the
temperature and this leads to an exceedingly rapid
acceleration of further energy release. Slow energy
release is possible only at low densities ; but this raises
further problems.

INTRODUCTORY REMARKS

It is a great pleasure to discuss with you the topic
of the day and I should like to begin by expressing
the same sentiments with which the previous speaker
finished his paper. It is wonderful that over a large
and important area of research we can now all talk
and work together freely. I hope that this spirit
of cooperation will endure, that it will be generally
exercised throughout the world in this field and that
it will be extended also to other fields.
It is remarkable how closely parallel the developments in the different countries are and this, of course,
is due to the fact that we all live in the same world
and obey the same laws of nature. I was particularly
impressed by the wealth of detail given by the previous
speaker. I should like to tell you a few generalities
and, perhaps, a few little details which might help you
or might amuse you. Additional details can, of
course, be found in other papers submitted to this
conference.

HISTORY

The problem of controlled fusion is difficult but not
necessarily insoluble. Some of us discussed it in a
rather detailed manner during the war in Los Alamos.
This group included Enrico Fermi, John von Neumann,
James Tuck and Luis Alvarez.
Some elementary general facts were recognized at
that time : That deuterium gas could react t above
an ignition point of approximately 35 kilovolts; that
deuterium-tritium mixtures could react î at a considerably lower temperature of a few kilovolts; that
the gas should be introduced at an exceedingly low
density of approximately 1014 to 1015 particles/cm3
in order to make the reaction rates sufficiently slow
and in order to avoid excessively high pressures;
that at these high temperatures the gas will be
completely ionized (such an ionized gas is called a
plasma) ; that with the presence of magneticfields,the
ions in this plasma follow spiral paths and that by
appropriate arrangement of the magnetic fields the
losses to the walls can be reduced; that the pressure
of the plasma on thefieldleads to a thermal expansion
of the plasma which tends to stabilize the reaction;
that equilibrium with radiation is not established and
that the energy emitted as bremsstrahlung should be
treated as a loss ; that for this reason atoms other than

FUSION A N D FISSION

The problem of how to release fusion energy in an
explosion process was solved several years ago.
How to release this energy in a slow and controlled
manner has proved to be a much harder question.
This situation is in sharp contrast with the history of
energy release from fission. One year of intensive
work had sufficed to produce the first nuclear reactor
in the early winter of 1942, while several more years
were needed to perform the first successful nuclear
detonation.
Among the reasons for this difference I should like
to mention two which are simple and important.
Fission energy is released by the mechanism of a
chain reaction. The chain-carrying neutrons can be
slowed easily. This facilitates a controlled reaction
not only because the time that the process takes
becomes longer but also because slow neutrons are
more easily controlled by specific absorbers and other
means. On the other hand, release of fusion energy
is accomplished by a heat explosion or, to use the
technical term, a thermonuclear reaction. The par-

t The reactions areD + D - > T + H
Mev and
D + D -> He3 + n + 3.25 Mev. 3
t The reaction is D + T -* He + n + 18 Mev.

* University of California Radiation Laboratory, Livermore,
California.
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hydrogen isotopes must be eliminated as completely
as possible; and that even the equilibrium between
electron and positive ion energies will not be complete
at the highest temperatures. Very particularly, it was
also noticed that in a simple closed field along a torus,
the particles will not continue to spiral indefinitely
around the same magnetic line of force but that they
will drift in a direction perpendicular to both the magneticfieldand thefieldgradient. This leads to smaller
but nevertheless prohibitive wall losses. For the time
being, no experimental work was undertaken for the
specific purpose of carrying the theoretical considerations into practice.
In 1952 and 1953, under the stimulus of a successful
man-made release of thermonuclear energy, such an
experimental approach was started. To a very great
extent this was due to the initiative and confidence
of the chairman of the Atomic Energy Commission,
Lewis L. Strauss. It was recognized that the problems of heating and containing the plasma would be
extremely difficult. For this reason, several parallel
approaches were undertaken which, between them,
amounted to an attack on plasma research on a broad
front.
THE PRESENT APPROACHES

Two of these approaches, the pinch and the stellarator, were based on the idea of containing the plasma
in an annular region. The main difference between
these two approaches is that in the pinch an axial
current is established with magnetic lines of force
encircling the current, while in the stellarator the roles
of current and magnetic lines are reversed with the
principal currents established outside the reacting
region. In the United States, the work on the pinch
effect was started by James Tuck in Los Alamos.
Later, similar work was undertaken in the University
of California Radiation Laboratory by W. R. Baker
and S. A. Colgate and still later at other sites. This
approach has also been very strongly emphasized by
workers in the United Kingdom and in the USSR.
Nicholas С Christofilos proposed an ingenious steadystate arrangement, the Astron, which bears some
similarity to the pinch effect. The stellarator was
proposed by Lyman Spitzer at the very beginning of
the thermonuclear program and work on it was
carried out in Princeton.
Taking an entirely different approach, the advantages of a confinement geometry based on externally
generated, cylindrically symmetric magnetic fields
were recognized by Richard Post and Herbert York.
Starting with these concepts, Post evolved an approach
which has come to be called the " Mirror Machine ",
which uses various applications of the magnetic
mirror principle in its operation. In the magnetic
mirror machine the ions spiral along magnetic lines
between two regions in which the magnetic field is
more intense and where the ions are reflected. This
kind of machine is now under study at the Radiation
Laboratory at Livermore, at the Oak Ridge National
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Laboratory, at the Los Alamos Scientific Laboratory
and at the Naval Research Laboratory.
A COMPARISON OF THE APPROACHES

Each of these proposals has its peculiar advantages and its peculiar difficulties. The pinch effect
is based on an earlier idea of Willard Bennett \ who
derived the relations according to which a violent gas
discharge will contract into a narrow filament under
the influence of its own magnetic field. The great
virtue of this scheme lies in the fact that starting
from a rather moderate plasma density one can push
the system to very much higher densities and pressures
and at the same time expose the containing system
to much more moderate pressures. One price that
one has to pay is that the high densities are obtained
only for short periods of time. In other words, we
are dealing with a pulsed machine. In order to avoid
instability and breakup of the pinch, the original
simplicity of the concept had to be compromised by
introducing magnetic fields parallel to the direction
of the plasma current. The detailed theory of the
pinch contraction, as well as the theory of pinch
stabilization, was worked out by M. Rosenbluth at
Los Alamos.
Rather early in the game it was noticed that the
pinch effect in deuterium gives rise to copious neutron
emission. The first public announcement of this fact
was made by I. V. Kurchatov.2 Unfortunately, these
neutrons do not appear to be of thermonuclear origin.
Considerable progress has been made by S. A. Colgate
in explaining the mechanism by which these neutrons
are produced. A general difficulty in the pinch effect
seems to arise from the circumstance that during the
formation of the high-current filament most of the
original energy output is lost to the walls. It seems
to be of the greatest importance to understand and
prevent these losses.
The Astron is based on the following observation:
In contrast to the instability of the pinch current, it is
expected that a current of relativistic electrons will be
stable. If this proves to be correct then one can confine a plasma in the field which encircles this relativistic current for a longer period than in an unstable
pinch. This arrangement is under development at
Livermore.
The thorough theoretical studies of the stellarator,
carried out by L. Spitzer, M. Kruskal, E. Frieman
and others, led to the recognition that the simplest
arrangements of magnetic lines are unstable in this
case also. In order to prevent these instabilities,
additional magnetic fields are being introduced in a
direction perpendicular to the original fields. Thus
the present pinch and stellarator designs are no longer
as sharply different as they used to be. However, the
stellarator continues to be a device in which steadystate operation will be attempted and in which the
main magnetic fields will originate in a region outside
the plasma. The problem of heating the plasma in
the stellarator has turned out to be a rather difficult
one. The first step in the heating process is by
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ohmic current, but soon the conductivity of the
plasma becomes high and, instead of uniform heating,
runaway electrons are produced with velocities greatly
exceeding the Maxwellian values. From this point
on, heating is accomplished by transferring energy
from magnetohydrodynamic motions to the particles
in the plasma. This so-called " magnetic pumping "
process bears a similarity to the acceleration of cosmic
rays as described by, Fermi. Unfortunately, in the
stellar at or, as in the pinch, a very considerable
fraction of the energy is lost during the heating process.
The heating derived from hydromagnetic shocks has
been investigated by H. Grad at New York University,
M. Rosenbluth at Los Alamos and others.
In the evolution of the mirror machine the basic
simplicity of the original design has been maintained.
In addition to this advantage, the straight geometry
makes it possible to operate with a relatively small
volume. An obvious disadvantage of the magnetic
mirror machine is the loss of particles through the
mirrors. In fact, all particles get lost whose motion
includes a sufficiently small angle with the magnetic
lines. In the course of time, more and more particles
will be scattered into these orbits and eventually all
of the plasma escapes. Detailed calculations have
shown that escape through the mirror is a serious
consideration but that it does not rule out the mirror
machine as an effective thermonuclear energy generator. Furthermore, the end losses can in principle be
reduced by inducing a rapid rotation of the plasma.
The open ends of the machine also lead to an advantage: a simple possibility of injection. If one can
introduce a sufficient quantity of high-velocity,
ionized material through these ends, then, in contrast
with the other machines, one can circumvent the
problem of heating a plasma which is already present.
The open ends have another advantage: they allow
one to study the particles which escape and, therefore,
to determine what energy particles must be added to
the plasma. In injecting fast ion beams, difficulties
have appeared due to space-charge limitation in the
injection mechanism.
As has been pointed out by the representative of the
USSR, we are particularly anxious to inject at high
energy because then the leak is not so serious. A
radically different system of injection is being tried at
the Oak Ridge National Laboratory. This system consists in bombarding the interior of the mirror machine
with D2+ ions. Inside the mirror machine the molecular ions are disassociated in a carbon arc (but we
could use a hydrogen arc) and the more strongly
curved D+ ions are trapped. Considerable progress
has been made in developing this technique and it
may lead to the establishment of a steady-state plasma
which is suitable for detailed experimental investigation. In any case, a completely satisfactory density
and temperature need not be obtained at once by the
injection into the mirror machine because simply
strengthening the magnetic fields or moving the mirrors closer together will lead to an adiabatic compression of the plasma which will increase both the density
and the temperature.
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The homopolar, conceived by William Baker at
Berkeley, is another machine based upon mirror containment, but with an enhanced containment due to
the large induced rotation of the plasma. Similar
work on rotating plasmas (Ixion) is being done by
Keith Boyer at Los Alamos. Generally speaking,
there are many designs involving a rotating plasma
trapped in a mirror machine. This is accomplished
by using crossed electric and magnetic fields to induce
a rotation, with consequent enhancement of the mirror
action.
There is one additional design which has received
serious consideration but on which little experimental work has proceeded. The name of this design
is the picket fence or cusp geometry considered by
J. Tuck and H. Grad. It consists of a series of magnetic field systems so arranged that the magnetic
fields curve at each point away from the space which
is enclosed and which contains the plasma. At the
juncture of any two of these systems, the magnetic
fields have a cusp through which the plasma can
escape. The difficulties connected with the rate of
this escape have been the reason for not pursuing this
particular design any further. It is by no means clear,
however, that such a design could not be successful.
In later sessions a more detailed discussion will be
given of the several designs. Here I should like to
mention a few general difficulties and to discuss the
way and extent to which these difficulties have been
overcome.
SINGLE PARTICLE CONFINEMENT

One may consider the plasma from the point of
view of the individual charged particles in afixedfield.
The first and simplest question is whether or not a
field of magnetic lines can retain ions on their orbits
for a sufficiently long time. Since the ions slowly
drift in a direction perpendicular to the magnetic lines
of force and to the gradient of these magnetic lines, it
is not clear that an effective confinement is actually
possible. In a simple torus with a longitudinal
magnetic field, the charged particles spiral around
closed magnetic lines of force. The inhomogeneity of
the field causes them to wander off steadily to the
walls. The stellarator is designed to avoid the difficulties associated with the drift of particles out of a
simple torus. One such method, for instance, is to twist
the torus:

This was proposed as early as 1951.
In the stellarator the lines get twisted, with the
result that a line no longer closes but instead returns,
after a circuit, into the neighborhood of its starting
point. If many circuits are executed, a single magnetic line will have closely covered a toroidal surface.
Now an ionized particle, in following this more com-
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plicated line of force, will be subject to displacements
due to the inhomogeneity of the magnetic field. One
can show, however, that these displacements will
average to zero in good approximation.
In the mirror machine, an ion spiraling around a
magnetic line of force performs a quasi-periodic
motion due to oscillations between reflecting points.
The periodicity of the orbit is not strict because the
guiding center drifts to neighboring lines of force, as
has been mentioned above. In a cylindrically symmetric case, it is evident that the drift perpendicular
to the line of force will map out a surface of cylindrical
symmetry. But it is not evident where the particles
will drift if there exists a non-symmetric perturbation.
The following consideration shows, however, that
despite such a perturbation the particles do return to
their original line of force with a high degree of
precision.
During the periodic motion in a static magnetic
field the energy will be strictly conserved. Two
" adiabatic invariants " are also very accurately preserved, even though they vary to a small extent.
These are the magnetic moment of the spiraling particle in a direction along the magnetic line and the
action jp y dq. Herein is the momentum of the ion
(or the electron) along the magnetic line of force
and dq is an element along the magnetic line on which
the guiding center of the spiraling particle happens
to move. The essential character of the orbit of a
particle is determined if its energy and magnetic
moment are known. From this, the action \p\\dq
follows uniquely. If now the particle were to shift to
an arbitrary neighboring line of force, conserving its
energy and magnetic moment, the action integral would
in general be different. However, the action integral
must be conserved also. Therefore, a shift to an
arbitrary neighboring line is not possible, but the
guiding center of the particle must remain on a sheet
consisting of a single continuous set of magnetic lines
of force. In this way, the particle will shift around
within the machine, remaining always on a surface on
which the action integral is conserved. When the
particle arrives back in the original neighborhood it
will, as a general rule, actually embrace the same
magnetic line from which it had started. While this
statement is not absolutely correct, it holds with a
very high precision for small Larmor radii. Unfortunately, the conservation of the adiabatic invariants is not valid if the field varies with a sufficiently high frequency. Under these conditions, of
course, the energy is not conserved either.
INSTABILITIES

Let us consider a time-independent distribution of
magnetic lines of force in space, and let us also consider
a static distribution of a plasma with vanishing
electrical resistivity. The magnetic lines need not be
curl-free because we may assume that there are
electric currents in the plasma to account for the curl.
No electric fields will be present : if they were parallel
to the magneticfieldsthey would give rise to a change
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in the electric current ; while if they were perpendicular
to the magnetic lines they would cause the plasma to
move, which is contrary to our assumption of a static
situation.
Now the stability of this situation may be decided
by investigating infinitesimal virtual displacements.
In such a displacement, the material of the plasma
may slide along magnetic lines of force but, in any
motion transverse to the lines, the plasma and the
lines must move together. Furthermore, any expansion or compression of the plasma accompanying the
displacement must be considered as adiabatic. If
some of these displacements lead to a linear change
of the energy of the plasma then the system is not in
equilibrium. If all changes depend quadratically on
the displacement and if all infinitesimal displacements
are connected with positive energy changes, then the
plasma is stable. If some displacements are connected with negative quadratic terms we expect an
unstable equilibrium. Many such instabilities have
been discussed, and the discussion has been carried to
a detailed calculation of the way the particle distribution, magnetic fields and currents change during the
displacement. However, the hydromagnetic consideration given above appears to be a simple and
general description which in many cases is satisfactory.
The first models considered for the pinch machine
and for the stellarator turned out to be unstable.
Appropriate modifications of the field distribution
have given rise to reasonable hopes for circumventing
various troubles. It appears, in a great measure, to be
a question of whether these instabilities are of a hydromagnetic origin or are connected with plasma vibrations
excited by runaway processes. We are more doubtful
about the plasma vibrations, which may be a very real
and more lasting stumbling block. In this kind of
motion, it turns out that the faster the electron the
longer is the wavelength of the plasma vibration that
can be excited, and the longer the wavelength the more
energy it can take up. To summarize the situation very
briefly: it has been suspected and partly found that
these plasma vibrations have the disagreeable consequence that the plasma can rapidly diffuse and there
is a leak in the magnetic confinement. These are some
of the difficulties in the stellarator and pinch devices.
Work is proceeding and there are methods, partly
hoped for and partly realized, which will be discussed
in other sessions.
The general question of whether a moving, steadystate, hydromagnetic system is stable or not has been
discussed in some interesting special cases but has not
been treated along similarly simple lines as has the
corresponding static problem. These dynamic effects
probably play a very important role during the
constriction of the electric current in the pinch
process and during the heating of the plasma in the
stellarator. At the same time, the runaway electrons
mentioned above probably give rise to plasma vibrations, which also might arise by coupling with the
hydromagnetic motions. All these motions can generate enough disorder to destroy conservation of energy
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and conservation of the adiabatic invariants for the
single particles which are supposed to be confined in
the system. As a result, both plasma and energy can
be lost to the wall.
We see, therefore, that heating, plasma injection
and plasma compression do represent sizeable additional problems. These problems are, however,
closely connected with the more general question of
confinement. If the latter were solved completely,
then we could take time with the other processes and
probably execute them sufficiently carefully so that
the plasma could be brought to the appropriate conditions. The actual fact is, however, that the problem
of plasma confinement is only partially solved and,
therefore, this problem and that of the establishment of the right temperatures and densities have to
be handled together.
EFFECTS OF IMPURITIES

Another difficulty that is quite generally encountered
is connected with impurities. The presence of impurities leads to increased bremsstrahlung radiation and
the consequent rapid loss of energy from the plasma. At
temperatures low compared with the ignition temperature, these losses are often aggravated by radiation from
incompletely ionized atoms. These partially ionized
systems are usually not in S aha equilibrium, since of
the four possible processes, collisional ionization,
radiative electron capture, recombination by triple
collisions and ionization by photons, only the first two
occur. This somewhat involved problem has been
thoroughly investigated by R. F. Post and has led to
the recognition that heating must be carried out
rapidly, particularly in the low temperature regions.
If neutral atoms are knocked off the walls, these
cause an energy loss by an additional mechanism:
They can neutralize fast plasma ions by charge
exchange and these fast neutral particles can cross the
magnetic barrier and reach the wall. Here they can
knock out more neutral particles and a loss mechanism
can be built up.
EXPERIMENTAL DEVELOPMENT

The above enumeration of difficulties and problems
is by no means complete. Neither does this theoretical
discussion do justice to the experimental problems of
machine design and to the diagnostic work which has
been carried out. The development of extremely
large, pulsed capacitor banks for creating the large
volume, high magnetic fields required, and the operation of large " baked out " vacuum systems for high
plasma purity at pressures as low as 10~~10 mm Hg are
major achievements of the experimentalists. The
observation of gross current and electric field behavior
and the determination of magnetic field and plasma
pressure by means of probes introduced into a system
have given valuable data. Plasma densities have
been measured by experiments involving absorption
and transmission of electromagnetic waves in the
radar range. Spectroscopic observations have been

carried out and the appearance and behavior of
neutrons have led to additional knowledge about the
state of the plasma. Thus, our knowledge of plasma
physics is increasing considerably with each passing
year. In this way, important features of plasma
theory have been experimentally verified. The interaction between magnetic pressure and hydrodynamic
motions have been observed and transport phenomena
in the plasma have been investigated. These are
greatly complicated by the effects of collective
motions but, when properly attacked, have yielded
satisfactory verification of our expectations.
Hydromagnetic motions have been extensively
studied, most particularly in observing the formation
of a pinch. In connection with the same experiment,
the evolution of instabilities has also been investigated.
In the stellarator, the mirror machine and the pinch
discharge, the importance of impurities has been
demonstrated by studies of the influence that the wall
materials have on the observed phenomena. In the
case of the stellarator, a very ingenious device, the
divertor, has been developed which harmlessly eliminates that part of the plasma which otherwise would
touch the wall and would give rise to the emission
of disturbing atomic species. The use of the divertor
has greatly improved the operation of the machine.
After proper precautions, temperatures of 100 electron volts or more have been reached in the various
machines. This should be compared with the few
thousand electron volts needed for the effective
burning of a deuterium-tritium mixture. More than
100 electron volts have been reached in the stellarator
and still higher temperatures in the mirror machine.
Proved temperatures in pinch devices are a little lower
but, on the other hand, greater densities have been
obtained.
Perhaps the most important observable variable is
the containment time. In the pinch effect, the time
during which a high density prevails is only a few tens
of microseconds. On the other hand, the operation
of this machine is in least need of protracted confinement times. In the stellarator, confinement times of
a millisecond or more have been established. In the
mirror machine, confinement times of several milliseconds are not unusual. This is particularly pleasing
because of the small size (a few cubic centimeters)
and high electron temperature (more than 10 kev)
of the plasma. Furthermore, in this machine no
difficulties have arisen in connection with instabilities
or disordered motion. I would therefore term this
quite a hopeful approach. These times have to be
compared with a period of approximately one second
in which a successful thermonuclear reaction would
double the original input energy.
NEUTRONS

Throughout the development, it has been believed
that production of true thermonuclear neutrons would
be a milestone in the development of a controlled
thermonuclear reactor. The observation of such
neutrons would not be merely encouraging but would,
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at the same time, give us a sensitive method of measuring temperature distributions within the machine:
the slightest rise in temperature would give an enormous rise of neutron production. In " thermonuclear
machines " neutrons have been repeatedly observed.
Unfortunately, these neutrons may be due to some
form of organized motion rather than to the random
thermal agitation. This shows in a most direct
manner that we are still very far from a successful
thermonuclear machine. Furthermore, even when
true thermonuclear neutrons are obtained, their effects
could at first be obscured by the presence of the
neutrons due to collective motions.
THE FUTURE OF THERMONUCLEAR POWER

I should now like to ask: Where are we going?
I believe that thermonuclear energy generation is
possible. Whether it will be in precisely seventeen
years, as our Chairman predicted three years ago, or
at some other time is a matter that I think he will not
argue with me and I shall not argue with him. However, I will say this: The problem is not quite easy.
I will also say that on the path there may be some
little flowers to be picked. Plasma physics has
importance in the cosmic arrangement of things, as
we heard in Professor Alfvén's paper during this
session. It may have important technical applications other than energy production. I wish I could
know and tell you more about this, and I hope
suggestions will come forward; because this needs
imagination and I am lacking in imagination. If we
want to shoot for the jackpot, for energy production,
I think that it can be done, but do not believe that in
this century it will be a thing of practical importance.
This view may be much too conservative and may be
proved wrong within the coming decade, but I shall
tell you why I believe what I believe.
It is likely that we shall be dealing with an intricate
machine which is inaccessible to human hands because
of radiation and on which all control and maintenance
must proceed by remote control. The irradiation of
materials by neutrons and gamma rays will cause the
properties of these materials to change. Surfaces
bombarded by the bremsstrahlung radiation will get
heated morefiercelythan is the case in any portion of
our present nuclear reactors. You can operate the
machine to the extent that this one surface can be
cooled, the rest of the machine being at a relatively
low temperature. These and other difficulties are
likely to make the released energy so costly that an
economic exploitation of controlled thermonuclear
reactions may not turn out to be possible before the
end of the 20th century.
Nevertheless, the ultimate goals toward which we
are working are apt to be highly rewarding. When
economic thermonuclear energy production becomes
feasible we shall reap a number of important benefits.
The fuel of the thermonuclear reactor is cheap and
practically inexhaustible so that, if I may put it this
way, we have deuterium to burn. Thermonuclear
reactors produce Jess dangerous radioactive materials
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and, when once brought under control, are not likely
to be subjected to dangerous excursions. Therefore,
they can be operated more safely thanfissionreactors.
Finally, the interaction of a hot plasma with
magnetic fields opens up the way to the direct production of electrical energy. This may be of great
practical advantage since high-temperature heat exchangers and many moving parts could be eliminated.
Now I have a question: Can all this be done?
I think we are at a stage similar to the stage at which
flying was about one hundred years ago. There are
some wise people now, as there were at that time, who
have proved that it cannot be done. I should like to say
that those people were perhaps better off because at
least they saw the birds. All we can see are the sun
and the stars. The sun produces thermonuclear
energy by brute force or, what is worse, by sheer
inertia. Other people will say that the sun does it
with the help of infinite patience. I do not think
any physicist wants to go along either of those directions.
PLOWSHARE

This survey should not be concluded without mentioning another way in which thermonuclear energy
can be made to serve peaceful and constructive
purposes. Our recent investigations have led to the
increasing expectation that thermonuclear explosions
can be brought sufficiently under control to be of help
in earth-moving, in mining and also, conceivably,
even in the production of energy. We can also undertake projects which I should like to designate as geographical engineering. We can dig canals, we can
make harbors, we can open up water reservoirs for
better water supply of arid or semi-arid regions. In
thisfield,people from the USSR have made very early
statements which I believe raise very early hope,
hope which I believe, in principle, to be correct.
Recently, an underground detonation of a fission
device in Nevada has demonstrated the feasibility of
the confinement of the energy of the device. Furthermore, this experiment has shown that the bulk of the
radioactive fission products were entrapped in the
glass formed by the molten rock. The energy in this
case was primarily dissipated at a low temperature in
vaporizing the relatively large water content of the
rock but, in addition, a large quantity of rock was
crushed. With the equivalent of one ton of high
explosive we can pulverize more than one hundred
tons of rock. This could be useful in mining and for
the enhancement of the oil flow in large low-specificyield formations. Therefore, as has been the case so
often in history, a method for destruction has turned
in a direction where it can be made useful for the most
important and, in the long run, cooperative effort
between the nations.
In the peaceful use of nuclear explosives, the fusion
reaction is likely to play a prominent role for two
reasons. One is that the fusion fuel is exceedingly
cheap. The other reason is that fusion reactions give
rise to less radioactive contaminations than do
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fission reactions. In fact, a careful planning of the
fusion explosion can reduce the activity to a point
where its effects are quite small compared with the
effects from an equivalent fission reaction. This is
particularly important in earth-moving applications
designed to build harbors, canals, change the distribution of water or lay bare mineral deposits.
There is no difficulty, in principle, of releasing large
amounts of fusion energy underground, in the conversion of this energy into high pressure steam and in
the use of this steam for the production of electricity.
It is, however, important to find a cheap way of confining the explosion in order that the economical
exploitation of explosive fusion energy for the production of electricity may become possible. It is not
unreasonable to expect that explosive fusion energy
can be harnessed for the production of electricity
before the same feat can be accomplished in the controlled fusion process. It will also be noticed that
both the cheapness of the fuel and the reduction of
radioactive contamination are the same factors which
also play an important role in our future expectations
concerning controlled fusion reactions.
Even though the first application of thermonuclear
power may be by using controlled explosions—and
this would be a very great achievement indeed—in

the long run, the inherent advantages of controlled
fusion in a steady-state system will probably dominate
our planning for the far future. At any rate, in the
direction of controlled explosions, as well as in the
great field of plasma physics, I see a very fruitful
field of research for physicists, for groups of physicists,
for scientists in a whole country and for scientists in
the whole world. I also believe that one thing which
science and technology can do for us is to draw us all
closer together into mutual help and into better understanding if we are guided by a search for the things
that can be accomplished by active work, which we
communicate to one another and in which we cooperate.
In any case, I am convinced that the extraordinary
and abundant power of fusion energy can be used in
peaceful pursuits for the benefit of mankind. When
this has been accomplished it may well turn out
to be one of the most important advances of our age.
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magnetic fields was started by Sir George Thomson in
London in 1947 and by myself in Oxford in 1948.
These independent programmes attracted Government
support in 1948 and continued in the two Universities
until 1951.
Several possible magnetic field configurations were
studied in relation to toroidal tubes but confinement
by the self-magnetic field of a currentflowingin a gas
appeared the most promising. Some of the results
of this early work were published in 1951.2"4 Figures
1 and 2 show the type of apparatus employed at that
time. In 1951 the London group moved to the
Research Laboratory of Associated Electrical Industries, Aldermaston, and the Oxford group to Harwell.
A small team at the Atomic Weapons Research
Establishment began in 1956 to pay special attention
to the interesting features of the dynamic pinch.
It will be appreciated that this subject involves
almost the whole range of classical physics included
in the electromagnetic spectrum—from steady electrical currents to X-rays. Measurements of ionisation
and excitation cross-section of multiply charged ions
are now required together with further development
in the basic theory of particle transport processes and
in the new subject of magnet ohydr о dynamics.
Perhaps it is not surprising that progress is slower
than one would wish.
We have now reached the stage of producing deuterium plasmas at temperatures in excess of 106 °K
for appreciable intervals of time. At these temperatures we can study some of the phenomena which are
likely to occur in a fusion reactor. Whilst other
approaches to the problem of producing and maintaining a very high temperature gas will undoubtedly
be described to this Conference, research in the
United Kingdom has been devoted to a study of gas
confinement by the " pinch effect " ; that is, confinement by the magnetic field which accompanies an
axial flow of current through the gas. Many other
possible methods have been studied at earlier times
but none appeared so promising.
The size of the apparatus employed depends to a
large extent on the time for which the electrical
currents are required to pass through the gas. Thus
the group at the Atomic Weapons Establishment are
interested in extremely short times and a rapid
increase in discharge current. A recent form of their

HISTORICAL

The possibility of utilising the energy released in
nuclear reactions between the light elements was
probably first discussed at the Cavendish Laboratory,
Cambridge, in 1932. It was at this time that Lord
Rutherford and his colleagues demonstrated that
artificial nuclear reactions could be produced in the
laboratory and that energy was released in each
nuclear event. These reactions were produced by
accelerating positive ions or nuclei to high velocities,
using potential differences of hundreds of kilovolts,
and firing them at a target containing the other elements. At low bombarding energies these reactions
were found to be most probable with the light elements.
No direct application of their discoveries for power
generation was foreseen; in fact, Lord Rutherford
described such speculations as " moonshine ". At
best, only 1 in 105 of the bombarding particles reacted
with a target nucleus, the remainder being brought to
rest by unproductive energy losses to the target
atoms.
It is the intention of controlled thermonuclear
research to find an efficient way of utilising the energy
produced when light elements react together to form
heavier ones. Such a process occurs at the centre of
the sun and in other stars under conditions of immense
pressures and extreme temperatures. It is altogether
impossible to reproduce similar conditions in the
laboratory. Fortunately, there are nuclear reactions
which occur much more easily than those responsible
for the sun's energy, but even then extremely high
temperatures are believed to be necessary.
The concept of thermonuclear reactions providing
the energy radiated by the stars was clearly put
forward by Atkinson and Houtermans * in 1928, but
no suggestions for achieving a similar energy source
on a terrestrial scale were seriously considered in the
United Kingdom until 1946.
It was clear that the high temperatures necessary
could not be reached unless some means was devised
for keeping the hot gas away from the walls of the
containing vessel. Experimental investigation of the
confinement of a hot, electrically-conducting gas by
* U.K. Atomic Energy Authority, A.E.R.E., Harwell.
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Figure 1. Early glass torus (1948) used by Cousins and W a r e in
their demonstration of the " pinch effect "

apparatus is shown in Fig. 3. The essential feature
of the equipment lies in the use of a large number of
separate switches (spark gaps), synchronously triggered so as to connect in a parallel arrangement the
large number of capacitors that form the total bank.
This reduces the inductance of the circuit external to
the discharge to a very low value. At the other end
of the time scale is the Zeta apparatus at Harwell.
The discharge in the gas takes place in a toroidal vessel
for longer periods of time and at much lower gas
densities. Figure 4 shows a general view of the
arrangement. In between these two extremes is the
Sceptre device at the Research Laboratory of Associated Electrical Industries which is similar to Zeta
but which has a more rapid rate of current rise. This
apparatus is shown in Fig. 5.
THE BASIC FUSION PROCESS

I now turn to a short discussion of the basic fusion
process. What is fusion and where does the energy
come from? In order that a nuclear reaction takes
place between two charged nuclei these particles must
be brought close together against the Coulomb repulsion of like charges. As an example, consider the
fusion of two nuclei of deuterium. When the nuclei
approach within the range of the attracting nuclear
forces, about 10~13 cm, we can speak of a compound
nucleus of two neutrons and two protons. This nucleus
is similar to that of ordinary helium.
The compound nucleus can break up in the three
ways described by the following equations
^
He3 + n + 3.25 Mev
2
2
H + H -> (He*) < — - H 3 + H 1 + 4.03 Mev
2
2
^--* H + H .
In the first two cases, the new nuclei Helium 3 and
Tritium are formed. The third case corresponds to
simple elastic scattering and no energy is released.
Because three of the attracting nuclear particles
come much closer together, forming a new stable
configuration, the fourth is ejected with the energy
difference. This energy difference AE may be
calculated from the mass difference AM between
the initial and final nuclei taking part, according to
the well-known equation Д£ = AMc2.
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At the particle energies of interest in thermonuclear
research the probability of elastic nuclear scattering
is much greater than the probability of a nuclear
reaction. On the average, therefore, a fuel nucleus
will make many elastic collisions with other nuclei
before a reaction occurs and any ordered motion
initially present will be completely disorganised
before appreciable energy is released. For this
reason, a fusion power source will almost inevitably
be a thermonuclear process since nuclear reactions
take place as a result of impacts between particles
with thermal or random motion.
To calculate the minimum temperatures required
for a net energy gain, the conditions under which a
high temperature gas can be confined must be discussed in more detail. It is essential that there be an
equal concentration of negative and positive charges,
otherwise the resultant electric fields would be so
enormous that confinement would be impossible.
The presence of electrons leads to electromagnetic
radiation due to the acceleration of electrons as they
are deflected by the positive nuclei. This radiation
escapes without absorption in the tenuous gas and no
radiative equilibrium is possible. The energy radiated
is many orders of magnitude less than that from a
black body at the same temperature.
Consider a cycle in which electrical energy is used
to heat the gas and maintain it at a high temperature.
Energy must be supplied continuously to make up
the radiation loss. This energy can be recovered only
as heat, some 70% of which is lost in its conversion
back to electrical energy. To make up the deficit, the
energy released by nuclear fusion must be at least
twice the energy radiated. Both the energy radiated
and the nuclear energy released can be calculated.
The minimum temperature turns out to be about
3 x 107 °K for a deuterium-tritium mixture and
3 x 108 °K for pure deuterium fuel. At these
temperatures the fuel nuclei have energies corresponding to about 3 kev and 30 kev. This is small compared
to that attainable in modern particle accelerators.
The difference lies in the much higher particle densities

Figure 2. Metal torus (1949) used by Thonemann and Cowhig
to study " pinch effect" produced by 100 kilocycle continuous
excitation. The iron core which linked the torus is not shown
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where J is the current density and В the magnetic
field.
The current density J in the plasma may be produced by an external emf or it may result from the
slow expansion or diffusion of the charged particles
across the magnetic lines of force. In the latter case,
new energetic particles must be introduced to maintain a steady state. There are several possible
solutions to this equation, but all must satisfy two
conditions. First, the net force acting on the gas
as a whole is zero, and second, any displacement of the
gas from a position of equilibrium must lead to a
restoring force.
This restoring force must be produced by the interaction of electrical currents in the plasma and currents
in external conductors, because any force due to
particles striking the walls is to be made zero. The
first condition is satisfied by the magnetic field
associated with the flow of current in a cylindrical
conductor and gives rise to confinement of the plasma
by the pinch effect. The second condition is satisfied
by enclosing the current channel in a cylindrical
conductor. Any displacement of the current channel
away from the axis of the cylinder results in currents
in the outer conductor which, by Lenz's law, oppose
the motion. Both the Zeta and Sceptre experiments
have employed this principle.
Figure 3.

One of the dynamic pinch arrangements used at the
Atomic Weapons Research Establishment

necessary and the requirement of confining the particles in spite of repeated collision.
The margin between success and failure is narrow.
Under the best conditions, the rate at which deuterium
gas produces nuclear energy is only about ten times the
rate of radiation from the same gas. For a tritiumdeuterium mixture the factor is a hundred and it is
likely that the first successful fusion reactor will
employ this fuel. At the present time the use of
fuels other than the hydrogen isotopes appears to be
excluded, first by the enhanced radiation due to the
higher nuclear charge and secondly by the slower
reaction rates.
The previous discussion has assumed that the
charged particles, nuclei of deuterium and electrons,
are perfectly confined and only electromagnetic
radiation reaches the walls of the surrounding vessel.
It is the problem of particle containment which is the
principal stumbling block at the present time. Gravitational fields are not available and the next best
thing is a magnetic field. Whilst it is possible, in principle, to confine a high temperature plasma by
rapidly oscillating electric fields,5 all methods studied
experimentally in the United Kingdom have employed
strong magnetic fields.
A high temperature gas is a good electrical conductor because of the free electrons. The force acting
on an element of the gas, carrying an electric current
normal to a magneticfield,can be used to balance the
kinetic pressure of the gas, p = nkT. A static
balance of pressure is ensured if V p = J X В

INSTABILITY

The greatest difficulties we have experienced in
reaching high temperatures is the instability of a
magnetically-confined plasma. Satisfying the above
conditions only ensures that the plasma as a whole is
in stable equilibrium but tells us nothing about the
behaviour of a local deformation. Trying to stabilise
a plasma against these deformations is rather like
trying to balance a ball on the end of a stick. To be
successful, you have to be either very experienced or
very clever. The lowest state of " stored energy " is
undoubtedly on the ground or, in the case of a plasma,
at the walls. The best that can be done is to delay
the transition for as long as possible.

Figure 4.

General view of Zeta apparatus at the Atomic Energy
Research Establishment
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Charged particles moving in a static magnetic field
can only cross lines of force between regions of different magnetic fields strength as a result of collision or
longer range electric fields. Collision with other
particles are unavoidable and the rate of diffusion to
the tube walls is not prohibitive in most cases of
practical interest. The effect of longer range electric
fields is much more serious. I do not refer to those
electricfieldswhich are responsible for ordered current
flow in the plasma but to local electric fields arising
from charge separation or by magnetic induction. If
an electricfieldexists normal to the confining magnetic
field, plasma may flow across the lines of force at a
velocity given by v = Ec/B. Thus, a random fluctuating electric field will allow a plasma element to
make a random walk with the above speed and it will
drift steadily away from its starting point across the
lines of force.
Many magnetic field configurations for achieving
stability have been suggested and the search is still in
progress. The theoretical work of Shafranov,6 Tayler,7
Bickerton 8 and Rosenbluth 9 on the pinched discharge
stabilised by an axial magnetic field has guided the
experiments in the United Kingdom but I cannot say
that we have achieved the configuration demanded
by the theoreticians nor can they say they understand
the stability achieved in the Zeta and Sceptre experiments.
THE UK CONTRIBUTION

The principal UK contributions to this Conference
are concerned with the results of the Zeta and Sceptre
experiments and the fast pinch experiments in straight
tubes at the Atomic Weapons Research Establishment.
Preliminary results obtained at Harwell and the
Laboratories of the AEI t have already been reported.10
Both experiments are essentially high current discharges in toroidal metal vacuum vessels in which an
axial magneticfieldis used to provide stability. Since
the earlier reports, efforts have been made to understand
the manner in which the current channel is formed and
to explain the stability. Measurement of ion energies,
X rays and neutron intensities have been extended, and
the role played by impurities investigated. These
results, together with details of the construction, will
be reported in later sessions. A full account of the
experimental methods used to obtain these results will
also be given.
The AWRE group has studied the effect of the rate of
current rise on the discharge properties as well as the
effect of an axial magnetic field and impurities. They
have observed some new phenomena which will be
reported in detail in a technical session.
The theoretical investigations to be reported are
concerned, firstly, with the structure of hydromagnetic shock waves in a fully ionised gas and,
secondly, with the stability of a magnetically-confined
plasma. The first subject is of importance in fusion
research because shock waves provide a powerful
t Associated Electrical Industries Limited, Aldermaston,
Berkshire.

Figure 5.
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View of Sceptre apparatus at the Research Laboratory
of Associated Electrical Industries Limited

mechanism for communicating energy to positive ions,
even when collisions are rare. It is very likely that
the transfer of energy by binary collisions between
electrons and positive ions will be too slow to reach
fusion temperatures in the times required. The
importance of the second object has already been
pointed out. The principal theoretical objective is
to devise an ideal model in which particles cannot
reach the vessel walls because of instabilities. This
does not mean that instabilities should be completely
suppressed but that their amplitude must be limited.
Further details along these lines will be presented,
together with a discussion of the relevance of the
results to the performance of Zeta and Sceptre.
The emission of impurities from the walls of the
containing vessel plays an important role, both in the
amount of energy radiated by the gas and in determining the magnetic field configuration. When the walls
are conducting, the formation of arc spots and vaporisation of wall material is a potent source of impurities.
The mechanism of arc formation has been studied as
well as the motion of arc spots in magnetic fields.
Investigations on both these aspects will be reported.
FUTURE TRENDS

I now turn to the future of research in the controlled fusion field. To my mind, the problem of
stability is of paramount importance. Unless the
rate at which charged particles cross magnetic lines of
force can be reduced to that given by classical diffusion
theory, the loss of energy to the walls will prevent
fusion reactions from becoming a practical power
source. A decrease in the energy flux to the walls by
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particle bombardment also reduces the amount of
impurities thrown into the plasma and this in turn
reduces the energy loss by radiation.
Assuming that the stability problem is solved, it is
estimated that currents of about 10 million amperes will
be required in a tritium-deuterium mixture before a
net balance of power is achieved using self-magnetic
confinement. In a tube of reasonable dimensions,
these currents must continue for at least one-tenth of a
second. Achieving such current amplitudes clearly
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presents difficult technological problems. I think that
the papers to be presented at this Conference, and the
discussions which follow them, will show that it is still
impossible to answer the question, " Can electrical
power be generated using the light elements as fuel
by themselves? " I believe that this question will be
answered in the next decade. If the answer is yes, a
further ten years will be required to answer the next
question, " Is such a power source economically
valuable? "
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The CHAIRMAN : We come now to one of the sessions
which is going to raise the greatest interest. As all
of you who were at the 1955 Geneva Conference will
recall, there was no mention of fusion in that Conference
except for a very passing and brief remark which I
made in my presidential address. Since then a very
large amount of work has been declassified on this
subject and we all know that a tremendous amount of
work is going on in many countries. Briefly, the
work in this line takes two general directions: one
of accelerating plasma by electromagnetic forces; the
other of equilibrium containment, in which the pressure of the plasma is balanced by magnetic pressure.
As regards the first approach, it is very easy to see
the orders of magnitude. The time in which compression takes place is roughly the size of the vessel or
the distance which the plasma has to travel divided
by its velocity, and this is of the order of 10~~5 to
10~6 seconds. After that you have to do your best
to contain the plasma while it is hot and get all the
energy you can out of it.
As regards the second method there are two approaches. One is the approach of plasma containment and heating by closed discharge currents main-

tained through external electromagnetic forces. The
second one is what you might describe as a magnetic
trap in which the plasma is trapped and then heated
in some continuous way, as by injecting particles
into it.
In this connexion one might mention that as regards
the D-D reaction the temperatures to be achieved
are of the order of about 500 million volts, and for the
D-T reaction smaller by a factor of about 3.
The one other point I should like to mention is the
interesting question as to whether the fusion energy
can be turned directly into electrical energy, or
whether it must necessarily take its path through
heat. Here there is only one remark I should like to
make. In the course of fusion reactions a certain and
considerable amount of energy always escapes as
neutrons which are therefore lost from the direct
production of electricity. These neutrons, however,
are not entirely lost in the sense that one can think
of methods by which they might be utilized for
making some of the products that one wants. As I
have just mentioned, the D-T reaction is much more
favorable than the D-D reaction and one could
imagine that the neutrons might be used for producing
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tritium in some envelope of suitable material, like
lithium, which surrounds the reactor. However,
since the aim of fusion is really in the long run to
produce a virtually limitless source of energy, it is
clear that it would have to be based on the D-D
reaction rather than the D-T reaction, and for this
purpose one would naturally like not to base it on the
availability of such materials as tritium.
DISCUSSION OF P/145 AND P/78

There was no discussion of these papers.
DISCUSSION OF P/2298 AND P/2410

Mr. TELLER: I should be grateful, Mr. Dobrokhotov, if I could get information as to the status of the
machine which has been described to us and which,
I believe, is called the " Ogra " machine. In what
state of operation is it at the present time? What are
its stability properties? *
Mr. DOBROKHOTOV (USSR): The apparatus of
which I spoke, and which is displayed in the Scientific
Exhibition, was constructed very recently and the
experiments that will give the data asked for have not
been performed yet. The machine is operating and
data will soon be obtained.
Mr. HOY AUX (Belgium): Dr. Teller, can the
stabilized toroidal pinch of the Zeta type on the one
hand, and the toroidal stellarator with auxiliary
coils twisting the lines of force on the other hand, be
considered theoretically as one and the same apparatus, differing only in the relative amount of autoconfinement and external confinement?
Mr. TELLER: Thank you very much for the
question ; it gives me a chance to emphasize something
that I discussed briefly in my paper. The two machines
are not the same. The main differences are partly
the thing that is pointed out in the question : namely,
the predominance of the auto-confinement in the case
of the pinch, but the other part, which is connected
with it, is the following: the pinch is designed as a
pulsed machine which produces, nevertheless, a
considerable number of thermonuclear reactions
* Ed. Note: "Ogra" stands for ^rtsimovich-Golovin.

hopefully, because there is, due to the outer confinement, a great concentration of matter in the pinch;
and the rate at which a single deuteron reacts is proportional to the density of the other deuterons about
it. This compression is an advantage absent in the
stellarator. On the other hand, it has to be balanced
against the disadvantage that these high densities are
not maintained for a long time. It is in principle a
pulsed machine, whereas the stellarator in principle
is a stable machine—a steady machine in which the
steadiness does not last forever. If we could make it
last for a second we would be happy; that is what we
are shooting for. But we are not shooting for making
the pinch last a second, so there are various directions
in which these various machines are looking.
Mr. SPITZER (USA): I should like to ask Dr.
Dobrokhotov, what is the status in the USSR of
experimental and theoretical confinement in magnetic
traps with the figure-8 geometry?
Mr. DOBROKHOTOV (USSR): These theoretical
proposals have been studied only qualitatively. We
have not yet set up an actual trap with this geometry.
Mr. SINGWI (India) : I have a question for Professor Teller on his remarks about the diagnostic
importance of the "noble" neutrons. Could I ask
whether any experiments have been done regarding
the anisotropic distribution of these neutrons?
Mr. TELLER: The answer is yes. I think you will
find details in our papers and also in the description
of the exhibits. There have been investigations in
every case. Various cases have shown great anisotropies. Such great anisotropies, for instance, have been
found in the pinch but not in the mirror machine,
which did produce neutrons—not in the steady state
but when you apparently collapsed it. This is the
machine called Scylla. In this machine there is also
a trace of anisotropy but it is an anisotropy which is
quite small, so that in this case we seem to be getting
closer to the point where we might hope to call these
things mostly thermonuclear and where there might
therefore be a diagnostic value, but I should not like
to make any claim.
DISCUSSION OF P/1056

There was no discussion of this paper.
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USSR

High-temperature Pinches
By S. I. Braginsky and V. D. Shafranov

It is well known that one of the means of containing
and thermo-insulating a hot plasma is based on the
use of the pinch effect. When a sufficiently high
current flows through the plasma it contracts under
the effect of electrodynamic forces into a pinch
separated from the chamber walls. The plasma is
isolated from the walls by a vacuum (to be more
exact, by a region with a very low density), which
ensures its heat insulation. The confinement and
thermo-isolation can be maintained for a limited
period of time. A simple plasma pinch turns out to
be unstable. One possible way to make it stable
is to use a longitudinal magnetic field. The behaviour
of a plasma filament both in the absence and presence
of a longitudinal magnetic field has been studied
theoretically г and later (1953) by the authors. The
stabilizing effect of a longitudinal magnetic field was
examined theoretically by Shafranov in 1953,2
also by Tayler 3 and by Rosenbluth.4 The first
experimental evidence for the stabilizing action of a
longitudinal magnetic field was obtained in 1956.5
In this work some systems with plasma pinch
stabilization by a longitudinal magnetic field are
examined from the standpoint of the possibility of
heating the plasma and obtaining thermonuclear
reactions. It is assumed that the plasma pinch is
toroidal so that there are no losses due to electrodes
as there are in straight tube discharges. The stretching forces due to the circular current and the gas
pressure may be compensated in various ways; for
instance, with the aid of an external magnetic field
perpendicular to the plane of the ring or by placing
the plasma ring in a well-conducting tube (Leontovich
1951, Polievktov-Nikoladze, 1952).$ In both these
cases a current flowing along the axis is required for
equilibrium. For systems with axial symmetry, the
need for such a current may be shown generally.6
Other methods of stabilizing a plasma pinch are
possible; for instance, by the use of guarding conductors.7
Stabilization by a longitudinal field can be realized,
in principle, by various methods.

One possible method is to use the longitudinal
magnetic field trapped in the pinch, together with
well-conducting walls. Calculations made for a currentflowingin the thin surface layer of the pinch show
that if the longitudinal field outside the pinch is small
and the pinch radius is not too small compared with
the large torus radius, a complete stabilization can
be obtained. This method of stabilization is used in
the well-known ZETA system.
Another method is the stabilization by a longitudinal field distribution more or less uniformly over
the entire volume of the chamber (both inside and
outside the plasma). If the current flows in a thin
surface layer, complete stability of the plasma pinch
over a limited length may be achieved. However,
if the current is uniformly distributed through the
cross section, not all the types of disturbances are
stabilized. The most dangerous types of disturbances
—" necking-in " and " bending "—can be stabilized
with a sufficiently large but practicable longitudinal
magnetic field. The experimental data available8
justify the hope that a plasma pinch isolated from the
walls may be realized under these conditions. The
plasma pressure can be opposed in this method of
stabilization not only by the compressive action of
the current field but also by the pressure of the
longitudinal magnetic field, when it is greater outside
than inside the pinch. At the extreme, the pressure
of the current field may be small but an axial current
is still necessary to keep the ring in equilibrium.
In both cases the plasma is heated by the Joule
effect and compression of the plasma caused by the
constricting currents. No other heating mechanism,
such as heating by external high-frequency fields,
is considered.
The heating calculations were made on the assumption that the plasma pinch is " laminar " and using
expressions for electric conductivity, heat conductivity
and other processes in a fully ionized plasma corresponding to ordinary Coulomb collisions.9' 1 0 In
reality, some other processes of dissipation are
possible, connected with the partial instability and
the development of oscillations in the plasma pinch.
These " turbulent " processes have not yet been
adequately investigated, so that this work is, of
necessity, incomplete and offers only a first approach
to the problem.

Original language: Russian.
* USSR Academy of Sciences, Moscow.
î References of this form are to articles in Fizika Plazmy г
Problema Upravliaemykh Termoiadernykh Reaktsii, AN SSSR
(M. A. Leontovich, ed.) Moscow, 1958.
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Figure 1.

Illustration of principal symbols

EQUILIBRIUM

Toroidal Equilibrium

Cross-sectional Equilibrium

This term is used to describe equilibrium along the
" large " radius R. The element of the plasma ring
of unit length (see Fig. 2) is influenced in the direction

The condition for the equilibrium in the cross
section of the plasma pinch (equilibrium along the
small radius a) is
2

Snp + Щ = Hj

2

2

(1.1)

+ Яе ,

where the bar denotes averaging over the cross
section, and the symbols are defined in Table 1
and illustrated in Fig. 1. Taking into account the
relations n~pa2 = N(Te + Ti) and Hj = 2J/ca, Eq. (1.1)
can be written (omitting the dash over H?)
2c2N(Te + TO = P + (H2 - H2)a42\\

= PJ2
(1.2)

or

3.2 x 10- 13 iY(r e + Ti) =

(1.2a)

where the temperature is given in kev and the current
in ka. Also

p=

= 1 -

- He2)/Hj2

(1.3)

where j$ is the coefficient characterizing the use of
current to hold the plasma. The coefficient /3,
generally speaking, may be both very small (with
considerable " paramagnetism ", when the longitudinal magnetic field inside is such that Я 1 2 = Я е 2
+ Hj2) and very large (with " diamagnetism ", when
Я е 2 — H? > Hj2). Under the conditions close to the
stationary ones the magnetic fields within and outside
the pinch have the tendency to equalize; but, as was
pointed out by the authors in 1953, anisotropy of the
electric conductivity of the plasma causes the internal
field in the stationary case to be larger than that
outside, so that /? < 1. With He/Hj changing from
0 to oo, P changes from 1 to 0.5. In general, however,
the value of /3 depends upon the development of the
process in time, upon the heat balance in the pinch
and upon the degree to which the number of magnetic
lines of force is increased by the plasma.

Table 1

a = small radius of the pinch
b = small radius of toroidal conducting
tube and discharge chamber

R = large radius of torus
/ = current along the tube axis
m=
= electron mass
M = ion mass
n = number of ions (electrons) in a
unit volume
N = паЩ = number of ions (electrons)
in unit length of the pinch
p = plasma pressure
Te = temperature of electrons
Ti — temperature of ions
T = -|(Ti + T e ) = average temperature
Hj = 2J/ca= current field near the pinch
surface
= longitudinal magnetic field within
the pinch
Я = longitudinal magnetic field outside
the pinch
a = plasma conductivity
r = effective time between electron
collisions
= effective time between ion collisions

= 2cW(re + Ti)/P

t Ed. note : For notational uniformity we have introduced
the symbol fl where the authors had r\.
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of the equilibrium of the pinch in an ideally conductive tube :
Л

A

b-A~

Figure 2

of R by the force of gaseous pressure equal to pna2/R.
The internal longitudinal field creates a longitudinal
tension leading to a force equal to — (Hi2/8n)na2/R.
The external longitudinal field provides a force in the
opposite direction (He2/Sn)na2/R so that with HG = Hx
these forces cancel each other. With a current
flowing along the ring a stretching force arises equal,
per length unit, to
{2nR)-1{J2/2c2)dL/dR

=

{Hj2/Sn)2A(na2/R)

where L — 4TZRA is the inductance of the ring,
(Л = lnb/а in the presence of the walls). To compensate the stretching force, a magnetic field is
required with a component H±, perpendicular to
the plane of the ring and therefore resulting in the
contracting force (l/c)H±J = (a/2)H±Hj. Thus the
condition of equilibrium along R may be written
2

TJ

Hj

M±

~"2R

H

-

2

Hi

(1.4)

or, excluding the pressure from the equilibrium condition (1.1)
Я,

2R
a
~2R

Hj

[л +

(1.5)

The field HL can be created, in principle, by currents in
special external conductors.
If the pinch is placed in a well-conducting tube, the
field H± is created automatically through eddy
currents forming in the walls. Taking the pinch,
for the purpose of estimation, to be thin a2/b2 <C 1
and ignoring the " toroidality " of the tube, it is easy
to find H± as the field of the " reflection current ".
With the pinch displaced from the centre of the tube
by a distance Д, the " reflection current " is at the
distance (b2/A) — Д from the pinch and creates a
field H± = 2 / Д / ф 2 - A2) = HjaA/{b2 - a2). This
leads to the following expression for the displacement

I

Л

2R

+ p-i).

(1.6)

In reality the tube has a limited conductivity and the
displacement will be greater.
It may be seen from (1.6) that if /3 > R/b the pinch
approaches very close to the walls so that, practically,
the value of /? cannot be very high. This is due to
the radial decrease of the toroidal field. The value
of p may exceed 1 only if the longitudinal magnetic
field inside the pinch is smaller than that outside,
but such a " diamagnetic " plasma is pushed away
from the non-uniform field and at /? > R/b the force
of expulsion is so great that the reflection current in
the walls cannot effectively compensate for it. If the
field H±, which compensates for the toroidal repulsion,
is created by special external currents and can be
made sufficiently large, the value of /3 can, in principle,
be made as large as desirable.
The action of ideally conductive walls may be
graphically explained as follows. With the pinch
displaced outwardly, the magnetic lines of force
between the pinch and the walls become denser on the
outer side and more rarefied on the inner side. The
resulting magnetic pressure creates an equilibrium
force. In reality, the walls have finite conductivity,
so that with the displacement of the pinch the
magnetic lines of force partly penetrate through the
walls and their compression is weaker. The force of
balance steadily diminishes, leading to systematic
displacement of the pinch.
The " image current " which creates the field H± is
actually realized in the form of currents distributed
over the tube. To maintain it, the magnetic lines of
force of the pinch current must constantly cross the
walls at some speed. For all the changes occurring
during the period t <C tc> where
tc =

2nbdaw/c2

(1.7)

(ow is the electric conductivity of the walls, and d
their thickness), the walls may be regarded as being
ideally conductive, and the pinch displacement from
the position of equilibrium may be neglected. If
t > tc the displacement must be taken into account.
With the pinch moving at the rate dA/dt an electric
field £ = (2J/c2b)(dA/dt) cos^ is produced in the tube,
inducing currents with a surface density of i = a^Ed.
The magnetic field of these currents has a dipole
character, being homogeneous inside the tube, and
is determined by the relation (4л/с)г=2Н± cos ф so that
H±=Hj(a/b){tGdA/bdt).

(1.8)

This expression presupposes that Д <^b and the
current in the pinch is constant. Substituting (1.8)
in the equilibrium condition (1.5) we can estimate the
characteristic time for the tube action, tw~\b(dA/dt)~x :
(1.9)
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current, Hj = 2J/ca grows in the constricted place,
being proportional to J/a, and tends to increase the
constriction. However, the longitudinal magnetic
field grows faster, as I/a, and by its pressure hampers
the further constriction. The increase of the longitudinal field pressure is

while the increase in the pressure of the pinch field is

where Д is the change of the radius. For stability,
the first value must be larger than the second; i.e.,
Figure 3

The presence of one or more insulating gaps increases
the resistance to these induced currents in the tube
and hence reduces the characteristic time of the tube
action. If there are no special shields (" labyrinths ")
the gaps distort the field as well (Leontovich, 1951).
Toroidal equilibrium may be established also with
the use of an iron core which becomes magnetized by
the pinch current and creates the necessary H±. The
position of equilibrium resulting from the interaction
of the current and the core is unstable; however, if
the point of equilibrium is inside the chamber, then,
with the displacement of the pinch, the uncompensated radial force is ~ R/b times smaller than the
force of repulsion without the core (Budker, 1951).
Joint use of a conducting tube and an iron core
therefore makes it possible to prolong the action
of the walls ~ {R/b) times as much as given by Eq.
(1.9). In the presence of a conducting tube the
influence of the iron core begins to make itself felt in
~ ¿c < ¿w after the beginning of the process, when the
magnetic field penetrates the walls and weakens the
force of repulsion. The radial motion of the pinch
is then retarded and may even be reversed.
STABILITY

A plasma pinch with a current is known to be
unstable. Any slight accidental constrictions rapidly
increase (Trubnikov, 1952). A plasma pinch, like
any flexible conductor with a current, is unstable
to other deformations also (Leontovich, Shafranov,
1952). The pinch can be stabilized, however, by
the use of a longitudinal magnetic field and a wellconducting wall.
The stabilization mechanism can be explained as
follows. With good conductivity of the plasma the
magnetic lines of force are as if frozen into the substance, so that any deformation of the pinch causes a
corresponding deformation of the magnetic field.
If the stabilizing field is so chosen that the resulting
magnetic force tends to cancel the deformation, the
pinch will be stable.

(2.1)

#i2

This criterion is valid irrespective of whether there is
or is not a longitudinal magnetic field outside the
pinch. It changes slightly, however, if the current
flows not only through the pinch surface but if, for
instance, the current is uniformly distributed over
the cross section, then the neck stability condition
appears as follows (Volkov, 1953)
0.69tfj

(2.1')

Bending Stability

With a bending of the pinch (Fig. 4) the magnetic
field of the current grows on the concave side and decreases on the convex side, causing a force similar to
that of toroidal repulsion and tending to increase
the distortion. The forces of the gas kinetic pressure
in the plasma act in the same direction. As a result
the plasma pinch turns out to be unstable for such
distortion, like a compressed spring. If, however,
there is a longitudinal magnetic field within the
pinch, its lines of force are elongated by distortion
and, acting like tight rubber bands, cause a force that
tends to straighten out the pinch. The stabilizing
force is apparently the greater, 4the larger the pinch
curvature radius. Calculations show that if the
internal longitudinal field Hi approximates Hj then
all disturbances with a " wavelength " À < 14a are
stabilized (A is the period of disturbance along the

Neck Stability

Suppose that a neck has been formed in the pinch
(Fig. 3). In this case the magnetic field of the

2

Figure 4
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Figure 5

axis). With Hi having a smaller value the shortwave disturbances alone will be stabilized. According
to the condition of equilibrium (1.1), in the absence
of a longitudinal magnetic field Hi is always less than
Hj, it is therefore clear that a " frozen-in " field alone
cannot provide a complete stabilization of the pinch.
Fortunately, the conducting walls which prevent the
radial stretch of the toroidal pinch exercise at the
same time a stabilizing effect upon the long-wave
bends. Indeed, when the pinch is displaced from the
position of equilibrium it approaches the conducting
wall, compressing the magnetic lines of force between
the pinch and the walls, which results in the appearance of the restoring force (Fig. 5). The stabilizing
action of the containing tube depends upon the
relation between the length of the disturbance wave
and the distance to the walls. For a very short wavelength the change of the magnetic field outside gradually fades away at a short distance from the pinch,
and the tube fails to exert a stabilizing effect. A very
thin pinch will therefore be unstable for disturbances
with such intermediate wavelengths as are no
longer stabilized by a frozen-in field and are not yet
stabilized by the conducting walls. To ensure
stability over the entire range of wavelengths the
ratio between the tube radius and the pinch radius
must not be too large. Calculations show, for
instance, that with H\ = Hj the pinch will be stable
at b/a < 5, and with Щ/Hj = 0.9; 0.8; 0.7, respectively, at b/a = 4.0; 3.2; 2.5.
Supposing now that, in addition to the longitudinal
field inside the pinch, there is a considerable longitudinal field outside, HG. Then the magnetic lines
of force outside the pinch will be not rings but spirals,
with the ratio between their pitch and the circumference 2na being equal to HQ/Hj. A distortion of
the pinch causing it to form a spiral with the same
pitch as that of the magnetic lines of force is not
stabilized by the conducting tube, since with such
deformations it is as if the pinch "moves apart" the

lines of force and disturbs the outer magneticfieldonly
slightly. The long-wave bends thus turn out to be
unstable.
Figure 6 shows the regions of stability for various
values of e — He/Hi and x, the ratio of the magnetic
flux inside the pinch to the whole flux inside the tube,
as well as the respective values of /9 as functions of a/b.
Even a smallfieldoutside the pinch weakens the stability. For example if the longitudinal field outside,
He, is equal to 0.1 of the longitudinal field inside,
Hi, the pinch will be stable at b/a < 4 (instead of
b/a < 5 at He = 0) ; if He = 0.5 Щ then the region
of stability lies within b/a < 1.7. With an increase of
the outside field, stability for the long-wave disturbances disappears.
If the longitudinal field is large, another method of
stabilization is possible: the pinch may be stabilized
against bending if it is shorter than the helical pitch
of the magnetic lines of force, as in this case no
dangerous curls along the lines of force are possible.
The length of the toroidal pinch is 2nR so that the
condition of stability, 2nR < 2naHG/Hj assumes the
form
Яе R_
J
(2.2)
or
2nR'
HJ>
a
Here the longitudinal field considerably exceeds the
current field, but this does not contravene the con-

0,5

a/b
2500.6

Figure 6.
£

Conditions for stabilization by a weak magnetic field:
~ Hi

;

hi

Hf

*

H № 2 + Нетт(Ь2 - о2)

The shaded section represents the stability region for £ = 0.3
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dition for equilibrium since the longitudinal field
exists both inside and outside the pinch. Condition
(2.2) being observed, there still remain unstabilized
some types of disturbances of more complex form,
with which, however, no displacement of the pinch
axis takes place. It may be hoped that such disturbances will not be dangerous.
Two methods of stabilization by a longitudinal field
are thus possible : stabilization by a frozen-in field and
a conducting tube, in which case the external magnetic
field must be small (Fig. 7), and stabilization by a
strong longitudinal field (Fig. 8) which is more or less
homogeneous over the whole cross section of the
chamber.

s = жа2а/с2

or, for ordinary Coulomb collisions when (3.3) is valid,
2

,

s =

Plasma Heating Conditions

s± = 6.4 X 10-4 sec cm kev~3/2.
(3.40

The quantity 5 determines the characteristic skineffect time; I/s, apart from a factor c2, coincides with
the pinch resistance per unit length ; Ins, apart from a
constant, is the entropy of the plasma pinch per unit
length.
The time between particle collisions is simply
expressed in terms of s. For electron and ion (deuteron) collisions:
3.6 XIO 12
N

me2 s
c2N

HEATING, ENERGY BALANCE

(3.4)

3.1X10%/Те

A flow of current through the plasma generates
Joule heat. In addition, the constriction of the
pinch also causes the plasma to be heated by the work
performed by the compressing forces. These two
types of heating may be approximately accounted for
by expressing the heat balance equation in the following form:

Equation (3.3) may be rewritten, using Eqs. (1.2) and
(3.2), in a form convenient for estimations:

ЗЛ^ = < ^ - 2 ™ .
at
a¿ at

ds/dt = 2f/p - Çioss/2iV2\

e2N

—Ñ—Ы
ds/dt = 2flfi,

(3-5)

(3.6)

or, if there are heat losses,

(3.1)

(3.60

It is assumed here that no heat losses exist. If this
is not the case, an additional member, Çioss, appears
on the right-hand side. The Joule heat generated is
given by
Qj = рЦпа2а
(3.2)

In the absence of heat losses the value of s grows
monotonically with time, s = s0 -f $(2f/ñ)dt, and for
an approximate evaluation it is possible to assume
(for t > So) §

where a = е2пт/т is the electrical conductivity of the
plasma across the magnetic field (the " Coulomb
logarithm " is taken as 15) :

(3.7)

1

6

>

x

* \ * /

/ is a dimensionless coefficient, taking into account the
skin-effect and anisotropy of the conductivity, as well
as the heat generated by azimuthal currents. For
simplicity's sake we shall assume throughout that
the ratio between the temperatures of the electrons
and ions is independent of time.
Let us introduce a characteristic magnitude for the
plasma column, viz., a " skin-time " s:

2ft

Substituting here p and 5 from (1.2) and (3.4) we
obtain an expression for the ion and electron temperatures :
2

1+*,

%To'>

2 V/

X^Ti/Te,

(3.8)

where To is the temperature that would be attained
at TG = Ti. It should be taken into account that
this expression may include, in addition, a coefficient
~ 1, depending on the laws of change of current
§ It should be noted that formula (3.7) can be written
approximately as

0

a
Figure 7

b

| N(Te + Ti) =%Qp;
g j = Pfl7ia*o = ГЛоЧ.
(3.7')
The energy balance expressed in this way accounts for the
heating due to compression, in addition to the Joule heat.
This expression, as well as (3.7), is valid in order of
magnitude also in cases when the conductivity differs from
that given by (3.3).

HIGH-TEMPERATURE PINCH THEORY
and radius in time (since ///? may vary in time). If
J[t), a{t) are known then, taking / to be constant
and integrating (3.1) we get in (3.8) JH/a should be
replaced by (5/3)a10/3J/V/3¿¿. At J~t, a~l/t,
for
instance, this coefficient will be equal to 1.
The factor / may be larger with a strong skin-efíect.
Supposing that the current flows through a narrow
ring with a thickness ô, the Joule heat and the corresponding coefficient / are approximately

Pf

QJ =

д=а

a2naè

-

20
(3.9)

Coefficient /' takes into account the heating by azimuthal currents ц. Using these estimates we obtain
for a strong skin-effect ¿ < Й (practically, for s/t > 4)

r. = í — I г,

1+x
(io

1 4

2

/7 /

~Ti

a2 T 3/2

ç.

Te

ЗП

Т =

2 Л З х 1 ( Н

п-Г

3 15

i- )

when T is in kev. With a sufficiently large value of П
the temperatures of the ions and electrons are close
to one another. However, the increase of П leads to
a drop in the plasma temperature, so that the temperature of the ions is the highest at some optimum value
of П corresponding to some not-very-large difference
between ion and electron temperatures: TG — T\
~T\\ i.e., n 0 pt ~ ids/dt = ff/f}.
If we make use,
for instance, of the condition (3.7) for heating the
plasma and of the condition (3.15) for heating the
ions and find the maximum value of T\ with a, J and
t fixed, the following optimal values result : for a weak
skin-efíect
(Ti/Te)opt = 0.72; Ilopt - 0.86s/t;
for a strong skin-efíect

4 / 7

(7Vre)opt = 0.65; n o p t = 0.62 s/t.

From expressions (3.7) and (3.9) we get a simple
relation, valuable for making estimates :
/ = (/')2/2/?.

(3.9')

Heating the Ions
In Joule heating the energy goes directly to the
electrons which then convey part of it to the ions
by means of collisions :
-ri).

(3.11)

Here it is assumed that the density of the plasma
is constant over the pinch cross section. If the
density is distributed differently, a corrective coefficient must be introduced; for instance, for parabolic
distribution, the coefficient equals 4/3.
The dimensionless quantity П depends upon the
number of particles per length unit in the pinch :
П = e2N/Mc\

(3.12)

16

For hydrogen, П = 1.54 X 10~ TV; for deuterium,
П == 0.77 x 10- 16 N.
Ion heating is described by an equation similar to
(3.1)
dt

or approximately

(3.10)

instead of (3.8), where % = Ti/Te and To = 0.76

49

•Ti).

dt

(3.13)

The heating due to compression (the term in da/dt),
as distinct from the Joule mechanism, is equally
effective for both ions and electrons.
If for the sake of simplicity we assume the ratio
between the temperatures of the ions and electrons
to be constant, we get
1 ds

2 _/_

ЗП p

(3.14)

However, if we seek the maximum at fixed values
of s/t and /? we get (Ti/Te)ovt = 0.58; n o p t - 0.46 s/t.
With very high temperatures (dozens of kev) the
optimal value of П, from the standpoint of an increase
of the number of reactions, is much higher (Kogan,
1953). The temperatures of the ions and electrons
will be the same in this case.
Constriction of the Pinch
The change of the pinch radius in time is determined
by the condition of the pinch equilibrium (1.2) and
the heat balance in it (3.4), as well as by the change
of the magnetic flux in the pinch, described by the
Maxwell equations. Neglecting the anisotropy of
conductivity, we get ф == — 2ла/ф(а)/са. For estimations we may take ф = 2(fi/s)(He — Hi)na2, where
/x is a coefficient equal to about 1. Differentiating
(1.2) with respect to time and substituting dT/dt from
the heat balance for a pinch separated from the walls
(3.4), we get
1 da Г 2 4cWJ
~a~~dtl~3~

+
2
"3"

dH,.
dt

(3.16)

where

/ = / + 1/1(/5-1)2Яе/(Яе
If heat losses from the pinch occur, then the term
— fc 2 Çioss//2 appears on the right side of (3.16).
For the plasma pinch to separate from the walls
and begin to contract it is necessary for the right side
of (3.16) to be negative. The point of this condition
is that the outward diffusion of the plasma must be
smaller than the drift inward under the action of the
axial and azirnuthal electric fields.
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From (3.16) it is evident that for large H2j8np the
pinch radius changes very slowly, the characteristic
period of change being of the order of s(H2/8np).
Role of Heat Conductivity

In a plasma pinch detached from the chamber
walls and separated from them by vacuum, the role
of heat conductivity consists only in equalizing the
temperature over the pinch cross section. The main
contribution to the heat conductivity of " magnetized "
plasma across the magnetic field is made by the ions.
Their heat conductivity is
¡2M\\ n*Tc2
\m
GH2

(3.17)

The temperature difference between various points
of the pinch cross section may be estimated, by order
of values, by comparing the heat flow with Qj thus :
2яах(£Т/а) ~ ]2\na2G. This leads to
АГ

(3.18)

\M

It may thus be taken that the temperature is constant
with a fair degree of accuracy over the pinch cross
section.1 All additional heat conduction mechanisms
only improve this equalization of temperature.
Heat Losses Due to Radiation

With a rise in the temperature of the electrons,
heat begins to be lost through both bremsstrahlung
and magnetic radiation.
Bremsstrahlung consists of comparatively high
energy quanta for which the plasma is transparent, so
that the energy losses (per electron) do not depend
upon the form and size of the plasma and are approximately
2

1

3

QhT = 5Ax 10- %Te* erg sec- cm- , (3.19)
for T in kev. The ratio between the losses due to
bremsstrahlung and Joule heat is
Qbl
Qj

=

p2( 2Ге у / 2
f {Те+Ti) Ju*

(3.20)

where / u ~ 2 x l 0 6 amperes. This shows that
bremsstrahlung becomes essential in the pinch heat
balance only at high currents. For instance, let
N=1017 and T = 1 0 kev; then j8/2//ua = 0.16 so
that the bremsstrahlung is not yet appreciable.
Magnetic radiation was studied by Galitsky and
Migdal (1951) and Trubnikov.11 It is substantial
only with temperatures of scores of kev. It is
known that a charge revolving in a magnetic field
radiates at a cyclotron frequency coc and its harmonics. The intensity of this radiation is proportional to H2Te. If it came out freely from the plasma
the losses caused by it would surpass the bremsstrahlung at T e > 5 kev (if Н2/8л = 2пТе). In the
range of low frequencies, however, the magnetic
radiation is strongly absorbed by the plasma and its
intensity does not depend upon the volume but is

determined by the Rayleigh-Jeans law for black-body
radiation. The resultant energy losses here are
proportional to T/oo*z where со* is the limiting frequency of the effective radiation spectrum. If the
temperature is not very high, practically the entire
radiation occurs at the fundamental frequency, со*
~ coc, but if the electron velocity approximates that
of light then the radiation in the harmonics increases
and the maximum emission intensity shifts towards
high frequencies. For a Maxwell velocity distribution, the electrons with an energy several times higher
than the average one radiate effectively, so that even
with T e ~ 30-50 kev, со* may exceed coc almost by
an order of magnitude.
The expression for energy losses (per electron) from
a flat layer of plasma of thickness I obtained by
Trubnikov is
С я ' = | (Z*/mV) TeH2F(a, Те) erg/sec

(3.21 )

where a is a coefficient (less than 1 ) taking absorption
into account, ос = AnenljH. For the plasma pinch
we may take H2 = l6NT/a2pH2, a = e2NpH2/T.
The losses via magnetic radiation (with a fixed N)
are in this case proportional to I/a2, i.e., the same
as the losses on bremsstrahlung and generation of
the nuclear reaction energy. Hence, there are no
critical dimensions for the plasma pinch connected
with magnetic radiation.
The numerical values of F obtained n for a = 103,
104 and for T e = 10, 25, 50 kev are approximated
with sufficient accuracy by the function F =1.15 x
10~27У/2а~з so that the losses per unit length of the
pinch are
erg sec-1 cm-1,
(3.22)
when the temperatures T and T% are given in kev.
Thermonuclear Reactions and Energy Balance

The number of thermonuclear reactions per length
unit of the pinch is
Nn = iV2 {teîî/na2)(Gnvy,

(3.23)

where <7n is the effective cross section for the reactions,
the angle brackets indicate averaging over the distribution of the ion velocities and ten is the effective
period of time for which the reactions take place.
Since (Gnvy grows with the temperature, the rate
of reaction is greater near the maximum temperature, but already at T > 1 kev we may, for estimation,
evaluate {crnt») for the maximum temperature, and take
¿eff of the order of the characteristic time of the process
(at T=l kev, ¿eff '—'0.5 quarter-period of the current;
(Kogan, 1953). We shall henceforth assume ¿eff=¿/2.
If N is fixed, then the total number of reactions
per impulse is determined by t/a2. Since heating
time is proportional to a2 and, according to the
conditions of stability, a ~ aQ} the number of
reactions per impulse in similar systems of various
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Figure 9. The total number of reactions per impulse per unit
length of the plasma pinch

dimensions is the same for the same temperature.
This result is analogous to the conclusion that the
number of reactions is independent of the rate of
current growth in processes without a longitudinal
field.
Figure 9 gives the total number of reactions per
impulse for T < 10 kev, in accordance with (3.23), the
time of the process being determined by (3.7) : t/a2
= (^/f)(s1/2)T3^. The ion and electron temperatures
are taken to be the same. The values (anvy are from
the work of Klimov andZubarev (1952).
The power generated in the plasma by the reactions
is
Qn=

bremsstrahlung QT and magnetic Ся—per unit length
of pinch. Qj and QT depend upon N in different
ways from Qs and ÇDD, QDT- The curves for them
are given for N = 1016, 1017 and 1018. Figure 10
shows graphically the relationship between the different types of energy generation and energy losses.
The points of intersection of the (¿Wiear curve with the
\Qj curve determine the temperature at which the
nuclear energy generated in the pinch becomes equal
to 3NT. For the DT system this temperature
is about 6-7 kev at N= 1018.
At high temperatures an energetically advantageous
thermonuclear reactor using a mixture of deuterium
and tritium is quite feasible. For the DD system
the energy conditions are far more strict. In this
case a narrow operating range at a temperature of
about 40-50 kev might be possible. Magnetic
radiation, as was pointed out by Budker, may be
considerably reduced by the use of metal reflectors.
In this case the operating range for the DD system
widens.
Similitude Laws

For plasma pinches with different parameters,
simple relations of similitude may be established.
First, physical similitude requires, of course, geometrical similarity of the systems and of the time
dependence of the current and the external field.
If these conditions are observed, the systems, as may
be seen from the fore-going, will be physically similar

F H ( N = 10 16, T O 1 7 , T O 1 8 )

(3.24)

where s is the energy generated in the plasma by each
reaction. The neutrons emerging in the reactions
freely leave the plasma and are ignored here (although
they may be utilized, of course, in one way or another). The fast charged particles circulate in the
strong magnetic field and impart their energy to the
plasma.
For each neutron formed in the DD reactions
a total energy of 7.25 Mev is generated; out of this
there remains in the plasma the energy of the charged
particles, 4.825 Mev: for DT reactions the corresponding numbers are 17.6 and 3.52 Mev.
Figure 10 shows curves of the power generated per
unit length of the pinch for deuterium plasma and
also for a plasma consisting of an equal number of
deuterium and tritium ions. The numerical data
were taken from the work of Klimov and Zubarev.
The tritium formed in the reactions may also " burn
up ", participating in reactions with deuterons.
Figure 10 gives two curves for the power generation
in deuterium plasma, on the assumption (a) that there
is enough time for tritium to burn up, and (b) that this
is not the case.
In addition to generation of nuclear energy (QDD, QDT)
Fig. 10 shows also the generation of heat due to the
electric field (§Qj, see [3.7']) and radiation losses—
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provided they have in common the following dimensionless parameters—-criteria of similitude—viz. :
1. Number of particles per classical proton radius—
П = e2N¡Mc2.

(3.25)

The ratio Ti/Te depends upon П, which is also involved in the relation between the current and the
temperature.
The ratio of the ion cyclotron frequency œG to
the frequency of the magnetohydrodynamic oscillations of the pinch VA/'a = Н/(4тгр)*а, upon which the
character of the oscillations possible in the plasma
substantially depends, is also expressed in terms of
I I : СОСЯ/VA = П*. For instance, the concept that
the magnetic lines of force are " frozen " in for
oscillations with a wavelength ~ a is applicable only
if 4яе2Н/Мс2^>1/а2, i.e., П > I. 1 2 Hence, if wave
processes play a substantial role in the pinch their
similitude also depends on П. The value of П
determines the ratio of the Larmor ion radius to
the pinch radius (rc\/a<—' П-*) as well as the ratio
of the time of particle collisions to the skin-time s
(3.5), upon which depends the character of the
microscopic motion of the particles. The dimensionless criterion П was first introduced by Braginsky.1
2. Relation between skin-time and process time—
S = s/t = na2a\c2t.

(3.26)

The depth of the skin-effect and consequently the
transverse distribution of all the quantities in the
pinch, the degree to which the magnetic field is
" frozen in ", and the relative role of Joule heating
and heating due to compression depend upon this
dimensionless parameter.
It may be convenient also to use, instead of the
parameter S, the dimensional quantity 5 which
directly involves the current and radius of the discharge chamber :
2

b Plt.

(3.27)

3. Characteristic ratio oj the longitudinal field to the
current field—
Z = cbHJ2J =

HJHj(b).

(3.28)

This value defines the stability conditions. The role
of the longitudinal field in equilibrium and its influence
upon the process of constriction or expansion of the
pinch, Joule heat generation, heat conductivity, etc.
depend upon the value of the parameter Z.
The other dimensionless quantities, such as (3 =
2 c2N{Te + Ti)IJ2 and Ге/Ть are functions of these
three criteria of similitude, П, S and Z.
The equality of the criteria П, S or Z in various systems does not, of course, guarantee exact similitude of
the processes at the initial stage when the ionisation is

still incomplete. 11 Also, equality is not maintained
of the ratio of cyclotron frequency to collision frequency, on which the character of the movement of
particles in the magnetic field depends, but this is net
z
2
essential if а»ст ^> 1. For deuterons, а)ст <—' 10- aTe v
(j8II)-i. If /ffl ^ 1 and а яа 10 cm, then cocr >
for T ^> 10 ev. Similitude in П, S and Z thus
takes place when the temperature reaches several tens
of ev. In this case, the duration of the initial stage
with a low temperature must be small compared with
the whole process. It is also assumed that the
13
characteristic inertia time (Artsimovich, 1953)
is
also much shorter than the process period so that the
inertia does not matter.
At high temperatures, when bremsstrahlung, magnetic radiation, and generation of nuclear energy
contribute to the energy balance, similitude is preserved if the temperatures in the respective systems
are the same. In such systems with equal temperatures, as follows from the equality of criterion S,
the ratios t/a2 should be the same.
Among the similitude criteria mentioned above,
only one, namely S, directly depends on the electrical conductivity connected with Coulomb collisions.
If turbulence in the plasma is essential, the direct
dependence of S on the plasma parameters (temperature, etc.) may change. However, there is reason to
hope that at equal temperatures (currents) the
systems will continue to be similar for the same
values of П, Z, t/a2.
STABILIZATION BY A WEAK MAGNETIC
FIELD A N D METAL WALLS
The microscopic stability ensuring a sufficiently
long existence of the pinch as a whole is absolutely
necessary for its heat insulation. Two stabilization
variants have been mentioned above. One of them
is stabilization by a weak magnetic field and wellconducting walls. In this case, to stabilize the pinch,
conditions must be created under which the longitudinal magnetic field outside the pinch would be
sufficiently small, while inside it would be of about
the same order as the current field Hj = 2J/ca.
Such a condition can be achieved, for instance, if a
sufficiently highly-conducting plasma pinch is compressed in a previously established longitudinal
magnetic field Ho. The magnetic field in the pinch
is trapped by the plasma and increases with its
constriction in proportion to I/a2, while the longitudinal field outside the pinch diminishes, for the magnetic
flux remaining outside distributes itself over the large
area between the pinch and the conducting tube.
Such conditions can be created, for instance, if,
simultaneously with the current rise in the pinch,
|| It should be noted that the quantity E/P, which is important
at the initial stage and is proportional to (dj/dt)/
{Nja2) is the same in similar systems
if the maximum currents
and, consequently, the ratios tja2, are the same. At the ionization stage, when the temperature of the electrons and the
electric conductivity
are more or less constant, systems with
similar Цаг also preserve similitude of the processes connected
with criterion 5 (the skin effect, etc.).
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the external longitudinal field is removed by reducing
the current in the solenoid producing the field (the
metal tube must have a longitudinal insulated gap
in this case). We shall consider below the first regime
only, i.e., that with trapping and compressing the field.
We shall stress the basic features of this regime,
assuming at first, for the sake of simplicity, that the
magnetic field is completely dragged along by the
plasma when compressed.
It is clear from the condition of equilibrium that the
constriction can begin only after the pressure of the
current field exceeds that of the longitudinal field and
the plasma. Prior to detaching from the walls, the
pinch is intensively cooled by heat conduction and
the plasma pressure is relatively small. Considering
the main mechanism of energy-losses to be the
" magnetized " ion heat conductivity and assuming
Hi = Hj, we obtain, taking Qj to be equal to the
heat flow to the walls, an estimate for fi = (w/M)*.
Neglecting the plasma pressure, we get for the moment
of detaching:
(4.1)

2JJcb = Ho.

As Hi required to stabilize the longitudinal field must
be close to Hj, it is possible as the first approximation
to the detached pinch to omit from the condition
of equilibrium the kinetic gas pressure and take,
approximately,
Hj = H{.
(4.2)
The longitudinal field increases with the constriction
of the pinch according to the relation
Hi

Hob*/a*

Hj

and the pinch radius is therefore inversely proportional to the current
(4.3)

= JJJ.

Hence in the stability region, ao/a < 5 (see Fig. 6),
the current at the initial stage of the constriction must
be equal to at least 1/5 of its maximum value. The
initial longitudinal field must be adjusted from the
condition that
# 0 ъ {a/b)2Jmâx/cb.
(4.4)
It may be seen that the pinch begins to contract at
a rather high current, and there exists danger of
contaminating the gas by the interaction between the
hot plasma and the chamber walls.
Let us now examine whether the conditions for the
maintenance of the longitudinal field in the pinch are
compatible with the conditions for Joule heating.
Since the electrical conductivity of the plasma is not
infinitely high, the longitudinal magnetic field trapped
by the pinch gradually " flows " out of it, which spoils
the stability conditions. When a considerable part
of the magnetic flux has passed outside and the
fields have appreciably equalized, the stability will
vanish. Equalization of the fields takes place in a
period of time of the order of 5 or even faster
with a strong skin-effect ( Art simo vich, 1953). This
quantity, s, sets the limit for the time for which the
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pinch can remain stable and heat-insulated.
must therefore be completed in less time
t<s.

Heating
(4.5)

A strong skin-eflect will take place in this case. The
condition for heating (3.7) gives, in the absence of
heat losses,
s = 2////Î
(4.6)
where, according to relation (3.9') / = //2/2/3. Joule
heat is generated both by the current flowing along
the pinch and by the azimuthal currents which create
an internal longitudinal field. Since Hf — He2
= Hj2(l — fi), the density of the azimuthal currents,
for small /3, is almost equal to the density of the axial
current. The additional heating due to the azimuthal
currents can be approximately calculated by taking
/' = 2 - /3; then s/t = 2///3 = (2 - /3)2//32.
The
value of /3 for He < Щ is always less than 1. To fulfil
the stability conditions it is necessary for fi not to
exceed a value of the order of ^-J (see Fig. 6). Thus,
for / ~ 2 . 5 — 4 , the ratio 2///S is comparatively high
(10—20), and heating time is much less than 5 so
that it is possible to combine the condition for holding
the trapped longitudinal field within the pinch with
the conditions for heating by Joule heat.
For Joule heat to be imparted to the ions, the
number of particles per unit of length in the pinch
must be sufficiently large, as has been pointed out
above. The optimum value of dimensionless parameter, П = e2N/Mc2, is given by n o p t = 0.5s// я^ f/fi.
Assuming, for instance, fi = 0.4 we get /' = 1.6,
/ = 3.2, n o p t = 8, which corresponds to i V ~ 1 0 1 7
particles/cm for deuterium.
The variation of temperature with time, in a pinch
detached from the walls, is defined, with a strong
skin-effect, by formula (3.10). With / = 1 . 6 it
appears as
(4.7)
The choice of heating conditions for an installation
of a given size at a given maximum current consists
mainly in the choice of an optimum time for the
process. If this time is chosen correctly, the maximum temperature permitted by the conditions of
equilibrium and stability can be attained. If the
chosen time is more than the optimum, the stability
will be disturbed before the current reaches its
maximum and the temperature will be lower. If the
time is less than the optimum, stability will be maintained but the plasma will not be heated to the
maximum temperature (/? will be small).
These estimates are very approximate. Even within the framework of the accepted ideal scheme (a
completely ionized plasma pinch with a distinct
boundary) an exact definition of the coefficients
entering the formula requires complex computations.
Experimental data being available, the installation
for obtaining high temperatures can be designed
with the aid of the theory of similitude.
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Let us assume, for the purpose of estimation, that
а\Ь = £, P = 0.4, and accordingly / = 3.2; П = 8,
N = 1017, ТуГ е = 0.6. Ignoring the " outflow" of
the longitudinal field from the pinch, we get for
criterion Z, assuming complete capture and applying
the condition of equilibrium: Z = (a/b)(l —/?)s so
that Z = 0.26. The outflow factor increases this
figure. Taking П = 8; 5 = 2f/p = 1 6 ; Z = 0.3, we
get in accordance with Eqs. (3.28), (1.2) and (3.7):
Я о = 6x10-7/6,

(4.8)
6

2

Ti = 0.6Ге = 4.7 X Ю- / ,
i = 10- 13 ô 2 / 3 .

(4.9)
(4.10)

The numerical coefficients of these formulae cannot
claim to be of particular accuracy as they are sensitive
to the choice of permissible values of p. More precise
values of optimum Л, S, Z and respective coefficients
in Eqs. (4.8), (4.9) and (4.10) must be determined
experimentally.
The choice of the optimum dimensions of the
system involves a number of practical considerations.
An increase of the radius demands an increase in
heating time proportional to a2, in accordance with
Eg. (4.10). Ratio t/a2 having a fixed value and
maximum current / being fixed, quantities such as
the total number of reactions, Joule heating and
generation of nuclear energy, losses on bremsstrahlung
and magnetic radiation, as well as the energy of the
particles in the plasma, and the energy of the magnetic
field per unit of length of the pinch do not depend on
the radius. If, therefore, we take into account the
above energy relations alone, the dimensions of the
installation may prove to be largely arbitrary.
A number of considerations may be submitted,
however, in regards to the choice of the radius. Thus,
the radius cannot be too small from the standpoint
of the strength of the design, as small dimensions
lead to an increase of the magnetic field pressure.
For instance, the pressure on the metal tube, Н2/8л
= J2j2nc2b2, at / = 103 ka and b = 10 cm amounts
to 15.5 atmos. Another factor requiring an increase
in dimensions is the heat load of the discharge chamber
walls which creates the danger of contamination of
the deuterium by foreign admixtures. The energy,
generated in the discharge chamber per unit of length
does not depend upon the radius, and the amount of
energy per unit of surface in the chamber is proportional to I/a. Besides, at t/a2 = const., this energy,
if the dimensions increase, takes more time to heat
the walls and is distributed in a deeper layer, its depth
being proportional to V¿ '—' a.
On the other hand, П being fixed, the initial gas
pressure, with an increase of the chamber radius,
must decrease (P o = 0.45/62 mm Hg at N = 1017),
which places stricter demands on the vacuum system.
The need for prolonging the process time may also
set a limit for the dimensions of the installations, as
very long current impulses are difficult to realize
practically.

STABILIZATION BY A STRONG MAGNETIC
FIELD
The other method of stabilizing the plasma pinch,
noted earlier, is based upon the use of a strong external
longitudinal magnetic field. According to condition
(2.2), a rather short pinch can be stabilized by an
external longitudinal field Я е greatly exceeding the
current field, Hj.
Consider briefly the behaviour of a plasma pinch
in a strong longitudinal field. A strong longitudinal
field frozen into the plasma prevents the constriction
and expansion of the pinch, as appears from (3.16).
The change of the pinch radius in time may then
substantially depend upon the initial period of the
discharge development and the variation of the external field.
Let the external longitudinal field be constant, for
instance. Then, if a pinch is formed as a result of the
initial development, occupying the entire cross
section of the discharge chamber, the radius will
remain more or less constant, for the current field
will be unable to compress strongly the great longitudinal field " frozen into " the plasma.
It follows from (3.16) that in a condition of constriction the pinch is / / / > fs where / is a coefficient
of the order of 1. If this condition is fulfilled, the
pinch radius diminishes with time; but the rate of
constriction will be very low: —a<—' (a/s)(Hj2/H2).
The border of the pinch will, throughout the process,
be very close to the chamber wall. For the present
it is not yet clear whether such a " precision " plasma
pinch can be created with sufficiently reliable heat
insulation.
Let us therefore consider a " rougher " variant of
a plasma pinch with a radius, say, half as large as
that of the discharge chamber. For compression of
the pinch the process of increasing the external field
may itself be used. With a large longitudinal field
H = Hi & He ^> Hj and ideal conductivity of the
plasma, the product Ha2 does not change with time
(see [3.16]). If, for instance, ionization and good
conductivity are achieved by the time H = Я т а х / 4 ,
then with the field reaching a maximum the radius
is halved. By increasing the pinch current and the
external field simultaneously but with some properly
chosen phase shift, the required constriction of the
pinch can be realized.
The higher the plasma temperature, the bigger
must be the current and the greater, according to
(2.2), the stabilizing longitudinal field. The maximum
value of this field intensity is limited, however, by
the strength of the solenoid coil. With stabilization
by a strong field, the conditions of strength imposed
on the design condition impose far more rigid limitations than in case of stabilization by a weak field. In
practice it seems difficult apparently to reach a field
greater than 5 x 104 gauss, which corresponds to a
pressure of Н2/8л = 100 atmos. Here the condition
of stability (2.2) sets a limit for the value of the
current field:
Hj<Ha/R =

(5.1)
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It is thus rational to have a minimum ratio, R/a. In
practice, however, the curvature of the torus is
restricted by the need to find place for the winding
to create the field and current. Since, in addition,
we agree that the radius of the pinch must be equal
to half of the radius of the chamber, in computing
the numerical coefficients below we shall for clarity
take h = 5.
In practice, the value of the longitudinal field His
limited by the mechanical strength requirement and
time t, during which the longitudinal field and the
current can be maintained, by the capacity of the
capacitor bank. The energy required to create
a longitudinal field is much greater than the energy
of the current field (at H/Hj == 5, b/a = 2, it is about
50 times). As a result, the determining value is H
rather than / . The specific number of particles is
determined by the condition of ion heating.
Considering values H, t and N as given, the maximum possible temperature can be found by combining
the heating condition (3.8) with the stability condition
(5.1). This produces :
T = 1.88(A/5)-4/s{l015fH4/N)2l5

kev

(5.2)

where H is in kilogauss.
Here the current must be chosen on the basis of
the condition Hj = H/h or at, h = 5,
(5.3)

/ = \cHa/h ka,
where H is in kilogauss and a in cm.
Taking / = 1 and h = 5, if we let
H = 10
32
t = 10-3
10- 2
and N = 5
5
then T = 0.15
1

50 kgauss,
1 sec,
10 x 1016,
6.7 kev.

The time for heating the plasma to the given
temperature, according to (5.2), does not depend on
the pinch radius, since in (5.2) it is assumed that with
a change in the radius the current changes correspondingly in accordance with (5.3). The energy of the
magnetic field grows with the growth of the radius,
because of the increase in the volume occupied by the
field. It is therefore rational to decrease the dimensions of the system. The coefficient of utilization
of the current, /?, characterizing the ratio of the
energy of the plasma to the energy of the field, then
increases :
P = 4c2NT/p
= 6.4 x lO-13(NT/H2a2) (A/5)2.

(5.4)

But the value of /?, from the conditions of toroidal
equilibrium, cannot be very large (p < R/b) as with
an increase of " diamagnetism " the toroidal stretching
force grows. Hence the radius cannot be very small;
there are certain optimum dimensions of the installation defined by the relationships
a = 1.1 x 10- 3 (/Уpyi*(Hh¡Ъ)31¡6

(5.5)

For the foregoing examples, at p = 1, if
a = 7
R = 35
then / = 70

5.6
28
180

13 cm,
65 cm,
650 ka.

In a system with stabilization by a strong field, a
supplementary mechanism for heating the plasma is
highly desirable. In the case of supplementary
heating, formula (5.2) is inapplicable as, during the
same time, the plasma can be heated to a higher
temperature. In this case, the dimensions of the
system, according to the confinement condition (5.4),
must be larger than follows from formula (5.5).
Let us compare the systems in which stabilization
by a strong field and by a weak field are employed.
Stabilization by a strong field is energetically less
advantageous than stabilization by a weak field. Let
us consider the ratio of the energy of the plasma
to the energy of the magnetic field in these systems:
(5.6)

К = 3NT/WH = \npa*IWH>

Disregarding the magnetic energy in the space
outside the conducting tube we get
(5.7)
•-/8"

Internal self-inductance (per centimeter) is here taken
to be \. For a system with a weak field, at /? = \,
b/a = 3 and Я е = 0 we get К = 0.15. For an
installation with a strong field at He/Hj — 5, we get
К = 0.015, i.e., 10 times less. A system with a strong
current thus becomes energetically more advantageous with an increase of P and a decrease of b/a. Thus,
if it is possible to achieve b/a — 1 (" precision " pinch),
P = 2.5 and HG/Hj = 2.5, we get К = 0.7. These
evaluations are in large measure arbitrary, but they
show that, in principle, the energy difference between
these two types of installations may not be very great.
In a system with a strong field, the external longitudinal field can be used together with the current
to oppose the plasma pressure; while, with stabilization by a weak field, the pressure of the longitudinal
field itself must be compensated. Therefore, with
equal temperatures of the plasma the current may be
several times weaker in the system with a strong field
than in a system with a weak field. In this sense the
confinement of the plasma here is much simpler. The
time for heating the plasma increases, of course.
However, with the aid of supplementary heating
this defect can be eliminated.
The substantial difference between the two types
of systems lies also in the fact that with stabilization
by a weak field the very mechanism for maintaining
stability limits the life of the pinch, because of the
outflowing of the trapped field; no such limitation
exists in case of stabilization by a strong field. In the
latter case the life of the pinch is limited only by the
time the current and the field are maintained. A
plasma pinch stabilized by a strong field approximates
to a stationary system.
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It is still too early to draw final conclusions as to
the advantages of one or the other of these systems.
Experimental investigations must be carried out in
both directions.
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Theory of Runaway Electrons
By H, Dreicer*

This paper treats the problem of electrons moving
through an infinite gas of positive ions under the
influence of a static uniform electric field of arbitrary
strength. In evaluating the electrical conductivity
of such a gas the conventional treatment involves a
perturbation solution of the time-independent Boltzmann equation, and results in the well-known (temperature )3/2 law.1 Two assumptions are basic to these
treatments: (1) that a steady state electron velocity
distribution is attained several mean-free collision
times after the electric field is applied, and (2) that
the terminal electron drift velocity is small compared
to the average random electron speed. Both assumptions are avoided in this paper. In the next
section the problem is formulated starting with
the Boltzmann equation and a review of approximate
analytic solutions appropriate to the weak and strong
electric field cases is presented. We then describe
a time-dependent numerical solution to the Boltzmann equation and compare these results with the
approximate solutions.
All of these treatments lead to the conclusion that
this problem does not admit a time-independent
solution. Because of the strong energy dependence
of the Rutherford scattering law, the electron drift
velocity is not bounded by a terminal value, rather it
grows monotonically with time. This is the so-called
runaway effect predicted by Giovanelli.2
Collective effects, or plasma oscillations, are ignored
in this work, although these undoubtedly play an
important role in the conduction of electricity through
a plasma.

distribution function F therefore possesses cylindrical
symmetry and we may consider it to be a function
of the radial velocity variable с and cz. We use the
Fokker-Planck equation to describe the effect of
Coulomb encounters on F. However, in the interest
of clarity we defer the details of this collision term
to the next section.
Strong Field Regime

In the limit of strong fields we may neglect the
interaction between particles compared to their interaction with the applied field. The solution to Eq. (1)
which satisfies the initial condition
F {с, cz, 0) =

{т/2якТ0)Ч*

exp-[(w/2*T 0 ) (<* + <**)] (2)
is then simply the displaced Maxwellian distribution
F(c, cZy t) = (т/ШТ0)шЬ
exp - {(m/2kT0) (c« + [cz - »(*)]*)},

(3)

where v, the electron drift velocity, is determined by
the equation of motion
dv/dt = eE/m.

(4)

If we assume that this solution has approximately
the correct form for all values of applied field, then
we may use it to satisfy the Boltzmann equation on

LI M * ( z ) LEADS TO
LAW CONDUCTIVITY

REVIEW OF APPROXIMATE ANALYTIC
TREATMENTS

Following standard procedure, the statistical behavior of the electrons is described by a velocity
distribution function F which satisfies the Boltzmann
equation
dF/dt + {eE/m) 3F/dcz = dFjdt^.

1)

The electric field is applied along the negative z axis
of a stationary cartesian coordinate system. The
Figure 1. The velocity dependence, ^ ( Z ) , of the dynamical
friction force as a function of Z

* Los Alamos Scientific Laboratory, University of California,
Los Alamos, New Mexico.

57

58

SESSION A-5

P/2292

H. DREICER

1.0

I

I

I I I I I [I

5 -

10'

kT

10
Ю12

Ю13

I014

Ю15

I016

Ю17

Ю18

DENSITY IN CM"3

nm

Figure 2. The critical electric field as a function of electron
density with average electron energy in volts as parameter
10""

10

10"

20

88

64

: /|=4.0
7 7/
/

;

/

/

- 1 /
. I /
40
32
24
8

100

120

140

160

180

I /

.

.

.

.

10"
/

/

zo

/h

Z 56
48

16

80

.

80 1
72

60

Normalized temperature, T/To, as a function of т
with £/Ec as a parameter

Figure 3.

96

40

/

I* 10

/

/

E

c

'

;

10

/

/
-|=02

'

-

•

•

\

\

Figure 4.

/

I

i

IO¿

i

i

i i i I 1I
5

I0 1

\

I

i

i i I I l

5

1.0

/

/

/

4=0.1
—

•

—

*

*

С

__————•"" s

Normalized drift velocity, Z, as a function of т with
£/£ c as parameter

Figure 5.

Runaway rate X as a function of £/£ c

THEORY OF RUNAWAY ELECTRONS

The Maxwellian velocity distribution shown at the
initial instant of time with V as a parameter

Figure 8. The velocity distribution shown at т = 2 with V as
a parameter
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Figure 7. The velocity distribution shown at т =
a parameter

Figure 9. The velocity distribution shown at т = 3 with V as
a parameter
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Table 1

г"

T¡T0
-2

0
1
2
3
3.75
4

ILOO
]1.04
]L22
]1.48
]L71
1L.79

5

2.14

6
7
8
9
10

2.51
2.89
3.27
3.64
4.00

25

10

.ó3
5

ю4
5

ю5

and furnishes a useful criterion for separating the
weak and strong field cases. Figure 2 gives values
of Ec for a range of temperatures and densities.
Since the positive ions are assumed to be stationary
Eq. (5) also yields the rate of Joule heating

5

ю6
5

= eEG
7

ю

ZW{Z).

The appropriate dimensionless variables for this
problem are

5 ;

,ô8

0
0.36
0.59
0.82
1.00
1.07
1.35
1.67
2.01
2.38
2.77
3.18

E/Ec, T/To, Zt and r = {eEc/m) (m/2kT0)H, (8)
1

1

1

-6

-2

2292.10

Figure 10. The velocity distribution shown at т = 4 with V as
a parameter

with Ec and Z defined in terms of the initial electron
temperature To, and r measured in terms of the meanfree time for collisions between electrons moving
with the thermal speed (2kT0/tn)b. Equations (5)

the average. The drift velocity in Eq. (3) is then the
solution of an equation of motion which includes
the effects of collisions and has the form t
dv/dt + eEc1¥(Z)/m = eE/m,

(5)

where
{m¡2kT0) In Л

eEclm = Ann

n = electron particle density,
Z-Xe = ionic charge,
Z = (ml2kT0)iv
dE

Г

£-* 2 í?ií.

(6)

Z is a dimensionless measure of the electron velocity v.
The additional term in Eq. (5) arises from the dynamical friction force exerted by the ions (assumed to be
stationary) upon the electrons. As illustrated in
Fig. 1, this friction force follows a Stokes law for small
Z, whereas for Z > 1 the strong velocity dependence
of the Rutherford scattering law leads to a Z~2 decay.
The friction force is a maximum at Z = 1. Examination of Eq. (5) shows that it admits no static solution
when E exceeds £ C Y(1). The parameter EG therefore plays the role of a critical field in the theory
t Details of the strong and weak field approximation will
be submitted for publication elswhere.

-6
Figure 11. The velocity distribution shown at т = 5 with V as
a parameter
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probability Q(r) that all electrons have crossed into
the runaway region in the time r. To a good approximation Q(r) is given by
The variation of X with E/Ec is shown in Fig. 5.
Again r and EG are defined in terms of the initial
temperature of the electrons.
WTe conclude, therefore, that runaway in the weak
field limit proceeds under the combined action of
Joule heating and diffusion into the high-energy tail
of the distribution.
NUMERICAL SOLUTION
A more detailed analysis of this problem was carried out with the aid of an IBM 704 digital computer.
A straightforward difference equation version of the
Boltzmann equation was solved subject to the initial
condition given in Eq. (2). In terms of dimensionless
variables, this equation has the form
dF{V, Vz, r)/8r + (E/Ec)8F/dVz = (dF/dr)C0Ïh

(10)

where the velocity components are defined by
V =
Vz =

Figure 12.

The velocity distribution shown at т = 6 with V as
a parameter

and (7) have been solved simultaneously, by numerical
means, for a variety of applied fields. From the
results shown in Figs. 3 and 4 we may conclude
that runaway occurs even when E < EGW(l).
This
is simply a statement of the fact that Joule heating
transforms any weak field into a strong field as time
proceeds. The variation of T/To and Z as a function
of time is tabulated in Table 1 for E/Ec = J.
Weak Field Regime
In the weak field limit, E < Ec, Eq. (5) leads to the
well-known T*l* conductivity law. This result is not
strictly valid, quite apart from the Joule heating
effects just discussed. By making use of the displaced Maxwellian distribution we ignore the fact
that certain fast electrons in the high-energy " tail "
of the distribution make collisions so infrequently
that for these almost any applied field may be
considered to be strong. When this effect is examined,
we find that velocity space can roughly be divided into
a runaway region where the applied field plays the
role of a strong field and into a non-runaway region
where the same field is weak. The time scale for
appreciable depletion of the original distribution is
therefore determined by the diffusion of electrons
into the runaway region. We have employed the
time-dependent Boltzmann equation, supplemented
by Fokker-Planck collision terms, to calculate the

(m/2kT0)lc
(m/2kT0)bcz.

In cylindrical coordinates the Fokker-Planck collision
term describing electron encounters with electrons
and stationary ions has the form
v

dF

Vz

(F2 +

dVe

2

dG
3 V2
2
xid G

+ F,2)3/,
F2

1 IdG ^

F

dF

2

(F + F/
FF,
3VdVz

(F 2

3VdVz

(11)

The function G(V, Vz) describes Coulomb encounters
between electrons and is defined by

G(F, F2) - J *" J ^ J " F(F', F',,
X (7/2
+

T)

+ 72 _ 2 F F ' cos ф
( 7 г __ 7 2 ')2)i 7 ' ^ F ^ F , ' ^ .

(12)

Its second derivatives
(i.e., 32G/dV2, 32G/dVz2,
2
3 G/dVdVz) may be related to the rate at which
fluctuations about the dynamical friction force bring
about a diffusion of particles in velocity space.
Rosenbluth, MacDonald and Judd, 3 have shown
that G may be related to F through an auxiliary
H(V, Vz) function as follows
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Figure 14. Curves of constant F in
velocity space shown at

Figure 15. Curves of constant
F in velocity space shown

atx = 2

1

ICT = F
IO"5-F

V,

V,

г -

i

_L

Figure 16.

v

Curves of constant F in velocity
space shown at т = 3

i V

Figure 17. Curves of constant F in
velocity space shown at т = 4

Figure 18. Curves of constant F
in velocity space shown a t T = 5
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sary boundary values of H and G are obtained from
the asymptotic limits of Eqs. (12) and (14) in the
form

G(V,VZ)~[V* +

oo or

(Vz-

( F-> oo or
\Vz-

where
"oo

Го

— °° Jo

(15)
(16)

FVdVdVz.

The entire calculation is carried out over the rectangular region in velocity space bounded by the lines

7 = 0, V = 6,

Vz=±6

and the mesh points in this region are spaced apart
by the intervals

A single-cycle time-step of size Дт = 10~3 was used
and G was recalculated after every 10 cycles.
The following physical quantities were recalculated
periodically
iV = Г °° f°° F2nVdVdVz
J— °° Jo

(17)

(18)
(19)
Figure 19. Curves of constant F in velocity space shown at т = 6

<FZ> = m <czy/2kT0.

(21)

(13a)
, F z , T).

(13b)

The normalization N provides a check on the conservation of particles, and the energy integrals in
Eqs. (18), (19) and (21) can be related to check the
conservation of energy in the following way

(14)

(22)

The definition of H(F, F2) is

X

F(V, Vz\ r)
(F'> + F 2 - 2FF' cos ^ + (7, - F z ') 2 )i

and its gradient in velocity space gives the dynamical
friction force.
In our numerical scheme G is obtained from Eqs.
(13a) and (13b) by a relaxation method. The neces-

Random average energies are defined by
(23)

Table 2
c

N

T

0
1
2
3
4
5
6

0
0.43
0.77
1.07
1.39
1.72
2.06

1.00
1.096
1.196
1.296
1.296
1.296
1.296

(20)

*[<TV> + <T">Í
0.50 kT0
0.61
0.76
0.97
1.22
1.49
1.76

1.00 kT0
1.02
1.13
1.32
1.56
1.84
2.13

0
- 0.088
- 0.150
-0.100
- 0.071
- 0.052
- 0.034

<F 2 > d T
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(24)

In Table 2 we have recorded (17), (20), (23), (24)
and the degree to which (22) is satisfied over a duration covering 6 mean-free collision times. The applied
field in this calculation had the value E/Ec = J.
Figures 6 through 19 illustrate the evolution of
F(V, Vz, r) during the same interval of time.
If we choose as our runaway criterion the equality
of the drift velocity and the initial thermal speed; i.e.,
(Vzy = 1, then comparison of Tables 1, 2 and Fig.
5 yields reasonably good agreement among the
various runaway times, т/.
Numerical
treatment

Strong field
approximation

3.0

3.75

Weak field
approximation

2.0

The normalization tabulated in Table 2 indicates
that the number of particles in the rectangular mesh
at first increases with time and then reaches a steady
value. This is associated with the error in the
assumed boundary values of F. The algebraic sign
of the error in the energy balance indicates that
fictitious particles are probably entering the mesh

H. DREICER

across the negative Vz boundary. With the onset
of the runaway effect, particles also begin to leave
the mesh across the positive Vz boundary, and a
balance between these currents produces the steady
value for the normalization calculated after т = 3.
In spite of these inaccuracies, we believe that the
absence of a time-independent solution has also been
illustrated in this numerical calculation.
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Individual Particle Motion and the Effect of Scattering
in an Axially Symmetric Magnetic Field
By A. Garren,* R. J. Riddell,* L. Smith,* G. Bing,t L. R. Henrich,*
T. G. Northrop f and J. E. Roberts1

One notes that the motion in the (Q, f ) plane is
determined by a Hamiltonian from which в has been
eliminated :

The possibility of confining charged particles with
magnetic " mirrors " has long been recognized. A
mirror field has axial symmetry and a magnitude
that increases along the axis away from a central
region in which the particles are to be contained.
Heretofore, the likelihood of confinement has been
based on the approximate invariance of the magnetic
moment as described by Alfvén.1 If the magnetic
moment of a particle with given energy is too small
the particle escapes axially through the mirror. The
moment can become small because it is not a rigorous
constant of the motion or because of Coulomb scattering of the particle. Both these effects have been
studied; the first by analytic and numerical methods
and the second by numerical solution of the FokkerPlanck equation.

я=

where Pp = (l/(o0)dq/dt and P^ = (l/œo)dÇ/dL
Certain classes of particles remain indefinitely in the
mirror field given by A Q above. All orbits for which
PQ is sufficiently negative (these encircle the axis) are
rigorously contained. In that case the effective
potential for the (Q, £) motion, \\_\p -^P6)/Q]2, is such
that the equipotentials less than or equal to the
total particle energy are closed curves, with the potential less on the inside. For particles not encircling
the axis, the potential surface is an open-ended trough
with a flat bottom; therefore, for most such particles
we cannot make as strong a statement about containment as we can for those encircling the axis. However, for a denumerably infinite set of orbits not
encircling the axis, one can demonstrate that there is
rigorous confinement by invoking the symmetry
properties of the field and the equations of motion.

PARTICLE CONTAINMENT
IN THE ABSENCE OF COLLISIONS
Under what conditions would a particle that makes
no collisions remain indefinitely in a mirror field?
Before trying to answer this question we give the
vector potential used in our numerical orbit calculations,
Ae(r, z) = (LB0/2n)[Q¡2 -

COS

= constant,

Since P0 and V are constants of the motion and
since the field has axial symmetry, one needs only
three independent variables to describe the motion.
For the present purpose, we use the set (£, P^ P ) to
describe a point P in phase space. Remembering
that ip and hence H is symmetric in J, one can see
that the canonical equations of motion in the (Q, £)
space are invariant with respect to the transformations
Г and Я

£]

where a is a constant, L = distance between mirrors,
g = 2nr/L, f = 2nz/L, and Bo is the magnetic field
at Q = О, С = я/2. This is a static, axial-symmetric, curl-free field with mirrors at £ = — л and л.
Further, for the two known rigorous constants
of the motion we use the dimensionless parameters
V = 2^v/co0L and Pe = 4jr2/>^/wco0L2, where v is
the speed, pe the canonical angular momentum in
conventional units and co0 = eB0/nic.

i

These transformations, when applied to all the phase
points P of a given trajectory 0, generate, respectively,
two other real trajectories, T&, the time-reversed
trajectory, and R®, the one reflected in the median
(£ = 0) plane. One can show that there is a countably
infinite number of trajectories for which 0 = T 0
= 7?0, and that these trajectories have the property

* Radiation Laboratory, University of California, Berkeley,
California.
t Radiation Laboratory, University of California, Livermore, California.
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where ф({) = I codt + ^(0), ^(0) = phase of particle
about its circle of gyration at t = 0 (z = 0), г>„ is the
component of velocity parallel to В and со == eB/mc.
If the motion as given by constant / is substituted into
the right-hand side of the equation we can integrate
and obtain
0

sin ô

dz cos

В

x|(l-|-sin«ó

MEDIAN PLANE
FOR

= P. = V COS S

£ = 0 :

= P = V COS X Sin S

= ^ - P Ô - v s i n x sins
Figure 1.

Definition of angles

of being periodic, and consequently of being permanently contained. Any such periodic trajectory
may be recognized by the fact that it contains two
special points: Po = (£, 0, 0) and Рг = (0, Pv 0).
Unfortunately, the trajectories that satisfy none of
the above criteria for rigorous containment are of
great practical importance. Belief in their containment has usually been based on the alleged approximate constancy of the magnetic moment, or " adiabatic
invariant", / = |vxB| 2 /i5 3 . Our first numerical
computations examined the behavior of / for single
transits between reflections. We found that for
orbit sizes of interest, its variations are disturbingly
large. Characteristically / oscillates about a fixed
value with the particle rotation frequency until the
particle crosses the median plane, near which / suffers
a large transient change. Subsequently, / oscillates
about a new mean value; A/, the residual change in
/ between successive reflections, depends on the
various parameters that define the orbit. Some of
these dependences are indicated by Figs. 1-3. Perhaps the dependence on velocity (Fig. 3) is most interesting ; one can well approximate A/// by a function
of the form a exp — (b/V). î
We have carried out analyses which predict
qualitatively the observed dependences of A / / / .
To lowest order in the radius of gyration, a, we obtain
by a variation-of-parameters approach (see Fig. 1 for
definition of the unit vectors)

This expression yields the observed sinusoidal dependence on the phase <^(0), the characteristic transient
near J — 0 and the magnitude of A / / / per reflection
within a factor of two.
In addition to the above information, however, one
would like to know the cumulative effect of many
traversais of the machine. For example, one might
expect that in multiple passages / would change as
in a random walk, or in a regular fashion, perhaps
merely oscillating so that the particle would be
effectively bound. To investigate this question,
orbits were computed for which the particle made
many reflections.
As mentioned earlier, three variables suffice to
describe the orbits. Let us now use (f, ô, %), where
(see Fig. 1) ô and # are the spherical angles of the
velocity vector:
д = cos-iP?/F,

x

= Зл/2 - Я = Ъяг*еРр1(Рв - y>).

We have followed a variety of orbits with digital
computers for many traversais of the median plane,
in one case about forty. Most of these were for
a = 0.2, V = 0.4, Pe = 0.1, which correspond to
orbits with diameters about 1/10 of the distance
between mirrors. At each traversal of the median

dj/dt ^ — 2avll2(eb*Vea)*eb cos ф,
i The wavy curve in Fig. 3 was obtained when a higher
harmonic was added to the vector potential.
Even though / does not seem to be a very good invariant,2
perhaps another
function is. The approach adopted by Helwig,
Kruskal,3 and Gardner and Berkowitz 4 is to develop successive
corrections to the magnetic moment in terms of the variation
of the magnetic field over the finite diameter of the particle's
helical path. The function a exp — bjV is asymptotically
zero
to all orders of V, consistent with Kruskal1 s results.

Figure 2. An example of the change in the adiabatic invariant
as a function of the phase with which the particle passes through
the median plane
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Change in the adiabatic invariant between reflections
as a function of the particle velocity

plane we plotted ô or n — ô, whichever was smaller,
vs. %. This plot, for the choice of parameters above,
is shown in Fig. 4, with ô plotted radially and # azimuthally, both in degrees. (Note that the origin of
Fig. 4 is at ó - 50°.)
The orbits fall into two main classes, which may
tentatively be called stable and unstable. The
" stable " orbits intersect the median plane in points
that may easily be joined by smooth curves. Each
curve is designated by a capital letter and the points
for successive traversais of each orbit are numbered.
There are two types of stable orbits, viz.: В, С, М;
and L, /, N, P.
The " unstable " orbits are not shown in Fig. 4 ;
they all lie in the cross-hatched area. Successive
points on these orbits skip about in a rather erratic
way and in two cases were followed long enough to
see the particles escape through the ends. All the
" unstable " orbits were inside (i.e., have smaller ô
than) L, the innermost circumpolar curve.
Inside L there appear to be stable islands such as
В, С These are the regions surrounding the intersection with the median plane of the simplest kind
of periodic orbits; namely, those which always traverse the median plane at % = n, and two values of ô :
ô0 and n — ô0. We call these intersections fixed
points. For example, the one at the center of the
В, С system belongs to an orbit that makes exactly
four turns between transits through the median plane.
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A similar system represented by orbit M surrounds
the fixed point belonging to the orbit that makes three
turns between transits. Two orbits belonging to
fixed points and one periodic orbit intersecting the
median plane in three distinct points are shown in
Fig. 5, where we regard (#, ô) and (%,n — à) as one
point.
One is tempted to infer that these smooth curves
represent the intersection with the median plane of
two-dimensional surfaces in the (£, d, %) or (£, Pg, Pp)
space, which are invariant in the sense that all particles
on one of them at one time remain on it for ever. It
may be shown that if such surfaces really exist they
have the same symmetric properties as do the
periodic orbits discussed above. All our data seem to
be at least consistent with the existence of such surfaces.
If curve L of Fig. 4 really is the intersection of an
invariant surface with the f = 0 plane, then it is
rigorously true that all orbits outside it (i.e., with
larger ô) are permanently contained. Hence, we may
tentatively identify curve L as the effective loss cone
for V = 0.4, Pe = 0.1. It has an average ô of about
65°, which may be compared to the value predicted
if one assumes the constancy of /л, which is 55°.
We have studied to some extent the variations with
V and Pe. As might be expected from the strong
dependence of Д/// on V discussed previously, the
loss cone defined by the curves corresponding to curve
L of Fig. 4 also varies. This is shown in Table 1 in
which ómin is the average value of ô for the innermost
" stable " curve and (5max is the value of £ at reflection
for the corresponding orbit. We also examined one
rigorously bound orbit (Pe < 0). It gave a curve
similar to type P in Fig. 4.
To what extent is it legitimate to infer permanent
stability from these results? In a rigorous sense we

-90

Figure 4.

Values of ô and % with which various orbits intersect

the median plane. Successive transits are numbered except
on curves C, B, and L. Unnumbered dots on the other curves
are the time reverses of the numbered points
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Table 1. Effective Loss Cone Defined by8m¡nasa Function
of V and Рв
V
0.2
0.4
0.6
0.4

Рв

Vin

+ 0.1
+ 0.1
+ 0.1
+ 0.4

~ 55°
~65
~80
~65

"adiabatic
55°
55
55
55

^max

~ n
~n¡2

can conclude nothing because we have made plots of
points (ô, x) for only a finite number of successive
transits of the median plane. We have attempted,
however, to give some practical measure of our uncertainty by comparison with multiple Coulomb
scattering, as follows: we ran two orbits, starting at
£ = 0 from the same value of % and from values of ô
differing by 10~3 degree. By plotting ô vs. % for the
two cases on a greatly expanded scale of ô, we found
that the ô values of one orbit remained consistently
greater than those of the other for corresponding x
values for about twenty traversais of the median
plane, after which the points became interspersed.
Hence, we concluded that the apparent departure from
one of the invariant surfaces is of the order of 10~3
degree for twenty transits. In the case studied, this
corresponded to a total distance of about twenty-five
times the distance between mirrors. While we do not
know what part, if any, of this effect is real, and what
part results from errors in the machine calculation,
the difference is practically unimportant so long as
multiple Coulomb scattering dominates. Scattering
leads to a mean square deflection in a distance 5 5
<02>sec ~
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We have considered only ion-ion collisions in a
spatially uniform, azimuthally symmetric, neutral
plasma in a uniform magnetic field. The fact that
electrons may scatter out through the mirrors at a
different rate from that of the ions and thereby produce
an electric field is neglected. The mirror effect is
represented by a critical ô = <5C, below which particles
are assumed to be lost immediately. This ác is
assumed to be independent of V, with the justification
that the results are insensitive to ôc.
With these assumptions, the equation to be solved
is6
df/dt + {

=

{dfjdt)con

where
FJ=(e/c)[vxB]h

=

f d*v'f{v'

;
и = [v — v | is the relative velocity of the colliding
particles, a = differential scattering cross section,
dQ, = solid angle element and Av-i = change in velocity of the particle due to the collision. Here

X Ю- 19 tlS/W2,

where n is the number of particles per cm 3 , W is the
energy in kev and 5 is the distance traveled (in this
case S ~ 2 5 L ) . We conclude that any possible
intrinsic instabilities of particles are of no concern,
at least for this particular V, so long as (<62>sec)^ is
greater than 10-3Хл;/150, or so long as we have
nL/W2 > 2 x 107.
We studied two slightly less idealized fields which
were asymmetric about the median plane. One type
gave smooth curves (like P, Fig. 4) but with a splitting
of the odd- and even-numbered traversais of the
median plane. The other type did not give smooth
curves. The points scattered in a manner suggestive
of unstable motion. Thus the effect of magnetic-field
imperfections on the particle containment requires
further study.
EFFECT OF COLLISIONS ON CONTAINMENT
Through successive Coulomb collisions with other
ions the ô of a given ion eventually becomes so small
that the particle is in the effective loss cone and
escapes through a mirror. Even if curves of type L
of Fig. 4 are the intersections of invariant surfaces
with the £ — 0 plane, this scattering loss constitutes
an intrinsic limitation on mirror geometry. To srudy
this loss, we have solved the Fokker-Planck equation
numerically with several simplifying assumptions.

Figure 5. Examples of periodic orbits: (a) intersects median
plane in one " fixed point ", two turns between transits, (b) same
as (a) but four turns between transits, (c) intersects median
plane in two points
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{FJ/m)8f/8vJ = (— еВ/тс)д//дф = 0, where ф is the
azimuthal angle of the velocity vector about the
magnetic field B.
The Fokker-Planck equation is to be solved with
the boundary condition / = 0 for 0 < à < ôc and
n — ôc < ô < п. The independent variables that
will be used are the dimensionless quantities.
COS Ô,

jLL =

X

=

V/Vo,

v0 is a characteristic velocity whose meaning will be
apparent in each problem; bJbQ — ratio of maximum
to minimum impact parameter; n0 = initial number
of ions/cm3; (4^4/w2)ln(V¿>o) = 1.2 X 1012 cm6/sec4.
To simplify the Fokker-Planck equation an approximate separation of variables can be made if one

fic =0.995 8c = 5°44'
U(X,0)/U(l,0)=e- |0(x - |)2
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Figure 6. Development in time of an initial distribution function for <5C = 43° by use of the " normal-mode " approximations to the Fokker-Planck equation. This corresponds adiabatically to a mirror ratio R = 3, where R == Bmax/Bm¡n.

I

I

I

/¿c = 0.949
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Figure 8. Development in time of an initial distribution function
for ôc = 60° (R = 100) by use of the " normal-mode" approximations to the Fokker-Planck equation

assumes that the average relative velocity is independent of //.§ Then, if we write f(jbt, v, t) = (no/vo3)
U(X, t)M(¡Li)} the Fokker-Planck equation becomes
d2M

_
0

0.2

0.4

0.6

0.9

1.0

1.2

1.4

1.6

1.8 л 2.0

Figure 7. Development in time of an initial distribution function
for ôc = 18° (R = 10) by use of the " normal-mode" approximations to the Fokker-Planck equation
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Л 8G
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§ This method (unpublished) was originated by the authors of
Reference 6.
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Table 2. Values of v), the Ratio of Thermonuclear Reaction Energy to Kinetic Energy of Injected Particles,
under Various conditions

{kilovolts)

Figure 9.

0.026
0.078
0.206
0.48

50
100
200
400

3.0

Steady-state distribution functions with a source о
particles for two values of ôc

where the ratio of the average relative velocity to

0.140
0.32
0.80
1.84

0.58
0.76
0.92
1.10

2.2
2.8
3.4
4.2

economical operation of devices based on containment
by mirrors.
A more elaborate numerical solution of the FokkerPlanck equation has been obtained without the
simplifying assumptions that made the equation
separable. Figures 10 and 11 show the development
in time of the same initial distribution as in Fig. 6,

G(X,r) =

г, X,
2

a quantity assumed independent of ¡i. The 2U
term should be 2U2M(JU).
The approximation
M (/л) ç^, 1 was made to achieve separation of the ¡л
variable. The effects of these approximations can
be seen by comparison with more exact calculations
described below. The Legendre equation for M is
to be solved subject to the boundary conditions
M(± /лс) = 0 and M [¡л) = М{— ¡л). Figures 6, 7,
and 8 show numerical solutions U(X, r) corresponding
to the eigenvalue Л ; Л is related to juG approximately
by Л = — l/log10 (1 — juc2) for the most slowly decaying (normal) mode. It can be seen that the loss
rate is very insensitive to <5C.
The above approximate method of solving the
Fokker-Planck equation was also used with a steady
source term which represents particles injected at an
energy Wo and normal mode in ¡л. The resulting
distributions in X at steady state are shown in Fig. 9.
For X > 1 the curves are well fitted by the Maxwellian form exp (— ocX2). Since we have a < 1
for both values of Sc, the mean energy of the actual
distribution is greater than Wo, the injection energy.
Numerical integration gives the number of particles/
cm 3 : n = 2.23xlO 7 D(IF o 3 / 2 /)* cm- 3 , where Wo = injected energy in kilo volts, / = number of particles
injected/cm3 sec, D = 3.14 X 105 for ¡uc = 0.949, and
1.67 xlO 5 for /i c = 0.833. From these numbers, a
quantity r¡ of importance in the power economy of a
mirror machine may be derived. If r\ = thermonuclear reaction energy/kinetic energy of the injected
particles, we have for pure deuterium

П for 50% D + 50% T
{15 Mev¡reaction)
de = 18° 22'
ôc = 45°

r¡ for deuterium
[10 M ev/reaction)
ôc = 18°22'
ôc = 45°

Wo

exp -

10(X - I )

2

X [1 - exp - 3.6(/i e - И ) ] .
This initial ¡л dependence is an approximate
fit to the slowest normal mode described above.
Comparison with Fig. 6 shows that the normal mode
approximations lead to too high a loss rate by about
25%. From Figs. 10 and 11 it can be seen that the
angular distribution remains approximately constant
as particles are lost, while the velocity distribution
tends slowly towards a Maxwellian one at high
velocities. Low-energy particles are quickly scat-

DISTRIBUTION FUNCTION vs SPEED
FOR NORMAL-MODE ANGULAR
DISTRIBUTION
O.OOOO, X2 = 1.25
2

T = O.OO59.X =1.25
= 0 . 0 2 4 0 , X2 = I 25
T =0.0728, X"2 = 1.26

= 1(2.23)2
where WT = the energy in kilovolts released per
fusion and (oTvy is the mean fusion cross section
times velocity. For a (D-T) mixture the above
expression for rj should be divided by two. Table 2
gives 7] at two values of ôc for pure deuterium and a
deuterium-tritium mixture. It can be seen that
scattering loss presents a severe problem for the
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Figure 10. Development in time of an initial distribution
function by direct numerical integration of the Fokker-Planck
equation, as a function of speed
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Table 3. Fraction N of Particles Left after Time т for
Normal-mode Case

1

DISTRIBUTION FUNCTION vs. DIRECTION
FOR NORMAL-MODE ANGULAR
DISTRIBUTION
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—
= 0 0059

0.9
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=
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ТГ 0 . 5 -

Г

0.4

0.3
0.2
O.I

00

1

1

1

O.I

0.2

0.3

1
0.4

1.000
0.997
0.988
0.961
0.864
0.734

—

2.12
2.09
2.41
2.63
2.64

is the integrated form of a binary-collision loss
mechanism over a time interval тг to r 2 . From the
fact that к becomes constant one can see that the
process is of the form (dN/dr) = (— xN2) at large r.
With к — 2.64 the definition of r gives the time in
seconds for one-half the original particles to be lost:
Uj% = 4.2 x Ю^И^'ЧГ 1 seconds.
Calculations are in progress with initial distributions
which are sharply peaked about ¡i = 0. Thermonuclear reaction rates (arv) are also being calculated
as a function of т for these peaked distributions and
for those of Fig. 10.

7

-: 0.6

0.0000
0.0014
0.0057
0.0173
0.0625
0.1395

^MAXWELL DISTRIBUTION

v ^ r = 0.0728
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Figure 11. Development in time of an initial distribution
function by direct numerical integration of the Fokker-Planck
equation, as a function of direction

tered out because of the u~* dependence of the Coulomb cross section. This results in a distribution that
is deficient in low velocities compared with a Maxwellian. Note the increase in (X2y with r. The selfcollision time defined by Spitzer 7 as

where T is the temperature, corresponds to r c = 0.7.
The fraction N of the original number of particles
left after time r in the normal-mode case is given in
Table 3. In the third column is given a number к
defined by (l/iV(r2)) - (l/Nfa)) = к{т2-тг). This
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Effect of Distant Collisions on Magnetic Autostriction
in an Arc
By Max Hoyaux and Paul Gans *

The purpose of this paper is to draw up a theory of
the pinching of an arc formed in hydrogen or its isotopes due to magnetic autostriction, which might help
in interpreting some experiments tending to a controlled release of the energy developed in fusion.
Magnetic autostriction has been investigated by
various authors,1-4 who assumed the plasma to be in
radial equilibrium under the action of its kinetic
pressure, the outside electrical field and the forces
arising out of its own magnetic field. The radial
distribution of the electronic and ionic densities, for
the case of a concentration which vanishes at wall
contact, tends to become a Dirac function when a
parameter A, which is approximately proportional to
the current, is made to increase. On the other hand,
if the radial distribution curves are made to be in
mutual osculation, their limit is a well-defined curve.
We feel that conditions favorable for thermonuclear
reactions practically correspond to A = infinity.
Some years ago, the writers improved on the theory
reviewed above in order to allow for " distant collisions ", the influence of which had been revealed by
Gvosdover. Post mentions that these " distant
collisions " or " electron scatter " through the Coulomb
microfield of the positive ions may well come to play
a part in the controlled thermonuclear reactions. To
this day, we have found no theory which allowed for
them.
In some instances, the Gvosdover effect modifies the
radial distributions, always in the sense of a reduction
in the autostriction. In some extreme cases, a
current increase even gives rise to a slight swelling
of the arc instead of a striction.
These conclusions, which were initially drawn up
for the mercury vapor arc, can be used for an arc
formed in hydrogen or its isotopes by reason of the
close similarity between the two gases. For both,
the electron scattering cross section for a neutral atom
varies inversely to electron speed, and it is further
known that this same cross section, for ionized atoms,
follows the same law for all gases. The effect of the
differences between the ionizing potentials and the

absence, in the case of hydrogen, of the metastable
level which is characteristic of mercury, can readily
be allowed for in the computation.
The practical conclusion is that in order to achieve
final conditions of maximal pinch, initial conditions
are required in which the Gvosdover effect is not
marked; for instance, a low degree of ionization
combined with a high electron temperature.
The direct application of this theory to current
experiments, which are characterized by a very high
dljdt, requires that the dynamic phenomena be taken
into account. The computations now under way will
probably be finished by the date the conference is
convened.
GENERALITIES O N MAGNETIC AUTOSTRICTION
Starting Equations

For clarity of exposition, we shall quote extensively
from Ref. 4, adapting those quotations to the new
problem we shall consider. It is known (see for
instance Ref. 5, first part, III, I) that an electron or
an ion subjected to a force f acquires a transport
velocity
V = (b/e)t
(1)
where the algebraic values of the mobility b and the
elementary charge e are used. This formula has
been demonstrated for the cases of electrical forces
and diffusion forces; there is no reason whatever why
it should not hold for the case of magnetic forces or
for any combination of these three types of forces.
In the present case, only the radial components are of
interest. Let us designate by vz+ and vz~ the axial
components of the ionic and electronic transport
velocities. We have then
vz- = Ъ-Ег,
(2)
Vz+ = b+Ez
Ez being the axial component of the electric field. In
the absence of magnetic striction, we know that the
radial velocities can be written as follows:
vr~ =

Original language: French.
* Division Nucléaire des Ateliers de Constructions Electriques
de Charleroi.

kT- dN
е- ~Wdrt
kT+ dN"

ё+Шг)'
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(3)
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(k = Boltzmann constant; T~ = electron temperature; T+ = ion temperature; N = electron concentration; Er = radial component).
The existence of a magnetic field (reduced to its
tangential component) causes the development of
supplementary forces of the form eBvz, which upon
replacing the vz by their value, gives :
kT~ dN
vr- = b~ {Er - —— - ^ - Ndr
dN

= b+ {Er -

b-BEz)
(4)

b+BEz),

where В — magnetic induction.
The ambipolar diffusion phenomenon (loc. cit.)
leads to an adjustment of Er to such a value that
vr~ = vr+ ; and by subtracting member from member
of the equations (4), we have:

Figure 1.

Representation of a layer cut out of the column

(5)

(with £i = number of pairs of carriers created per
electron per second).
Or again :
kTdN
e dr

(b- + b+)BEz.

(6)

Recall that b+kTje = D&, where Z)a is the " ambipolar
diffusion coefficient ". Then we have

dN
+ b+BEz\.
e+ ] Ndr

(7)

kT~

kT+\ dN
Шг
+

[0-2 _ b+*]BEz

from which
kT~
b~ — b+ [e-

kT+\\ dN
dN
— b+ e+ } Ndr

By substitution,

b~ — b+\ e~

•}

whence

Since b+ <C b~ and Г+ <C ^ ~ we can write
, , kT dN

(8)

where, in order to simplify the notation, we have
written T = T~ and 0 = — e~ = e+.
Let us consider (Fig. 1) a layer of unit height cut
out of the positive column having radius R and an
infinitely thin layer comprised between cylinders of
radii r and r + dr. Let us generalize the reasoning
to be found in the literature (see for instance Ref. 6) :
in unit time and unit height, the number of carriers
which diffuse to the outside through the cylinder
having radius r + dr must be equal to that which
diffuses from the interior through the cylinder having
radius r plus the number of carriers created by
ionizing collisions in the intermediate annular space.
From this
2n (r + dr) Г - b+ — (^)
l
в \drjr+dr
- 2лг(-

kT dN
b+ — —
e dr

+

(И)

dr

b-b+Nr+drBr+drEz]
]

dr* ' r dr

b+b~Ez 1 d{NBr)
D*
r
dr

It will be recalled that the equation with the second
member zero is that of the theory of Schottky. The
second member is clearly the expression of magnetic
striction.
In order to verify the homogeneity of the above
equation, we note that mobility (which in the Giorgi
system is expressed in m/sec (v/m), namely, in m2/v sec)
has the dimensions of a reciprocal of a magnetic
induction.
Computation of В
В is a function of r and of N.

We have
(13)

Br = ftlr/27tr,

IT being the current through a circumference of radius
r and ¡i the magnetic permeability. We find readily
that

I

=
from which

(9)

Nrdr

(14)

Jo

Jo
b-b+NrBrEz)

(12)

NBr = - fieb~EzN

Г

Jo

Nrdr.

(15)
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By substitution
r

dr*

dr^Da

b+ b-E,

Nrdr).

dr

(16)

Let us write

where No is the electron concentration in the axis of
the discharge. We introduce

We can readily show that A is a dimensionless number.
Equation (16) becomes
2

1 dy

dy
+

+

У

Ad
=

yxdx).

=

(19)

This equation can be written
1 d
x dx

A

d

dx

i

I

т~ (У
x dx ^ |
1 d , dy

J

extended toward larger values of A as follows:
examination of the curves obtained for A = 5 , 10 and
oo suggest that in this range the value of у corresponding to a given value of и is approximately a linear
function of I/A. Therefore we interpolated linearly
between the values A — 10 and A = oo in terms of
I/A, in order to obtain curves which correspond to
A = 20, 50, 100 and 1000.

(17)

У = N/No

* =

M. HOYAUX and P. G ANS

In Fig. 3, we changed abscissas so as to bring to the
same point all the и intercepts of the curves. Therefore these curves represent iV/iV0 as a function of
r/R = u/U, for various values of A, U being the value
of и for which у becomes zero.
Computation of Discharge Current
Consider again the value of A as given by Eq. (18).
In this expression, the current density near the axis
is given by
i0 - Noeb~Ez.
(25)
Thus by substituting (25) in (18) we can write

x

yxdx)
'
yxdx) + у = 0.

Radial Distribution of Plasma Density

A = iob+b-Ef¿/Ci.

J

(20)

For simplicity we shall henceforth substitute E for Ez.
From (26) we have :

Integrating member by member
dy
Гх
x -j- + Ay I yxdx +
CtX

<0 - ACi/b+b-E^.
Гх

i

i

Jo

Jo

(27)

The current density at any point is given by
yxdx = 0,

yxdx = 0.

(28)

i = Neb-E.

from which we have the final form

From Eqs. (28), (25), and (17), we have
(21)

(29)

i/i0 = у

and
T

Let us write
Then

(26)

2nR40

ru
I yud

Jo

(22)

Ги

2A

ТГ2

(23)

(30)

Jo

Since I7and I yudu are functions of A by (23), the
This equation is in a particularly interesting form for
numerical solution by an iterative method.
Two values are of particular interest.

over-all expression (2A/U2) I yudu is a function of A
and we can also write

(1) For A — 0, the magnetic striction correction
obviously is zero.
Furthermore, Eq. (19) reduces to the wellknown Bessel equation.

{2A/U2) Г yudu = {I/nR2)b+b-Eiuoa/Cu

(2) For A = oo, the equation takes a very simple
form.
dy
у Г"
(24)
-^— —
I yudu.
аи
и I
•70 obtained by the iterative
Figure 2 shows the results
solution method for the indicated values of A.
The curve obtained for A = 0 is compared to the
Bessel function / 0 . The results obtained can be

jо

Figure 2

(31)

EFFECT OF DISTANT COLLISION
where

75

у = {л/2) In

(34)

Formulas (33) and (34) were given by Gvosdover in
cgs esu. It will readily be seen that in mksa units
we have

5=^3^
and

y = {я/2) In {6ле0кТ/е2№),

(35)
(36)

£0 being the permittivity of empty space.
Schmidt 10 computed electron mean-free paths in
large mercury-vapor rectifiers (for currents of about
1000 amperes) by the mobility formula; he found that
the values thus obtained are close to those given by
the Gvosdover formula and sometimes quite different
from those obtained when this effect is neglected. It
is to be noted, however, that Schmidt seems to have
assumed, without any experimental proof, that the
radial distribution of A7 is a Bessel function / 0 , which
often is inaccurate as we shall see below. Maecker llj 12
has studied experimentally the Gvosdover effect in
several types of arcs, in particular the low pressure
Figure 3
water vapor arc and the ordinary carbon arc. He
arrived at the conclusion that the experimental values
a — [ÀJfÀQ being the magnetic susceptibility of the accord well with the Gvosdover equation, the equiplasma. From Eq. (31), it can be seen that the
valent cross section of the positive ions being reduced
parameter A is roughly proportional to the current.
throughout by a coefficient 0.55, independently of the
Since the above theory applies only to the first phases
nature of the gas. In the following, we shall apply
of the contraction, we shall assume in the following
the correction factor of Maecker. Equation (35) conthat the conditions which favor the appearance of
sequently takes the form
thermonuclear reactions correspond to A = oo. It
(47ie0kT)2
will readily be seen that as A tends towards infinity,
(37)
S
=
the radial distribution of the ionization density tends
0.55ye*N '
toward a Dirac function on Fig. 3 and toward a wellthe value of y still being given by (36).
defined curve on Fig. 2.
Let us note in conclusion of this introductory
review that the equivalent cross section which one
GVOSDOVER EFFECT
is thus led to attribute to the positive ions is large in
comparison with that of the neutral molecules, so
Some years ago,4 the authors improved the theory
much
so that S may be of the same order as Я or even
mentioned above in order to allow for the " distant
smaller when the concentration of positive ions remains
collisions ", the influence of which have been shown
perceptibly less than that of the neutral molecules.
by Gvosdover.7 In the first part of this paper, we
considered the mean-free path of electrons to be
determined solely by their collisions with neutral
IONIZING POWER, EXCITING POWER,
molecules. In 1937, Gvosdover 7 showed that in a
ENERGY EXCHANGE COEFFICIENT
strongly ionized plasma we must allow for diffusion
of the electrons in the Coulomb field of the positive
It can readily be shown that the Gvosdover effect
ions. The theoretical computations of Gvosdover
does not affect the validity of the reasoning of Ref. 5,
show that everything happens as though the electron
first part, II D,E,F,G. However, regarding the last
mean-free paths were shortened according to
paragraph cited, we should note that, in addition to
the h collisions per unit of time which the electron
experiences with neutral molecules, there are also
(32)
h+ " collisions " with positive ions, for which we may
Ac
+
introduce an energy exchange coefficient x , in analogy
Яс is the " corrected " mean-free path (to be inserted
with the x of the cited reference.
into the new values of the mobility and diffusion
But к+ results almost exclusively from diffusion,
coefficients) ; A is the mean-free path which would be
which may, from the energetic point of view, be infound if the only collisions were those with neutral
cluded in the elastic collisions, and h+x+ is, in any
molecules ; and 5 is a length given by
case, much smaller than hx. Therefore Eqs. (29) and
(30), Ref. 5, remain valid on the condition that the
C
(33)
mean used be taken exclusively for collisions with

1

1
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neutral atoms, the number of which is given by the
same expression as if the Gvosdover effect did not
exist. We remark, moreover, that this effect does
not modify the velocity distribution; an electron
scattered from the Coulomb field of a positive ion
always departs with a velocity practically equal to
that with which it arrived. In what follows, we shall
continue using Eqs. (24), (26) and (30), Ref. 5, which
we write here again :
Ct/p = £,<4 = f(T),

(38)

(the index (1) will be used to denote magnitudes which
apply to unit pressure)
and

x = /(Г),

(40)

with p = reduced pressure, £e = ratio of number of
exciting impacts to number of ionizing impacts,
x = ratio of mean energy-loss per collision to the
mean energy prior to the collision.
These conclusions, established for the mercuryvapor arc, are applicable to an arc in hydrogen or
its isotopes, due to the close similarity between the
two gases. Indeed, in both cases the electronic
diffusion cross section for the neutral atom varies as
the reciprocal of the electron velocity. It is known,
further, that the corresponding cross section for the
ionized atoms varies according to the same law in all
gases.
An essential difference lies in the existence, for
mercury, of a met astable level at 5.4 ev, slightly above
half of the ionization potential, which may give rise
to ionization phenomena, either in cascade or through
impacts of the second kind. We shall refer the reader
to the appendix of Ref. 4 for a discussion of this
phenomenon, which appears to play but a very
limited role in the investigations of interest here.
Mobility
On the other hand, Eqs. (32) and (38) no longer can
be retained when we allow for the Gvosdover effect.
We shall assume — and as a matter of fact this is
Schmidt's fundamental hypothesis —• that the new
formula for mobility is simply deduced from the old
one by substituting Ac in place instead of A. We have,
thus:
Кг e Ac _ Кг e A
1
= 6 1+-S2 mw
2 mw
+
S
(41)
where m = the mass of the particle, W = the random
component of the electronic velocity; Кг = correction
factor in the formula giving the mobility (Ref. 5) in
which it suffices to replace S by the value given by
Eq. (37). However, we can inquire whether it is
permissible to apply the same correction to the two
types of carriers. We do not think so; certainly an
interference of the nature being investigated involves
simultaneously a positive ion and an electron, furthermore, the ions indubitably interfere with one another
in a similar fashion (the force being simply of the
opposite sign).

M. HOYAUX and P. G ANS
However the demonstration of Eqs. (35) and (38),
Ref. 5, assumes that the scattered particle is thrown
back isotropically following interaction. In the
Gvosdover effect, such isotropy may very likely be
postulated for an electron which is scattered by an
ion, but an ion which is scattered by an electron
undergoes only a negligible disturbance. An ion
which is scattered by another ion, as well as an electron which is scattered by another electron, need not
affect the mobility formula, since the sum of the
projections of the momenta on the axis of the
discharge is not changed, and the particles involved
have the same sign.
We feel, therefore, that we can conclude that
Eq. (41) applies only to electrons, the mobility of the
positive ions having, all other things being equal, the
same value as though there were no Gvosdover effect.
Ambipolar Diffusion
The reasoning in Ref. 5, first part, III. G, does not
appear to be weakened by the intervention of the
Gvosdover effect; Eq. (40), Ref. 5, holds both for
electrons and positive ions.
For the latter, the value of the diffusion coefficient
remains unchanged, all other things being equal,
whereas the diffusion coefficient of the electrons is
reduced, as is their mobility coefficient, in the same
ratio as the free path. From Ref. 5, second part,
I. B, it will be seen readily that the value of the ambipolar diffusion coefficient still is given by Eq. (40)
and therefore is not changed by the Gvosdover effect,
all other things being equal.
Basic Equations
Energy Balance

In accordance with the preceding discussion,
Eq. (63), Ref. 5, second part, II. A, remains valid
despite the Gvosdover effect. But as we propose,
hereafter, to allow simultaneously for this effect and
for magnetic autostriction, it should be rejected anyway, for the reasons given in the first part. Equation
(64), Ref. 5, first part, I. B, is not rendered invalid by
autostriction; it is logical to assume that the Gvosdover effect here again comes into play in the same
manner as above, namely, that it suffices to replace the
mobility coefficient by its new value. In particular,
for the reasons given above, in the denominator of
Eq. (64), Ref. 5, neither ht nor x need be modified.
We shall rewrite the above formula in the form
(42)

E/p =
According to Eq. (41)
6 c (i) =

A/S]-1.

(43)

By substituting in (42),
E/p = {3kh{l)xT[l +
= (E/p)0[l + X/S]K

(44)

{E/p)0 designating the function of T which appears in
the second member of Eq. (64), Ref. 5.

17
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Transport Velocity, Current Density
In the old theory, bp and E/p being functions of T,
the transport velocity v — bE was also a function of
T. This is not valid here. We have
vG = bcE = bcpE/p,
= bp[l + A/S]-1.(£>/^))0.[l + X/S]ï,
= v[l + À/S]-ï,

(45)

vc being the transport velocity corrected for the Gvosdover effect and v the velocity which would correspond
to the same electronic temperature if this effect did
not exist.
Since the current density is given except for sign by
the formula
i = NevC)
(46)
we shall write
i = Nev[l + À/S]-1*
(47)
and
N/i = {N/i)Q[l + X/S]h
(48)

Computation

Radial Distribution of the Density of Carriers
The simultaneous introduction of the Gvosdover
effect and the magnetic autostriction, investigated in
the first part of this paper, does not appear to raise
any special problem, it being understood that in the
preceding conclusions we shall replace the free paths,
the diffusion coefficients, the transport velocities, etc.,
by their corrected values throughout.
The Gvosdover effect, as it shortens the free paths,
reduces more and more the influence of the magnetic
field in combination with the random velocity, and
enables us a fortiori to neglect this effect. Equation
(8) remains valid provided we replace b~ by bc~ :
vr = bc~b+Ez -

d (lniV)
1
dr~

(49)

Equation (11) is, in principle, valid with the same
reservation. However, we note that bc~ (which
enters into the expression of Nvr) now is a function of
r and cannot be moved across a derivative sign. A
brief computation shows that the correction factor
remains under the sign and that the equation becomes
d*N
dr2

1 dN
r dr

This equation being now replaced by Eq. (44) of this
paper, the logical conclusion would be that the electron
temperature must be different, in view of the sign of
variation of E/p as a function of T. Equation (44), applied for a constant field in a horizontal layer of the medium, leads to the conclusion that the electron temperature is lower on the axis of the discharge, where the carrier concentration is greater and therefore the Gvosdover
effect correction 1/5 is large, than it is near the wall,
where this concentration tends to zero and with it
this correction. Such a conclusion neglects an effect
which is well known, although we have not yet
expressed it in an equation: it is the thermal conductivity of the plasma, which tends to equalize, over
short distances, the variations in the electron temperature. We will not err greatly in assuming that the
electron temperature has everywhere the value computed using Eq. (44) on the axis of the discharge.
By assuming T constant in a horizontal layer, we
simplify computations greatly.

A.
(50)

Despite the assumption that T is independent of the
distance from the axis of the discharge, the transport
velocity is not the same at all points ; we should note,
however, that in virtue of the consideration mentioned
in the preceding paragraph, the radial variation of v
is not determined by Eq. (45) but rather by Eq. (43)
combined with an axial field which is independent
from the distance of the axis.
Since vz is considered as given by
(51)
the value of Ir to be introduced into Eq. (14) is

I = - 2neb-E,

Nrdr

Here b~ represents the " uncorrected " value of the
mobility for the existing electron pressure and
temperature, and Ez the effective axial field which
prevails in the discharge independently of any other
consideration. Equation (15) is to be replaced by
NBr = - ¡xeb-Ez~N

C* Nrdr

Jo ^ + ^

Another essential difference appears when we
endeavor to compute magnetic induction as a function
of carrier density, to obtain an equation in terms of
N alone. In the first part of this paper, we had the
advantage that since the transport velocit}^ was
everywhere the same, the radial distribution of current
density was identical with that of carrier density. In
a medium which has translational symmetry, Eq. (64),
Ref. 5, leads to the conclusion that the electron
temperature is the same at all points of the medium.

(53)

Let us consider the value of function A/5, A is the
uncorrected value of the electron mean free paths and
obeys Eq. (22), Ref. 5:
= AW = /(Г),

Variation of the Electron Temperature

(52)

(54)

5 being given by Eqs. (37) and (36). In these equations, N appears both as a factor to the power 1 and
in the logarithm to the power 1/3. This second effect
is somewhat complicating and we shall use an approximation, adequate for our computations, which eliminates this difficulty. Thanks to the fact that the
second appearance of AT is in a logarithm and at a
power close to zero, we shall make no great error if
there and only there we replace N by a constant mean
value. It is to be noted that the value of the logarithm in (37) is generally approximately 7. If our
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approximation is wrong by a factor of one or two,
there will be an error of 0.3 in In N, of 0.1 in In Ni and
of 0.23 in In JV*. The error in y in this case will be
0.23 divided by 7, i.e., approximately 3%. The
advantage of this approximation is that y becomes a
function of T alone and that h/S can be written in
the form
A/S = NipC,
(55)
where С is a function of T given by

M. HOYAUX and P. GANS

are therefore increasing functions of the current.
However, A, which also involves the ordered electronic
velocity, is more directly related to the current than
is l/ys, which involves the pressure and thus actually is
related to the percentage of ionized atoms. In
reality, we can consider A and l/ys as being relatively
independent. Typical radial distributions as obtained
are found in Figs. 4-7. On the other hand, the current
of the arc is given by Eq. (53) in which the upper
limit of integration is R instead of r. This equation
is written allowing for Eqs. (55) and (59)-(62).
= - 2леЬ{1)

Equation (53) becomes

I -f

(68)

(57)

We must substitute this value of NBr in Eq. (50),
the bc~ used in this equation being replaced by its
value as given by Eq. (41) in which À/S is given by
(55). Thus we have

I = -

2neRWb{l)-(E/p)0
yudu

/ле(Ъ-) Ъ+Ег* 1 d
D*
r dr
Nrdr
\
1 + N/pC Г

N

1 +

(69)
ys
(58)

Setting

we have

In view of (44) and of the observation made above
regarding the relationship between (Ez/p) and T we
have

2

1 dN
r dr
X

1 + У lys

(59)
(60)
(61)
(62)

x =
У =N/N0,
A =
ys = PC/NO,

1 d xdy
x dx dx

y

x dx

If the Gvosdover eñect becomes so significant that the
mean free path of the electrons is determined completely by the density of positive ions, S becomes
small compared to X and ys small compared to y.
Equation (67) then assumes the simplified form
dy/dx = — xr1 ( I xyxdx + Ays I *y8%dx

Let us write

1 + У lys
(63)

i + y lys !

B = \Ay&.
(71)
(Note that В does not represent magnetic induction.)
Then

This equation can be written
d /xdy

(

A

/7/y

xydx
f Xy = 0.
I 1 + У ¡ys
(64)

y

dx \ dx + A 1 + У lys
or again
dy
-f=
dx

l / i

Let us write
dy

Ay

J
xydx

Ь

+ У1У8

= xil

xydx
+ У lys

l + A

-f- = — xr1 I yxdx — Bx.
dx
'
Let us write :

(65)

(вв)

(67)

This equation has been integrated at our request by
I.B.M. using the method presented for Eq. (23) but
with two parameters A and^y#. Equations (61) and (62)
show that A and l/ys are proportional to No; they

1

(—

(72)

(73)

v =
A simple computation gives
dy
dv

yudu
yudu
l + y/ys L 1 + y lys

(70)

yvdv + Bv).

(74)

Even though ys is small, we cannot neglect the term
Bv of Eq. (74). Indeed, we have seen that in a first
approximation the factor A, which characterises
magnetic autostriction, tends to increase under precisely the circumstances in which y s tends to decrease,
and it is difficult to decide a priori about the value of
В = \Ays2. At the most, we may state that В would
be large if a very high degree of ionization were
accompanied by a low current. The physical interpretation of this approximation is easy: When the
Gvosdover effect is important, it tends to distribute
the current uniformly throughout a horizontal layer,
the increase in density toward the center being

EFFECT OF DISTANT COLLISION
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Figure 4

Figure 6

exactly compensated for by a decrease in mobility.
Eq. (74) has been integrated by an iterative method
identical to that used above ; the curves obtained are
given in Figs. 8 and 9. For large values of B, we
carried out a linear interpolation in terms of 1/B
between the curves obtained for В = 10 and В = oo.
The latter curve plainly is the graph of the equation

tends towards infinity. This is in accord with our
hypotheses, since 3/3 tending towards infinity corresponds to 5 tending to infinity, i.e., to a Gvosdover
effect which is negligible according to Eq. (32).
(b) When y s is small, i.e., when the Gvosdover
effect is substantial for a given value, the radial
distribution is always less pinched of A than on
Fig. 3.
(c) In particular, the extreme Gvosdover effect
(Fig. 9) leads to non-pinched distributions which are
even " swollen " as compared to the Bessel function,
regardless of the current. Such a situation plainly
is extremely unfavorable to magnetic confinement of
the form envisaged for use in controlled thermo-

Conclusions
Examination of Figs. 4, 5, 6, 7 and 9 enables us to
draw the following conclusions :
(a) The theory presented in the first part appears
to be a limiting case of the general theory when ys
17 П. 5
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variation of parameters. Therefore, we shall substitute for it a linear equation considering the time
variation as a perturbation with respect to Eq. (58).
This equation having been solved, we shall calculate
the solution of (76) from the solution of (58) by
setting
iV* = N + n
(78)

V

1799.8

Figure 8.

(The curve for В = oo was integrated by quadrature)

nuclear phenomena. Thus, the arc will contract all
the faster in the first instants of its existence, and
therefore will have all the more chance of reaching a
configuration favorably confined by its own magnetic
field, as the initial value of S, given by (37), will be
high. Thus, an initial condition in which the degree
of ionization is small and the electronic temperature
high must be sought.
The degree of ionization cannot increase until
satisfactory magnetic confinement is achieved.
INTRODUCTION OF DYNAMIC PHENOMENA
In most of the experiments aimed at achieving a
stable magnetic confinement, the current varies very
rapidly with time. 13 - 15 Therefore one might fear
that the above conclusions could be rendered invalid.
Our computations show that this is not the case.
To introduce the evolution of the phenomena with
time, we must consider, in the balance expressed by
Fig. 1 and Eq. (9), the possibility of a variation of N
as a function of time. Examination reveals that it
suffices to replace ¿jiV by fiiV — dN/dt, and total
derivatives with respect to r by partial derivatives
with respect to the same variable in Eq. (9) and in
all which follow. In addition, for simplicity of
notation, we shall designate by 2V* the concentration
of the plasma in the case where / is a function of
time.
A simple computation leads to replacing (58) by
82N*

1 3N*

and substituting in (76). N will be considered a
function of Y alone and the perturbation n a s a function of r and t. We shall assume that n is small
with respect to N. The development of (76) allowing for (78) will include terms of various degrees
in n/N; the terms of zero degree cancel, by reason of
(58) ; the terms of degree two and higher will be
neglected.
Finally, we consider that the Gvosdover effect is
of the first order, namely, that 1 + N*/pC may be
replaced by 1 + N/pC. A lengthy but uncomplicated computation shows that n satisfies the following
linear equation
2

3n
2

BY

1 dn
Y dr

Y

Çiti
Ai

1 dn
A i dt

N
dr I 1 + N/pC

nrdr
Jn 1 + N/pC

r-

1 +N/pC I

N*rdr
1 + N/pC

(79)

Let us write
n(r, t) = Q(r)6(t).

(80)

Аъ ос, p and С are assumed to be functions of t but
not of Y. This hypothesis obviously applies only
during the first instants of the contraction. By

(76)

with
ос = - /Lteb+(b-)2Ez2/Da.
(77)
This equation, which is not linear, does not lend
itself to solution by separation of variables nor by

1 +N/pC

which is readily solved by separation of variables.

1 3N*
dt

N*
dr 1 + N/pC I

NYdY

Figure 9

EFFECT OF DISTANT COLLISION
substituting and dividing each term by Q • в we
obtain :
2

1 dg
rgir

dQ
Ir2

Ci
1 dd
l>b~~lDJ)~dt

oc d Г

(81)

By introducing a parameter /? which in general will
depend on time, this equation can be separated into
the following two equations:
i de

(82)

Ci—/
2

r dr

dr

N

oc d
r dr

Nrdr

Setting
г = g/g0,

dv

dz
1 dz

zvdv

d

v dv I 1 +
v

У lys J o

1+
yvdv

1 + y ¡y s

dw

w

Jo

zwdw + z I ywdw .
Jo
J

(93)

Furthermore, comparison of Eqs. (59), (66) and (61)
with
w = v(l + А')Ь
(94)
(95)

y* = {y + Q*Z)I(1 + Q*)

(87)

NjpC,

__ Л

v dv

— =- - I

(85)

we have
2

If at the same time y s tends to infinity, i.e., if the
Gvosdover effect tends towards zero, the equation is
further simplified to

(84)
(86)

У = N/No,

dz

(92)

Iterative integration of Eq. (93) starting from the
value of y given in Fig. 2 for A = oo leads to the
result shown in Fig. 10. It will be seen that the
perturbation z is not markedly different from the
unperturbed function y. Figure 11 combines y and z
linearly according to the formula

(83)

i + wipe i Т Т Д ^ с

ys =

1 + (У¡Уs)

1 + (y/y&

w = u.

1 + N/pC

+•

zwdw
У
+ (Уlys) L 1 + (ylys)

1
w

shows readily that

Qrdr

r

Let us assume that A' is very great; Eq. (91)
becomes

ywdw

Nrdr

+•
1+

Special Case

dz
dw

qrdr
N/pC

iV
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(88)

with

(96)

for positive and negative values of o*.
It is obvious that 3/* is simply N*/No* and that
the corresponding iV* is an approximate solution of
the equation (76).
We now have have to establish a relationship
between £* and the logarithmic derivative of the
current dl/Idt; this relationship may be established
for the general case and not only for the specific case
we have just treated. To this end, let us note that

I=-2neRW0bll}-(E¡p)0(l+,
(89)

Setting :
(90)
we obtain

1 i

1

1

Ги

yudu
•y/ya

QQ6 CW
W*

T

uwdw

+

+ Уb

(91)

This equation lends itself to iterative integration by
the method used for Eqs. (23), (67) and (74). Such
an integration has not been carried out as yet for the
general case. We have investigated only certain
special cases.

(97)

W is the value of w at the wall (from Eq. (114),
Ref. 4). Under our hypotheses, the second integral
term is negligible relative to the first. Also, we can
write

zwdw

Jo

zwdw
+y/ys

Figure 10
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d
dt

dr2
(98)

we assumed N = Noy is independent of time
n = NoQozd0/dt accounts for all the variation
time. Dividing each member of (98) by the
member of (97), we have:
zwdw Q dd
l+y/ys
dt

1 dl

T~dt

(99)

yudu

1
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r

D& dt

dr

r

with
=

OLp2C2.

(103)

As a general rule, /9 will be a function of time but
in the very first instants is not dependent on r.
Equation (102) is not linear and is not soluble by
separation of variables, nor by variation of parameters. On the other hand, it can easily be solved by
writing
JV* = N + n,
(104)
N being a solution of the non-perturbed equation

1 +y/ys
However, we are not interested in the value of dd/dt
which expresses the evolution of the distribution in
time, but rather in the perturbation introduced, for
a given value of /, by the fact that the current is
variable with time. By analogy with many wellknown phenomena of gaseous discharges, it is natural
to consider this type of perturbation as being strictly
equivalent to the cumulative efíect of dl/dt changing
sign for a time equal to the relaxation time of the
ionization phenomena itself, which is none other
than 1/Ji. We thus replace dd/dt by 0*£i in the second
member. The value of @* to be selected in Fig. 11
is thus given by
1 Cu yudu

dr2

r dr

(105)

This equation is equivalent to Eq. (74). By substitution and subtraction, member for member, we easily
find that n obeys the linear equation

k* is a constant which can be computed in each
specific instance. Thus, in the case of Eq. (93), we
readily find that the value of k is close to 4.

This is clearly a conventional equation, the solution
of which is known. The part which is a function of
r is a Bessel function / 0 having its first zero on the
wall. As in the above special case, we note that the
perturbation, to first order, is strikingly similar to
the unperturbed function, as shown by the comparison of the various curves on Fig. 9, in which the
Bessel function corresponds to В = 0. Therefore,
here again the radial distribution of the concentration
will not be much altered by the introduction of a
non-zero time derivative of the current. Figure 12
carries out, in the above special case В = oo the
same linear combination of the fundamental and
the first-order perturbation, as Fig. 11, and Eq. (96).
The relation between the @* and the logarithmic
derivative of the current given by Eq. (100) or (101)
holds good provided we assume y s <C y- Examination of the curves of Fig. 9 show that the constant
k* is very close to unity.

Extreme Gvosdover Effect

Generalization and Conclusions

Equation (79) is not valid in the case of an extreme
Gvosdover efíect since we assumed that N*/ftC <C 1.
When N*/ftC is sufficiently large for unity to become
negligible, we must return to Eq. (76) which can
readily be put in the form

Since both extreme cases give us quite comparable
results, we feel we can interpolate our conclusions
and state that, generally, the introduction of a temporal variation, even if it is relatively substantial
on the scale of the relaxation time, does not palpably
modify the radial distribution of the carriers. In the
intermediate cases, the constant k* of Eq. (101)
would obviously assume a value which is intermediate
between 4, corresponding to the vanishing of the
Gvosdover efíect, and the value 1, corresponding to
the extreme Gvosdover efíect. An examination of
Figs. 11 and 12 seems to indicate that the conclusions
drawn earlier will not be challenged in any case.
It should be noted, however, that the theory given
above remains an approximation to the extent that
it rules out radial variation of Ez during dynamic
phenomena.

zwdw

1

I dt'

(100)

1 + y lys
Each of the integrals is defined and the value could
be found if Eq. (1) had been integrated. Let us
denote their ratio by k*. We then have
I dl

FigureH

(101)
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Figure 12. Q* values identical to those of Fig. 11

Such a variation may indeed take place, if we
superimpose on the electrostatic or almost electrostatic main field a field of the form E = — dR/dt, A
being the vector potential due to the variations in
current density in the various layers. These fields
are functions of these variations only, and their
relative importance will be great according as the
main field is small compared to this perturbing field,
or as the conductivity of the plasma and the logarithmic derivative of the current are high. Their
injection into the above computation is very com-
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plicated, except for a special case in which either the
conductivity of the plasma, or the logarithmic derivative of the current is considered infinite, in which
case the Lenz' law requires that дВ/dt = 0 in the
interior of the plasma, i.e., a purely superficial current,
such as that described by Post.8 Such a description
may apply in the plasma of a thermonuclear reactor,
and also appears to be achieved at the very beginning
of the contraction,13 but does not strike us as adequate
for describing its essential phase, during which
experiment shows that the current density is reestablished according to a distribution which is
essentially in keeping with our theory.13 It would
doubtless be most interesting to investigate the
transitions between the phase of conductivity throughout the mass, and those of purely pellicular conductivity at the very beginning (when the logarithmic derivative of the current is enormous) or at
the end of the contraction (when the plasma, completely ionized and at a very high temperature, has
acquired practically infinite conductivity). It would
not seem impossible to generalize the above theory to
the case of a longitudinal field which is a function
of Y provided we retain some simplifying hypotheses,
such as £1, Da, T and p independent of r. However,
even these hypotheses then seem dubious to us.
Nevertheless, by reasoning in a purely physical
manner, we get the impression that this investigation
could hardly lead to a modification of our main
conclusion, that the Gvosdover effect, which is
marked in the first moments, should oppose the
pinch of the discharge. Indeed, we cannot see how
the fact that the current is occasionally partially or
totally pellicular would favor a contraction which,
in its absence, has no tendency at all to appear.
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The Static Pinch
By Conrad L. Longmire

In a pinch, the outward diffusion of plasma due to
collisions can be balanced by the inward drift resulting
from E x B , where E is the applied electric field and
В the magnetic field. From the equation expressing
the balance of these two effects, together with the
pressure balance equation, one obtains the " perpendicular " conductivity, which is about one-half of
the classical " parallel " conductivity. This result
has been applied to the problem of a static pinch
under the assumptions:

Equations (1) have a universal solution inside the
plasma, and Eq. (3) has a solution that depends very
simply on the parameter (3. Typical results are
shown in Fig. 1. The universal solution of Eq. (1)
is terminated at the plasma boundary, r — rv For
r > rv we have bz = constant and be ~ l/r. The
position гг is determined by the parameter [3.
Equations (1) do not admit negative bz. It seems
likely that this result is a consequence of the assumption of isothermality. The general form of bz and be
is quite similar to some experimentally determined
distributions, except that a negative bz has been
observed in certain experiments.

(1) there is an applied longitudinal (Bz) magnetic
field;
(2) the plasma is isothermal;
(3) the solution depends only on the radial coordinate.
From the Maxwell v x B equation, and from the
parallel and perpendicular conductivity laws, one
can deduce the equations governing the radial distribution of В :
bz(dbz/dr) + (be¡r)d(rbe)ldr = Ьв,

(1)

(bz/r)d(rbe)ldr - be(dbz/dr) =
where bz = Вг/Вг{0), Ъв = Вв/Вг{0), and Вг{0) is the
value of Bz at the axis of symmetry. The unit of
length in Eq. (1) is
= Bz{0)/2iwtE (Gaussian units),

Figure 1

In spite of diffusion, it is interesting to note that the
plasma can have a sharp edge which need not be in
contact with the walls of the system. However, the
plasma distribution is unstable according to the
Suydam 2 criterion for interchange instability. This
result is independent of p. Furthermore, an attempt
to find a solution with a convective (unstable) core
but with a stable envelope has been unsuccessful.
A more detailed account of this work will be published as a Los Alamos report.

(2)

where E is the applied electric field and a is the parallel
conductivity.1 The equation for the pressure balance
relates the particle density n to the magnetic field :
á(n/no)/ár =

== 8TznQkTjB*(0),

(3)

where nQ is the particle density at the center of the
pinch.

REFERENCES
L. Spitzer, Physics of Fully Ionized Gases, Interscience
Publishers, New York (1958).
2. B. R. Suydam, P/354, this Volume, these Proceedings.

* University of California, Los Alamos Scientific Laboratory,
Los Alamos, New Mexico.

84

P/347

USA

Stability and Heating in the Pinch Effect
By M. N. Rosenbluth

Larmor radius and we confine ourselves to the marginal-stability case со = 0, then the standard magnetohydrodynamic equations are valid. That is, the
governing equations for the perturbation are

One of the most promising types of thermonuclear
device is the stabilized pinch.1' 2 This consists of a
pinched cylindrical plasma in which a longitudinal
magnetic field is trapped. This field provides rigidity
against the various types of instability to which the
pinch is subject. An external conductor which
confines the magnetic field of the pinch provides
additional stability, so that, with a proper choice of
parameters to define the equilibrium, the configuration
may be made linearly stable against all perturbations.
In the first part of this paper we shall discuss some
surface instabilities which may arise in the stabilized
pinch. In the second part we shall discuss the disassembly and heating of the plasma which results
from collisions.

Vôp = [{VxB)xôB

+ (Vx<5B)xB]/4rc

V-ЙВ = 0,

(1)
(2)

where ÔB and dp are the perturbed quantities and В
is the equilibrium magnetic field.
The boundary conditions are regularity at the
origin and ôBr = 0 at r = ¡}r0. For the simple
cylindrical geometry of the problem, the perturbations
may be expanded in normal modes, i.e.,
dp, SB = (/>!, B1)ei(kZ+™e

(3)
With this substitution, Eqs. (1) and (2) may be
easily reduced to a single equation as follows:

SURFACE-LAYER INSTABILITIES

Previous calculations of stabilitylf 2 have dealt
mainly with an equilibrium with a very sharp surface
layer such as might be expected with a very highly
conducting plasma.3 That is, for 0 < r < r0, we have

Let
X = rBlr/[kBz + [m\r)Be\

p = (1 + cxv2 - ap2) (B0*/8n)
Be = 0; Bz =
and for /3r0 > r > r0 ô, we have
Be = Boro/r; Bz = ayB0; p = 0.

then

(There is a glossary of symbols at the end of the paper. )
The radius of the external conductor is ¡3r0. In the
thin region between r0 and r0 + ô, large surface
currents must flow. However, it would appear at
first sight that in the limit of small ô this complicated
region need not be considered explicitly, since, in the
dynamic equations for the perturbation, one may use
the conditions of continuity of the normal components of the magnetic field and stress tensor to relate
the interior solutions to the exterior ones. We shall
now try to give a more complete discussion of the
above-defined problem.
It has been shown previously 4 that if the magnitude
of В does not change along a field line, as is the case
here, and if all distances are large compared with a

where

WFUir

(4)

ni
¿

(5a)

+ k¿r¿

and

г* (да2 + kh2)
d [ 2mBe[kBz
r(m2

dr

{m/r)Be])

(5b)

Since we are considering the marginal-stability
problem, it follows that if the solution of Eq. (4)
which is regular at the origin should vanish at the
external conductor, then the equilibrium is neutrally
stable to the perturbation being considered. If the
solution crosses the axis before reaching the external
conductor, this implies instability, since we should
have to move the conductor in to stabilize the system.

* John Jay Hopkins Laboratory for Pure and Applied
Science, General Atomic Division of General Dynamics
Corporation, San Diego, California. Research on controlled
thermonuclear reactions is a joint program carried out by
General Atomic and the Texas Atomic Energy Research
Foundation.
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For the general equilibrium specified by arbitrary
Be(r) and Bz(r),Eq. (4) must, of course, be numerically
integrated, although useful limits may be obtained
from the variational expression 5> 6 corresponding to
Eq. (4). A code for the numerical investigation of
Eq. (4) has been prepared. However, for the sharplayer case, i.e., ô <C r0, we may obtain analytic results
using the following procedure:
For r < r0 and r > r0 + ô, i.e., where there is no
current, Eq. (4) may be solved explicitly in terms
of Bessel functions. This gives us values for the
logarithmic derivatives which must be joined on to
the solution in the surface layer.
Within the surface layer we can neglect 1/r compared
to д/dr and rewrite Eq. (4) in the form
d
~dr~

singularity. Until we get very close to the singularity—more specifically, until F ~ ô—the quantity и + H will remain constant, as before. This
determines the value of и as we approach the singularity. Very near the singularity we may neglect the
term H ', so that in this region

и

J

{k2r2-m2)B2~2mkrBzBe
[m2 + k2r2)B2

[

}

In the region of interest, Be and Bz are changing
rapidly. It is apparent from Eq. (5) that for some
ranges of k and m, depending on a v , F(r) will pass
through zero, so that Eq. (6) develops a singularity.
Parenthetically we may remark that because of this
singularity there is some difficulty about the derivation of the magnetohydrodynamic Eq. (1). This
question is receiving further study, but for the purpose
of this paper we regard the conventional mode as
valid.
For modes which have no singularity, the righthand side is negligible over the small distance ô, and
we find as the stability criterion
[и + Я] г , > [и

(8)

For reference purposes, the explicit forms of these
functions are
Im{kr0)
[u + ЩГо+д = (m + «v
(h

Km(kr0)
(kro)Km'(kro)

^m\^o

\
o;

(k
{kro)Im'(kro)

1

^>m(«^o)

where
Ge,m{kr0)

=

0,

(10a)

+ H],-a+s

0.

(106)

Here, [H]8 means the value of H at the singularity,
which can easily be shown to be

dX
dr

[H]s

P'
X -—-

= constant.

[H]s

r0 -

[H]s -

and

f*

dr

Hence, 1/u becomes infinite at the singularity as the
integral diverses. Moreover, depending on the sign of
и as it approaches the singularity, \\u may pass
through zero. This corresponds to X crossing the
axis, i.e., to instability. In order to avoid instability
in this case we must then require that

(в)

r02F

where
r2F
и = B2X

M. N. ROSENBLUTH

Km'(pkr0)
Km'{kr0)

Im'(kr0)
Im'(pkr0)

(9)

Equation (8) is, of course, identical with the old
stability calculation.
In discussing the singular case it is convenient to
consider the situation as we integrate towards the

=

It may seem strange that two criteria must be
satisfied for the stability of a single mode. The
explanation is that the singularity in Eq. (6) is so
strong that it completely separates the region interior
to the singularity from the exterior. Thus, if we
violate Eq. (106), for example, the instability is
essentially confined to the outside of the surface layer.
The new stability criteria are considerably more
complicated than the old one, since they depend on
the structure of the surface layer. This structure
may be described by giving Be2 as a function of
cp = tan- 1 Be/Bz, the pitch of the field. Equation (10)
then gives upper and lower limits for Be2. It will be
noted that the value of cp at the singularity is simply
related to k and m by kr/tn + tan <ps = 0. The
range of possible layer structures is further limited
by the requirement that the plasma pressure be
positive throughout. This gives
= B2 s i n 2 q>< BO2{1

+ ocY2) s i n 2 <

(12)

These results are plotted in Fig. 1 for ocv =
0.25.
As usual, we need consider only m = 0, ± 1 .
Curve I is t h e function и + H divided by a p 2
evaluated at r0. Curve I I is и + H evaluated at
Y0 + ô with various /} for m = ^ 1. The x's are the
m = 0 values of и + H evaluated at r0 + ô, evaluated
at k = 0, the most dangerous case. Equation (8),
which must be satisfied for all k and m, hence all cp,
and for both values of a v , requires t h a t Curve I I lie
above Curve I. This means t h a t /9 — 2.5 is unstable.
The more stringent conditions (10) and (12) need
only be applied to values of k and m so that a
singularity develops within the layer. This means,
for the case of positive a v , the region to the right of
<p = t a n - 1 l/|(*v | and, for negative o¿y> to the left of
this point. Condition (10) requires t h a t at
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Figure 1. Stability diagram for a v = ± 0.25 and/? = 1.1,1.75,2.5
The shape of a thin surface layer is given by a graph of
B 2 0/B o 2 vs с?. T o insure stability, this shape must be b e t w e e n
certain limits, s h o w n in this figure for t h e case a v = |25|,
jft = 1.1, 1.75, 2.5. Previous 1>* stability criteria require only
that curve I multiplied by a p 2 must lie above curve II for all qT
b e t w e e n О and тт. In addition w e must now require for t h e
range of "ф which occurs within t h e layer that t h e curve which
defines t h e layer shape must itself lie b e t w e e n curve I (multiplied
by a p 2 ) and curve II and above t h e cross. All physical layers
(with positive plasma pressure) must lie below curve III. It can
be shown that curves III and II cross for all positive a v so that no
stable layer can be constructed

Be2 must lie between Curves I and II and above
the x. In addition, Eq. (12) requires Be2 to be
below Curve III. Hence, we deduce that there is
no stable layer structure for ocv = + 0.25. Curve IV
shows the type of layer which develops because of
diffusion, as discussed below. This type of structure
for aY = — 0.25 is seen to be unstable against longwavelength m = 0 modes, for the cases /5 = 2.5 and
1.75, and against m = 1 modes with pitch close to
that of the external field.
It is, in fact, apparent that for positive OLY, i.e.,
the external field in the same direction as the internal
field, no stable layers exist, since (10b) and (12) are
incompatible. It appears that in most cases where
Eq. (8) is satisfied and the field is reversed, some
stable layers can exist. Moreover, their structure is
not too improbable although it appears that the
diffusion layer is likely to be unstable against longwavelength m = 0 disturbances and m = 1 disturbances near the pitch of the external field. It
will be noted that condition (10b) appears much more
dangerous than (10a), so that the instabilities are
limited to the outside regions of the plasma.
The importance of these instabilities is questionable.
The bulk of the plasma is unaffected; moreover they
are slow—the multiplication time is proportional to
the surface layer width, and they cannot remain in
the linear phase of growth for long. It appears
likely that the surface will become unstable and then
restabilize itself in a new equilibrium, perhaps helical
rather than cylindrical. It is noteworthy that such
helical equilibria tend to generate a reversed Bz, as
required for stability. Eventually, as we have noted,
diffusion will make the layer unstable and the cycle
must be repeated.

While we have treated only the sharp-layer case,
it is clear that the same qualitative features persist
for thick layers. The most important practical
question would seem to be under what conditions the
instability can proceed far enough to drive a significant amount of plasma into the walls, thereby releasing
impurities. Experimental work with a reversed Bz
is in progress.
DISASSEMBLY A N D HEATING

It is apparent that the stabilized pinch is not a
true equilibrium when interparticle collisions are
considered. These collisions imply a finite conductivity of the plasma,7 so that electric fields must be
present to drive the currents. These fields imply a
change of flux, i.e., a relaxation of the crossed fields.
At the same time, ohmic heating must occur, and
temperature gradients will lead to kinetic thermal
conduction. As a consequence of these involved
processes, the plasma is simultaneously disassembled
and heated. We shall find that a proper choice of
parameters leads to favorable conditions for a thermonuclear reaction with no external heating mechanism.
Qualitatively, this is because the crossed-field configuration represents a higher energy state of the
magnetic field than the state which will prevail after
diffusion has occurred and the components of the fields
have been mixed. The excess energy goes into
heating the plasma. Of course, a quantitative
analysis is required to estimate the magnitude of the
effect and to compare the disassembly and heating
rates.
We therefore study the evolution of the equilibrium
situation described at the beginning of this paper. A
detailed solution will be presented for the case with
the initial conditions ô = 0, a sharp layer; ap & 1, a
low-temperature plasma; and av = 0, a 90° angle
between the fields. It is apparent from the diffusion
character of the problem that early departure from
the initial values is confined to the neighborhood of
the surface. For analytic simplicity we shall therefore
consider a plane problem, calling the initial surfacelayer position X = 0 and letting the plasma extend
extend — oo and the vacuum field to + oo.
The equations of motion 8 are : Maxwell's equations ;
the conservation of mass, momentum, and energy for
the plasma; Ohm's Law; and the equation governing
heat transport in the plasma.
These are
8B

VxB

=

(13)
(14)
(15)

2V{QkT) = j x B

(16)
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Here, E is the electric field, B the magnetic field,
j the current density, g the number density of ions or
electrons, k the Boltzmann constant, v the plasma
velocity, m\ and me the ion and electron masses, and
Л the ratio of maximum to minimum impact parameter.
In Eq. (16) we have used the fact that the difíusion
velocities are very subsonic, so that hydrostatic
equilibrium is maintained. (Needless to say, we are
not considering possible unstable motions.) It is
assumed throughout that the distribution functions
are close to Maxwellian, with equal temperatures for
electrons and ions. This is easily shown to be the
case after the difíusion wave has penetrated a distance
large compared to an ion Larmor radius. Equations
(18) through (20) are, of course, valid only within this
limit. They have been derived 8 from the transport
equation by considering the small deviations from the
Maxwell distribution which are necessary to compensate for the collision terms in the presence of
field, density and temperature gradients. A convenient mathematical tool for this purpose is the
Fokker-Planck Equation.9
For a plane problem with an initially sharp layer,
the system of equation has a similarity solution of the
variable Xj^lt. The resulting ordinary differential
equations have been integrated on the General
Atomic IBM-650 by Miss G. Roy. The solution is
shown in terms of the appropriate dimensionless
variables in Fig. 2.
The abscissa is the dimensionless similarity variable

I = itF
Here, X is the Lagrangian coordinate representing the
initial position of the mass point, Bo and Q0 are the
field strength and particle density in the undisturbed
regions, (p is the angle the field makes with the original
direction of the field in the plasma, 2 and /? is the
dimensionless pressure, /3 = \6лдкТ/В0 .
It will be seen that the plasma pressure reaches a
maximum value of about 0.43 near f = 1. Thefieldis
about half uncrossed at this point. For f < 1 the
solution is nearly isothermal; for f > 1 the density
remains almost constant. In the following discussion
we will refer to f = 1 as the depth of penetration of

Figure 2.

Solution of diffusion Equations 13-20 for the case
dp = 1 , 0¿v = 0
The results of diffusion resulting from a case in which the
plasma pressure is initially low compared with the magnetic pressure
and in which the magnetic field in the vacuum is at right angles
to the field in the plasma. Plasma pressure, plasma density,
and magnetic field direction are plotted vs X/V¿ where X is the
Lagrangian distance from the original interface

the wave, and denote quantities at this point by the
subscript p.
The following features of the solution seem of some
significance.
1. The stabilized pinch needs only to be preheated to
a temperature consistent with the recombination
rate (about 100 ev). From this point on, the heating
occurs naturally through intermixing of the fields.
The plasma comes to a temperature
(21)
As mentioned earlier, this heating does not occur for
uncrossed fields.8
2. The plasma-vacuum interface moves a distance of
about 1.2 Xv into the space initially occupied by the
vacuum field. Hence, in a typical pinch configuration
no plasma will touch the wall until the wave has
penetrated quite deeply.
3. The front of the wave is characterized by a nearly
constant shear. As discussed in the first part of
this paper, the resulting layer shape is linearly unstable against only a rather narrow region of wavelength perturbations if a negative Bz is provided.
4. The rate of penetration depends on the conductivity
at the temperature of the heated plasma. In cgs
units, with the temperature in kilovolts,
(22)

5. Similarly, the energy delivered to the plasma is
(23)

The other important mechanisms in the energy
balance of the burning pinch are fusion and radiative

STABILITY AND HEATING
GLOSSARY OF SYMBOLS

loss; i.e., bremsstrahlung. Both of these produce
energy according to
dE

(24)

Thus, if the temperature is greater than a critical
value, about 6 kev for D-T and 50 kev for D-D, the
reaction is self-sustaining.10 It may be well to
operate only slightly above this critical value to that
disassembly is not substantially faster than that
given by Eq. (24). At a fixed temperature, the disassembly time is proportional to r02, as may be seen
from Eq. (22). Moreover, using Eqs. (24) and (21)
we see that the burning time is proportional to B0~2.
Hence, we should expect the efficiency to be a function
of Boro only, i.e., the current. In fact, it can be
easily shown that if the quantities B02/Q0 and Boro
are held fixed, the complete set of equations for
disassembly, heating, and burning can be simply
scaled to a change in r0. We may note that the
currents must be at least 2 X 106 amp to contain the
a particle resulting from the D-T reaction.
Finally, we indicate in Table 1 a possible D-T
reactor design, taking an optimistic criterion for
disassembly, i.e., Xv = r0. The figures should be
taken as only a rough indication.

Bz

P
Ô

k
m
X,F,
u,H
ЦХ), K(X)

Table 1. Possible Characteristics of a Diffusion-limited,

9
a

Self-heated D-T Reactor
Quantity

Value

Major radius of torus
Minor radius of torus

30 cm (arbitrary)
6 cm

I n i t i a l p l a s m a r a d i u s (r0)

. . .

1.5 c m

3 X I0 6 amp
400 at m

Current
Pressure at wall
Initial pinched d e n s i t y (Q0)

. .

1.3 x 10 1 7 /cm 3

Scaling

f

r0
r0
r

0

(ro)°
ro~2

6 kev

Disassembly time

0.15 sec

r02

4 x 106 joule

r0

Losses (copper torus)
Energy produced

2.5 x 106 joule
3 x 107 joule

r0
r0

T e m p e r a t u r e r i s e of c o p p e r s u r face d u e t o r a d i a t i o n . . . .

500°C

ro~2

. . . .

Tv
Qo

radius of pinch
unperturbed azimuthal field
unperturbed longitudinal field
value of azimuthal field, Be, at r0
ratio of internal longitudinal field, Bz,
toB0.
ratio of external longitudinal field, Bz,
to Bo. o¿y is defined as positive if the
external field has the same sign as the
internal one
(as used in first part) ratio of external
conductor radius to r0
plasma pressure
thickness of surface layer
longitudinal wave number of perturbation
azimuthal wave number of perturbation
perturbed magnetic field
defined in Eq. (4)
defined in Eq. (7)
Bessel functions in Watson's notation
value of Be2 at the radius where F(r) = 0
plasma conductivity
(as used in second part) 16nQkT/B02
a dimensionless variable defining the
depth of penetration
temperature at f = 1
undisturbed plasma density

ro~2

B u r n i n g t e m p e r a t u r e (Tp) . . .
Total magnetic energy
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Efficiency of burning
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Mr. Rosenbluth presented a survey, at the Conference,
of Papers P/347 (above), P/354, P/1861, P/376 and
P12433:
Linear stability theory in a magnetohydrodynamic,
collision-dominated fluid is a fairly well understood
subject.11 However, m a high-temperature plasma
in which the particles interact only through the
macroscopic fields, the situation is not so clear. Let
us begin by discussing the types of waves characteristic of an infinite homogeneous plasma with constant
magnetic field.
The situation is shown in Table 2. The magnetic
field is taken to be in the Z direction, and we consider
a wave propagating in the X, Z plane. The distribution function is an arbitrary function of the
magnitude of velocity and its component parallel to
the field. In general, four types of wave appear
possible. One of these is a trivial mass flow in the
direction of the field which causes no charge or
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Types of Plasma Waves
2

В = Bz; E = E exp [i (cot -f ¿ X X + kzZ)]; f = / (г; , v z
Character

Stability

Electrostatic

Plasma oscillation . .

со «¿ сор =

2

л/(47гпе 1те)

Landau damped

Overstability occurs if groups of
electrons have a vz substantially
exceeding mean thermal velocity.

Transverse
Alfvén waves . . . .

Overstable for long wave-lengths
if ion distribution is anistropic.

E»
Undamped- Incompressible

2

2

P у

OTT

Р,
Б
Unstable if — - > -Hydromagnetic waves
or

current. The other three are indicated in Fig. 3
with a qualitative discussion of their properties. The
comments are not inclusive or exact.
If the distribution function is isotropic and a
decreasing function of energy, it is easy to show on
general statistical grounds that the plasma must be
stable.12 However, it appears that even in the
infinite homogeneous case, small deviations in the
distribution function may lead to alarming instabilities.
For the plasma oscillations, overstability, i.e.,
growing oscillations, occurs for a wavelength such
that kzU = cop, where U is the velocity of a nonthermal group of electrons, or of electrons and ions
relative to each other.13 Thus, these particles move
in phase with the disturbance. It will be noted that
the resonant particles see a non-oscillatory electric
field and hence can move across magneticfieldlines.
In the event that plasma heating is produced by
electric fields parallel to the magnetic-field lines, we
may expect that groups of high-energy electrons
will be readily created because of the fall-off of cross
section with energy. Thus, such a parallel field
leads naturally to an unstable situation. The Alfvénwave instability depends on a similar resonance for
со + kzvz = Larmor frequency.13 It is particularly
noteworthy since it occurs even for very small pressure
anisotropies.
The hydromagnetic waves, which are the most
nearly analogous to ordinary sound waves, become
violently unstable for large pressure anisotropies.14
In particular, a shock perpendicular to the field lines
creates a large transverse pressure, P±. The resulting

UNSTABLE

STABLE
Figure 3

P« - P , >?-

2

instability may play an essential role in producing
the entropy necessary for the existence of the shock.
Thus we see that there are many unstable situations
even for a simple infinite plasma.
When we consider a finite geometry, the situation
is, of course, much more complicated. Progress to
date has been made largely by assuming that the
characteristic scale of inhomogeneities is large compared to Larmor radius and Debye length and that
frequencies are small compared to orbital and plasma
frequencies. As we have heard in the paper presented
by M. D. Kruskal,15 a variational expression for
stability with these approximations may be obtained
which does not differ substantially from the fluid
case. It should be noted that the plasma oscillation
and Alfvén instabilities which we have discussed do
not appear in this approximation. Thus, there has
been no complete theoretical demonstration that any
finite confined plasma can be stabilized.
However, even in this magnetohydrodynamic
approximation it is difficult, although possible, to
attain a stable static equilibrium. Perhaps the
simplest situation to be studied is one in which the
plasma contains no internal magnetic field. This
constant-pressure plasma is then confined by an
external magnetic field which must obey the condition that B2/8TZ = pressure along the surface. It
has been shown that a necessary and sufficient condition for stability is that the principal normal to the
surface must at all points be directed into the plasma.16
This result is not restricted to the linear theory.
The geometry is illustrated in Fig. 3. The shaded
region in the diagram represents the plasma. On
the left we have a convex unstable surface. This is
the pinch. The cusp device on the right is concave
at all parts and therefore stable. It appears to be
the only possible confined stable equilibrium in which
there is no field embedded in the plasma. Unfortunately, there is a finite rate of plasma loss through
the cusps.
Another situation which has received a preliminary
study is that of a plasma supported against gravity
by a rotating magnetic field. The rotation slows
down the instability but does not eliminate it.16
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Figure 4.

Stabilized pinch geometry

It is perhaps fair to say that the geometry which
has received the most attention throughout the world
is the stabilized pinch. It was realized early that
the pinch was subject to the above-mentioned
instability.17 In order to correct the situation, an
axial magnetic field was introduced into the plasma.
This situation is shown in Fig. 4. It was then shown
by several authors that complete stability could be
obtained by proper choice of the internal field and
the position of an external conducting shell.18 However, these treatments neglected the structure of the
current-carrying surface layer in which the field
changes its direction. In practice, this sheath may
be thick.
The equations of motion governing a perturbation
of the form ег(кг+тв) may be easily written. These
equations develop a strong singularity at the radius
where kBz + (m/r)Be = 0, that is to say, at such a
radius that the pitch of the perturbation matches the
spiral of the unperturbed magnetic field. This is
perhaps not surprising since at this radius the perturbation will not bend the field lines appreciably
and the plasma can flow freely along the lines.
The mathematical effect of the singularity is that
the region exterior to the singular point is completely
separated from the interior of the plasma. This
brings into existence a class of surface instabilities
which are not affected by the internal stabilizing
field. The essential character of the instability is an
azimuthal bunching of the parallel current filaments
which exist at a given radius.
A useful necessary condition for stability 19 is that
at all points
2

Bz r
~8лГ 4

[*-

4

dr
Necessary and sufficient conditions have been found
for the favorable case of a very thin transition layer.20
It can be shown that only very special shapes of surface
layer are stable. In particular, no stable surface can
be found unless there is a longitudinal field outside
the plasma which is opposite in direction to the
internal field.
Let us now consider the diffusion and intermixing
of the crossed magnetic fields due to interparticle
collisions—without regard to stability. From the
Rutherford cross section one can compute the various
transport coefficients of the plasma—electrical and
thermal conductivities and thermoelectric coefficients.
Then the usual conservation equations—mass, momentum and energy—plus Maxwell's equations provide
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a complete set of dynamical equations for the diffusion
process.20 In particular, we study the case of an
initially sharp surface layer which separates a region
containing low-pressure plasma and axial magnetic
field from a vacuum region with azimuthal magnetic
field; i.e., the stabilized pinch. For the early period
of the diffusion, a plane approximation is adequate.
In this case, the equations may be solved in terms of
a similarity variable proportional to original distance
from the interface divided by the square root of time.
The results are shown in Fig. 5. The abscissa is the
dimensionless similarity variable; £ = 0 is the initial
interface. The scale is such that | = 1 is about the
skin depth which one would estimate using the
conductivity deduced from the temperature which
exists at | = 1. Q/QQ is the plasma density relative
to its initial value ; ф is the pitch angle of the magnetic
field ; and /? is the ratio of material pressure to magnetic
pressure. The significant feature of the results is
that most of the energy liberated by uncrossing the
fields is delivered to the plasma,21 raising its pressure
to about 0.43 of the initial magnetic pressure, regardless of the initial pressure. Hence, there exists a
very efficient mechanism for creating very high
temperature plasmas.

Figure 5.

Solution of the dynamical equations for the plasma
diffusion and field intermixing

Finally, we may inquire as to the eventual result
of the diffusion process. If no external electric field
is applied, the plasma will, of course, diffuse outward
indefinitely until lost to the walls. On the other
hand, an applied axial electric field is capable of
causing a drift to balance out the collisional diffusion ;
and, in fact, detailed solutions have been found for
a steady state of this type in collisional equilibrium
away from the walls.22 Unfortunately, this equilibrium is very unstable hydrodynamically.
To sum up, recent theoretical work has shown
that the stabilized pinch is a self-heating device. On
the other hand, the existence of surface instabilities
will require a careful programming of magnetic
fields. In addition, the large electric fields used in
pinch formation may well lead to the formation of
unstable plasma waves.
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Plasma Radiation in a Magnetic Field
By B. A. Trubnikov and V. S. Kudryavtsev

where the quantity f is approximately unity.
One obtains the energy escape for the various
processes 22 in
absolute units from the relation
Q = №~ n2F(T), where T is in kev. Numerical
In order to study the possibilities of heating a
values of FDD and .FDT have been taken from Klimov
plasma confined by an external magnetic field, it is
and Zubarev (1952) * (Table 1).
necessary to take into account the presence of strong
At a temperature T = 32 kev, energy losses due
magnetic bremsstrahlung in the millimeter and subto bremsstrahlung are equal to the nuclear energy
millimeter wavelength range. The existence of this
released by the D-D reaction, Св = QBT>- In this
radiation imposes a limit on the use of the D-D
case the magnetic radiation proves to be 16 times as
reaction to generate energy exceeding the input
much, CM = 16 ÇDD- At a temperature T = 5 kev,
energy. In considering this effect, the self-absorption
these values are equal, ÇB = QDT = Смof this radiation should be taken into account.
In a D-T reaction (deuterium and tritium mixture
The energy radiated per unit time by an electron
in one to one ratio), provided the conditions of Eq. (3)
moving along helical path in a magnetic field is
are satisfied, there exists a temperature range from 5
given by the usual relation
to 46 kev in which the nuclear energy released exceeds
the energy loss due to magnetic radiation. For the
dS'/dt =
(1)
D-D reaction, however, the magnetic radiation
where a)c = \eH/moc\, /? = v/c and the other symbols without self-absorption always proves to be many
times greater than the production of nuclear energy.
have their usual meaning.
The conditions specified by Eq. (3) were adopted for
Assuming that electrons have a Maxwell distributhe purpose of estimating the relative magnitude of
tion, the total radiated energy per unit time per unit
these effects and may not always be satisfied in a
volume is
practical situation.
QM=
{4e2l3c)(TG/mc2)œc2ne
If the energy loss due to electron radiation is
compensated by the transfer of energy q+ from ions
X (1 + 5Te¡2mc2 +...) (2)
to electrons via Coulomb collisions,
where ne and Te are the electron density and temГе)Ге
(5)
q+ =
perature, respectively.
20
Let us examine first the case when self-absorption
may be neglected and all this radiation will escape
then at high
ion temperatures 7\ ^> Te> so that
the plasma. This escape of energy proves to be
nT{ = H2/8л:, and for См equal to q+, we obtain
rather considerable at thermonuclear temperatures.
an electron temperature
In Fig. 1 we compare curves for the escape of magnetic
TG = mc2{3Ám/4(27z)myi* = 39 kev
radiation without self-absorption, the normal brems(6)
strahlung, and the energy release by D-D and D-T
that is independent of the temperature of the ions.
reactions, as functions of the temperature for the
A more correct estimate of the electron temperature
following conditions
may be obtained if it is assumed that all the nuclear
energy released is transferred from the ions to the
T
T- — T
•L e —
i = •*•
electrons :
ne = щ = n
(3)
QDv = q+, Te(kev)=8.3[(Ti-Te)/FBD{Ti)}*.
(7)
ENERGY BALANCE OF A HIGH-TEMPERATURE
PLASMA INCLUDING THE EFFECT OF
MAGNETIC RADIATION

J

We have used
2

* Ed.
Regime
Physics
Vol. 1,
Moscow

2

F M = 0.005 Г (1 + ЪТ\2тс
FB = 0.0532T*ff

(4)
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note : D. N. Zubarev and V. N. Klimov, Stationary
of a Magnetic Thermonuclear Reactor, Plasma
and Problems of Controlled Thermonuclear Reactions,
p. 249 (in Russian), edited by M. A. Leontovich,
(1958).
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Table 1. Rate of D-D and D-T Energy Production s
a Function of the Temperature

F

T (kev)
3
5
10
20
30
40
50
60
70
80
90
100
200
500
1000

0 076
0 72
12
5 44
88
11 03
12 08

0 039
0 758
0 313
0 485
0 666
0 854
1045
1 235
1.42
1 61
3 38
6 98
10 7

0 OK

г
U
У
*^*
Jr***

.
11 76
_
_

QBT > QU + QB when 7 kev < T < 45 kev.

Figure 1

= W±S - KLQMV.

The factor 2 is included because two surfaces of the
layer are radiating. However, for the conditions of
interest, black-body conditions are never attained
over the entire spectrum. Only the low frequencies,
which have a spectral intensity described by the
Rayleigh-Jeans radiation law
dP/dcodu = /BJ - œ2Te/87i3c2,

(9)

Here Wx is the energy emitted per second per unit
area and KL is the dimensionless transparency coefficient which indicates the fraction of the radiation
from individual electrons that escapes from the plasma.
Our aim is to determine the conditions under which
the coefficient KL will be small enough to provide the
necessary degree of containment of the magnetic
radiation inside the plasma. For the sake of simplicity, let us study a plane plasma layer of thickness L
in which there is a magnetic field parallel to the
layer boundary (Fig. 2).
It is evident that the transparency of an infinitely
thin layer is unity,
bm KL = 1
(10)

±

~ 2 J^ dco j n ' 2

cos
= (со*)3Ге/12я2с2.

(6) = /BJ.

L-»0

(2/L)(W1)blacJc

(11)

Table 2. Ion and Electron Temperatures when the
Energy from the D-D Reaction is Transferred to the

Electrons

50
42 3

100
64 8

200
86

500
120

1000
154

2000
200

(13)

Here со* is the maximum frequency for which the
layer is opaque. To find this critical frequency it is
necessary to compute the absorption coefficients
ocjid) for electromagnetic waves in a plasma situated
in a magnetic field. Since со* is several times larger
than cov it is sufficient for our purposes to calculate
only the absorption coefficient for high frequencies
where it is small and the index of refraction is nearly
unity. This simplifies our calculations and the
formulae given below are obtained in this fashion.
For an equilibrium (Maxwell) velocity distribution of
electrons, the o¿J(e) are connected with the emission
coefficients г}ы%(в) by KirchofFs law

If the layer thickness is increased, the function KL
decreases monotonically and, for large L, behaves
asymptotically like L-1'

T] kev
Те kev

(12)

where the superscript г denotes the polarization, are
effectively trapped m the plasma. Then the flux per
unit surface area (untrapped harmonics are neglected)
will be equal to

(8)

However, the magnetic radiation from the individual electrons will be self-absorbed in the plasma
itself in contrast to the bremsstrahlung, so that the
power which escapes from a plasma with a volume V
through the surface S is given by

<<*

15

12 53

For the D-D reaction, numerical results are given m
Table 2.
However, the energy loss by magnetic radiation is
always many times greater than the nuclear energy
released in the D-D reaction. In contrast to this,
we have for the D-T reaction with Te = Tx and

WM

01

/i

Figure 2

(14)
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MAGNETIC RADIATION
It is known that the spectrum of radiation due to
the motion of an electron along a helical path in a
magnetic field consists of discrete lines or harmonics,
00

/ = 2 In- The harmonic frequencies are integral
multiples of the fundamental frequency,
with which the electron rotates in a magnetic field of
strength H.
It may be shown that for circular motion of an
electron, the ratio of the energy emitted at the fundamental frequency to the energy at all frequencies is x
IJI = h( S In)'1 ^ 1 - 1.90a + 1.O504 +..., (15)

Figure 3. The dependence of Loc±(X) (the product of the absorption coefficient and the slab dimension) on the frequency
measured in units of the fundamental, X = co/coc

asymptotic formula may be obtained for the absorption coefficients

n=l

where /3 = v/c.
The temperatures which are of interest to us, and
which are necessary for a self-sustaining D-D reaction
(Г е ~ 30 to 100 kev), are weakly relativistic (/? ~ 0.5)
so that relativistic effects begin to play a role and a
considerable fraction of the magnetic radiation is
concentrated in frequencies with high harmonics.
However, it should be noted that the radiation with
the fundamental frequency is the most intense.
By integrating over the spectral distribution of the
magnetic radiation of an individual electron, and
averaging over a Maxwellian velocity distribution, the
radiation power (emission coefficient) r)J(0) may be
determined. Then, from (14), the absorption coefficient, ocj (в) may be found. A plasma in a magnetic field is an anisotropic medium in which there is a
possibility that two differently polarized waves may
propagate. The fact that the ordinary and extraordinary waves are not radiated and absorbed in the
same manner is unimportant for our present purpose.
Qualitatively, the emission coefficients and the
absorption coefficients differ by factor со2 according
to Eq. (14). The quantity La±is shown in Figure 3.
The solid curve is obtained by adding together the
radiation with different harmonic frequencies. The
subscript JL denotes waves propagating normal to the
direction of the magnetic field.
The line radiation in the higher harmonics is found
to be Doppler broadened as a result of the thermal
motion and merges into a continuous spectrum.
The values of the absorption coefficients, for several
different temperatures, were determined by numerical
computation and the spectral intensity was calculated.
The radiation escaping in the direction normal to the
surface of a plane layer is

Figures Aa and 4b show graphs of the function
f(X) = X2{2 - e~L^x) -

e-La2W),

where X == co/coc> for two values of the parameter
Л = Lcov2/ccoc = 4neLn¡H.
In those cases where the lines effectively merge
into a continuous spectrum, a relatively simple

2x

CCOC

• exp

-

(16)
where
= 4nne2¡m,

¡i = mc2/Tc,

к = 9а>/2/га>с.

This formula is valid only when ¡x >> 1 and % > 1.
Since the absorption coefficients oc^ decrease drastically
when со is increased for the waves of both polarizations,
the critical frequency со* (which determines where the
Rayleigh-Jeans radiation should be cut off, see (13))
can be approximately determined from the equation
Lot.

(17)

1.

For frequencies below critical, со < со*, the magnetic
radiation is completely trapped and we have
L^ » 1,

(18)

and for the frequencies above critical, со > со*, we
have
Law < 1,
(19)
when the plasma layer of thickness L is transparent.
These super-critical harmonics escape freely from
the plasma. However, their intensity, determined
now directly from the formula for the radiation
power 7]^ falls rapidly with increasing со. For
this reason, the emission of radiation with frequencies
higher than со* may be neglected.
Substituting (16) into (17) yields

(20)
where (x) = 9Х^/2/л and Xeî = co*[coc is the number
of effectively trapped harmonics.
Substituting CM from (2) and Wx from (13) into
Eq. (10) for the transparency coefficient of the layer
gives
KL =

SWJQMV

=

2WJLQ*
5Te/2wca)

vhere 1 + 5Te/2mc

2

(21)

is a correction factor close to

SESSION A-5

96

P/2213

B. A. TRUBNIKOV and V. S. KUDRYAVTSEV

100

2213.4a

(Л = 103)
RJ

50

When T e = Ti and j3H=l we have the following
numerical results (Table 3).
The values of the parameter Л, when TG and KL
are known, can be obtained from Fig. 5 or from the
asymptotic formulae (20) and (21). Assuming, for
instance, that H = 104 gauss, we present in Table 4
£min = АН/4леп for the same range of temperatures
discussed in Table 3.
For H = 105 gauss, the densities n will be 100 times
greater than in the previous example, while the
dimension Lmm will be 10 times less than the abovementioned case.
Somewhat different results are obtained in cases
where the electron temperature is less than the ion
temperature. For this case we employ the equation
ÇDD = q+> Then with /S# = 1, we have the results
tabulated in Table 5.
The values of L m i n are determined here for H = 104
gauss and show the difficulties that are encountered
in obtaining a self-sustained D-D reaction in an
apparatus in which there is a large magnetic field
inside a plasma where H2/Sn >—' 2nT. To diminish
losses due to magnetic radiation definite measures
must be taken. In particular, Budker has pointed
out that effective reflectors which return energy
back to the plasma may be used. It should also be
noted that no magnetic radiation exists in systems
in which plasma is confined by alternating external
fields which do not penetrate inside the plasma.

T = 50 kev

ELECTRON DISTRIBUTION FUNCTION FOR
A PLASMA IN A MAGNETIC FIELD

10
0 1

10

20
Figure 4b

unity. Thus KL is a function of only two parameters,
Л and Te:
KL = <f>{A,Te) where Л = \neLn\E.

(22)

As has been indicated in the previous sections, the
presence of a magnetic field in a limited volume of
plasma results in a large radiation flux with a considerable part of the flux escaping from the plasma.
Then the plasma is not in an equilibrium state and
the electron velocity distribution function may be

In Fig. 5 the curves KL — constant are constructed from six calculated points with the aid of
the asymptotic expression (20) in the range where
it is valid.
If we assume that the bremsstrahlung QB escapes
freely from the layer then the condition for a selfsustained thermonuclear reaction can be described by
the inequality
KLVQM

(23)

As we have already pointed out, the trapping of the
magnetic radiation for the D-T reaction is not a
problem (see for example Eq. (8)).
For the D-D reaction, the minimum layer thickness
Lmm necessary for a self-sustained reaction may be
found from the following relation (T in kev)
(24)

- QB
1 2.5 X 10- 3 Ге(Г е +

QBB

_

-

+ 5Ге/2жс2
FB(Te

10
103
Figure 5.

104

105

Transparency coefficient as a function of Л and Те

MAGNETIC RADIATION
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Table 3
T

kev

e

. . . . 32

. . . .

FB(Te)

QMKQDD-QB)

.

(%) . . . .
AxlO"4 . . .

KL

35

0.35
00

240

0.00
00
00

^ef

50

40

0.37

0.41

60

0.48

128

82

78

0.78

1.22

1.35

6.9

3.1

2.9

4.8

11.5

12

13

16

84

1.25

1.19

90

0.77
90

100

0.85
99

10

20

39

1.01
77.5

20

25

30

37

1.11

In the linear approximation, taking x = mv2/2Te,
the distribution function can be written

\ф\<1, h =

{2F'/F - 1/2х)ф"(х) = 0

Finally, (31) may be reduced to the following form
ф(х) ъ oLTi-l* (— 8%5/a/15 + 7.1% + 2.2),
where
ос = 2Н*(Те/тс*)уЗ{2т1)Пптс*

where v ± ±H.
In order to simplify the problem an effective
isotropic force R may be used instead of (26) :

oc = 1/475 for I = 20
ф(х) = — 1 for xc = 20.

C

( >H\
\ui )

(28)

will yield a spherically symmetric electron distribution
function / e = /e(|v|), which greatly reduces the
complexity of the mathematical problem. In partit Ed. note : For the collision term coll(f, f) there appears
in the original st(f, / ) , for stolknovitel'nii chlen.

Table 4
17
3.1

(33)

We see that the distortion of the equilibrium distribution is important only at very high energies and
does not lead, according to the calculations, to any
significant decrease in the total magnetic radiation
of the plasma layer. This distortion will prove to be
still smaller if we consider the fact that under actual
conditions the larger part of the magnetic radiation
(as we have already seen) is absorbed by plasma.
This contributes to a tendency toward thermodynamic
equilibrium.
Finally the authors wish to express their gratitude
to M. A. Leontovitch for his valuable suggestions and

It can be easily shown that these two expressions
give the same total radiation intensity. Then the
solution of the equation

32
3.6

(32)

and X is the usual Coulomb logarithm.
Thus we see that the Maxwell distribution is
noticeably distorted starting with x = xCT ~ ос~215.
For instance, for H — 2 x 104 gauss, n = 1014 cm~3
and Te = 50 kev, we obtain

(26)

3.9

(31)

where

where j is the particle flux in velocity space determined by collisions.2 The force due to bremsstrahlung radiation should be substituted into (25)
as the force acting on the electron

wxlO- 1 3 cm- 3

(30)

Equation (29) is then transformed into an ordinary
differential equation of the form

(25)

V,.[(/e/w)R + j] = 0

0.70

cular, an integral may be immediately obtained from
Eq. (28):
(UHR + j = 0.
(29)

In the stationary case, the kinetic equation for the
electron distribution function /e in a spatially uniform
plasma takes the form t

2/O/92/Q/,3\/',4 2«r
ЗД^£ /*3£ jfr^C V .

80

0.63
80

0.42

significantly different from a Maxwell distribution.
Magnetic radiation is mainly due to the fast electrons
and the relative number of these should therefore be
less than in the equilibrium state. This could, in
turn, lead to a decrease in magnetic radiation losses.
In order to evaluate this effect, let us consider the
following ideal process. Suppose that, as a result
of Coulomb collisions, electrons receive energy from
hot ions at a specified temperature Ti, and then lose
this energy by radiation due to their motion in the
magnetic field. The emitted radiation is not expected
to be self-absorbed by the plasma.

—

70

0.55

19
2.5

38
2.1

93
1.8

210
1.6

460
1.4

1030
1.2
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Table 5
Te

Ti

50

100
200
500

. . . . .

42.3
64.8
86
120

KL

л

49

2%

35

3%

33

3%

50

2%

6.3.103
1.2.104
5.104
5.105

в)

Qb

for discussions of the results of this work. The
authors would also like to express their gratitude to
A. E. Bazhanova, under whose guidance the numerical
calculations in this work were carried out.

n X 10- 13
9.2
13
21
40

3.9 m
13 m
95 m
2.1 m

2.7
1.5

0.88
0.4
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High-frequency Plasma Oscillations
By A. I. Akhiezer, Y. B. Fa in berg, A. G. Sitenko, K. Stepanov, V. Kurilko,
M. Gorbatenko and U. Kirochkin *

It is well known that the electrical conductivity of
a plasma, the ion-electron equilibration time, and the
time required to heat the electron component of a
plasma all increase greatly with increasing temperature. Consequently, the usual method of Joule
heating a plasma may be difficult to apply in the
region of high temperatures (> 106 °K), especially if
the plasma current alone, without any additional
measures, is used to generate magnetic fields for the
confinement of the plasma. Therefore, it is of
interest to study methods of plasma heating that do
not directly use Joule heat, especially methods by
which energy is directly supplied to the ion component
during the time between collisions. Some of these
methods make use of ionic resonance as well as other
resonance phenomena which can occur in a plasma in
an external magnetic field. This paper deals with
certain aspects of the theory of high-frequency plasma
oscillations.

We will look for the quantities fa and E in the
form of plane waves
/a, E ~ exp ¿(fc>r — co't), Im со' > 0.

By substituting these forms into (1) and (2) we
obtain
S [n'2 {щкъ - oik) + «*]£* - 0, i = 1, 2, 3, (4)
where
v

, к ) = ôik + \
/

= -^ kv± sin
n' = kclco', x = k f t

.-^-=0

4

^

С

| СО COca J

V i /'

¿¿a«8in* + ift«*
f - ib<x& dipdv,

' a = ± (kv^cosd — a)')/a)a,
/ ' = -^«,

в = шг;2/2.

The quantities 8ц form the dielectric tensor. We
see that eik depends on the wave vector as well as
on the frequency. In other words, there is spatial
dispersion in the plasma as well as time dispersion.
The following relation may be derived from
Eq. (4):»

The high-frequency properties of a plasma may be
studied most completely by means of the kinetic
equation, in which it is possible to omit the collision
operator. This equation may be expressed as follows
for particles of the oc species: ly 2

¿4

ч A Trie

d
ia sin
X f vjce - a

KINETIC THEORY OF THE OSCILLATIONS
OF AN UNBOUNDED PLASMA
IN A MAGNETIC FIELD

+ v

(3)

(1)

det[n'2(x&k - da) + 8iJc] = An'* + Bn'2 + С = 0,

where / a (r, V, t) is the perturbation of the equilibrium
distribution function, which we will denote as / 0a (^ 2 );
ел and w a are the charge and mass of the oc species;
<x>Ca = \ea\H0Jmac, and H o is the external constant
magnetic field intensity; E is the electric field intensity; the top and bottom sign in =р are for ions and
electrons, respectively; and the angles are shown in
Fig. 1.
It is not difficult to see that the electric field intensity E satisfies the following equation :
Original language: Russian.
* Academy of Sciences of the Ukrainian SSR.
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(5)

where
2

2

A = s „ sin 0 + e 3 3 cos 0 + 2e 13 cos 0 sin 0,
В == 2(e 12 e 23 — £22e13) cos 0 sin 0 + e132 —
С =

det(fi»).

(5) is used to determine the index of refraction of
waves propagating in a plasma.
Electron Oscillations
If the ion motion is not taken into account in the
above formulas, we obtain high-frequency electron
oscillations.
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Oscillations at Zero Temperature
Let us consider, first of all, such oscillations when
the plasma temperature Te is equal to zero. The
coefficients in the dispersion equation (5) do not depend
on к when Te — 0. Therefore the solution to Eq. (5) is
n ± * = [ - Bo ± {В2 - АА0С0Щ/2В0

(6)

where
2

Ao = 1 — и — v + uv cos 0,
2(1 - v) — uv cos 0,

C o = (1 - v)* - u(l cope2 =

2

2

Bo = u(2 — v)—

v),

Ajte2n/me.

This equation determines the refraction indices for
the ordinary and extraordinary waves in the " hydrodynamic" approximation.
Setting the coefficient Ao equal to zero, we find the
natural frequency for longitudinal plasma oscillations
in a magnetic field with TG = 0: 6
Cú 2

±

2 (<*>pe2 + COce)2

=

± t [(«"pe* + ©ce 8 ) 2 -

(7)

4cOpe2COee2 COS2

Figure 1

These equations have three roots n±2, n22, n32,
which determine the refraction indices of the ordinary,
extraordinary and plasma waves, respectively. The
first two roots are determined by
=

Thermal Corrections

where

Now let us take into account the thermal corrections, assuming that coce ^> kce, where ce = (Te/me)*
is the thermal velocity of the electrons. In this case,
the dispersion equation becomes 4j 5
Affi + (Ao +

Сг)п* + Co = 0

+

(8)

while the index of refraction nz for the plasma wave
is determined by
% 2 = - AQIAlt

where

02

I

^2,з = [ - Л ± (\/^о2 - 4ЛАД/2Л!.

2

cos (9 sm (9 +

+U-V

2

1 — AuV
2

2

cos О sin 0 + (1 + cos 0)
2

cos 0 +

— n — v)[3

1 — u)
2 sin2
1 -

3sin
1 — Аи

^ ^ i

•])•

1 — Аи
c

2(1 —u)(l+
2u
1 — Аи

cos 0

sin2 0
f^

r

i

— 2v - 2 - sin2 0)- 1 .
2

[(1 - v)* - u] ((3 cos2 в +

I

A

\

,xsin20 , c o s 2 0 b l ^

- [ ( 1 -v){l
- lv)(l + cos2 0)
+ (1 - \v) sin2 0 ] ^ ± 2

- cos 0

2

2 /1

where

2

1 - и

(11)

Let us consider the case of resonance, where
со & coce. Here the indices of refraction for the
ordinary and extraordinary waves are
2

sin 2 0 x
2

2

(10)
3

n2 = - С о /Б о ,
2

(1 - u)2

X

ce/c < \AQ\ < 1.

If the frequency is near co+ or со-, then

- и) cos* 6
2

'2(1

(9)

П±(1

(12)

We see that the resonance waves damp rapidly.
The damping coefficient is of the same order as the
quantity ce/c, it is much larger than the thermal
corrections to the refraction indices for the ordinary
and extraordinary waves.
If co ^ wcoce, where m = 2, 3, ... (harmonic resonances), then

HIGH-FREQUENCY PLASMA OSCILLATIONS
(13)
where
v

/^» ^/7 r //Л2га —3 Qi-n2w —2 Л Р

У Г 1

(

7

x

^m ^^ ^ \^±^e/^)

2\

(1 ~

It should be noted that the damping is exponentially small far away from the resonance frequencies
2
and is of the same order as the Landau damping:
2

2

dynamic waves m a y exist for a n y relationship between со a n d v. I t must only be assumed t h a t t h e
oscillation frequency is small compared with t h e ion
8> 9
cyclotron frequency coCi
10
I t m a y be s h o w n from Eqs. (1) and (2) t h a t b o t h an
ordinary and an extraordinary magnetohydrodynamic
wave exist for v <C со <С сои. T h e ordinary wave
has t h e frequency
m i

2

уъ ~ со exp ( — co /2k ce ).

= kVA cos в;

2

VA

2

= Н0 /4лп0ш^ < с,

(17)

and the extraordinary wave has the frequency

Let us now consider the longitudinal natural
frequencies of the plasma. The electromagnetic
waves in the plasma cannot be divided into strictly
longitudinal and transverse waves in the presence of
a magnetic field. However, for the limiting case of
n -> oo the longitudinal plasma waves, which satisfy
the condition A = 0, can be singled out. Taking the
thermal correction into account, the roots of the
equation A = 0 are given by 3> 6

co2 = kVA-

where

(18)

When в ~ 1, the damping constant for the ordinary
wave is given by:
/

\—

2

(y/M^[~)4-~-z

eX

P ( - ^A2/2Ce2),

(y/co)1 ~ co2/coci2,
(УHI

~

CÍBCO2IVA

2

,

CI

> FA.

(19)

The damping constant for the extraordinary wave
is given by
1 + v±u±

[1 — u±)~2 sin2 в

X I 3 cos4 в +

(l-^)

The damping constant for the plasma oscillations is
of the order of уъLet us consider the case where the frequency of the
plasma oscillations co1 is close to тсосе, m = 2, 3,... .
If the angle between the direction of wave propagation
and direction of the magnetic field is not near я/2,
the resonant plasma oscillations will be strongly
damped. The damping coefficient is 3
4

я;*m s i n

2w

в

Xexp ( - VA2/2ce2 cos2 в).

0 sin2 в

3

3 sin 4 в

Уm —
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These formulas, as well as Eqs. (12) and (15), do
not include the damping caused by close collisions.
Formulas (19) and (20) may be used if the damping
is small, i.e., у <С со. The rate of damping increases
as the phase velocity falls. An ordinary magnetohydrodynamic wave is strongly damped (уг >—' сог
1
—'ЬУА)> if £Í3&>I2 ^ VA3CO-2. An extraordinary wave
begins to decay quickly if the Alfvén velocity VA is
comparable with the ion thermal velocity c\.
Finally, let us consider low frequency longitudinal
waves.13 In the absence of a magnetic field, the
frequency of these waves is determined by the TonksLangmuir formula n
со = co0 = coVikae(l + k2aG2)~2

2m

(kce/a)ce) 2

2

— l)- tan 0]

kcG. (15)

In the above analysis, we have considered plasma
oscillations without taking the ion motion into
account. Now we shall investigate low frequency
plasma oscillations in which the ions as well as the
electrons are in motion. These oscillations are
usually described by means of the magnetohydrodynamic equations. This is valid only when the
oscillation frequency is much smaller than the collision
frequency v. In reality, however, magnetohydro-

(21)

where

Plasma waves with frequencies in the interval
nii; aG2 = Tc/4ne2n0)
тсосе — sm < со < mcoCQ + £m cannot propagate perand the damping constant is 1 2
pendicular to the magnetic field. Here, the gap in
7> 3
the frequency spectrum is
У = Го = со0{жте/8пц)% - covikaG{l + k2a2)~2.
m 2
(16)
Sm = (W2 __ !) (2m+i m ! ) - | (kce/coce) - kce.
Here it is assumed that TG^> T{.
Ion-electron Oscillations

(20)

(22)

Equations (21) and (22) may also be used when
there is a weak magnetic field that satisfies the
Condition COce <^i kce.
If there is a strong magnetic field, where coCi ^> kcu
two longitudinal waves may propagate in the plasma
at frequencies сог and co2'COl,22 = Í{C002 + COci2 ± [(C002 + O)ci2)2
-

(2o)ocoCiCos0)2]i}.

(23)

These waves have the following damping coefficients
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2 2

2

2

- a)i )- ]cope wPi . (24)
Q

In deriving (23) and (24) it was assumed that

dq

dq

2

\co —

P = [(^i q = ezd/e1;
Ô =[(8, - e

> KC\ COS (7,
CO ^ > kC{ COS 6,
CO ^> kce

1

At intermediate magnetic field intensities, where
coce ^> kce, CDQÍ <C kc{ a n d в is n o t close t o л/2, t h e
frequency is obtained from (21) and the damping
constant is

CO2COce2(l — [¿Y — [CO2 —

62

CO2COce2(l -

—

WAVE GUIDE A N D RESONANCE PROPERTIES
OF A PLASMA CYLINDER IN A LONGITUDINAL
MAGNETIC FIELD

v e X Ho

en(vi — Ve) H
с

[CO2 — COceCOci + i(Jùv{\

eH0
4ле2п
—

,

¡i =

•

1Щ

The quantities e2, e2, e3 form the dielectric tensor
/

e± is2 0 \

em = [ - ie2 ег0
\

0

The solution of Eq. (28) that is regular at the
point g = 0 is
£ 2 = ^4/o(^i£?) + BJ0(k2Q),

The remaining components of the fields inside the
plasma cylinder are determined by Maxwell's equations:

(27)

с Ы

?£ г = 0,
- qHz = 0,

(28)

(29)

where

ртс от

where v e and Vi are the velocities of the electrons
and ions, w e and m\ are their masses, n is the equilibrium density of the plasma, v is the effective
collision frequency and H o is the intensity of an external magnetic field parallel to the z axis.
Assuming that all the quantities are proportional
to exp i(k%z — cot), the following equations may be
derived for the longitudinal components of the
electric and magnetic fields of axially symmetric
waves

•

0 e3/

— ve),

V X E — -L*.

+ ,

/л)] '

co[co
СО с е

In order to ascertain the possibility of using high
frequencies to heat a plasma, let us look into the
wave-guide and resonance properties of a plasma
cylinder located in a magnetic field directed along the
cylinder axis. It is necessary to consider wave
propagation in a bounded plasma since the dispersive
properties and the electromagnetic field distribution
of an unbounded and bounded plasma may diner
markedly.
Although only kinetic theory gives a complete
picture of wave propagation, the basic features of the
processes that are of interest to us can be found from
a simpler set of equations, the two-fluid hydrodynamic equations

A*)2 -

t(Ov

CO P e 2 (l + /*)

(26)

c

У = yo/| °s 0\.

VxH = H

k*]t

(25)

COS 6.

= =+ «E+^v,xHQ-

-

where

Я=
К=

Ç=
S =

^ 2 - /e32) + £^2Af,
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Using the boundary conditions at the surface of the plasma cylinder we obtain the dispersion equation

й

kl

К IZR \

T (k R~) +""*"ki *21J T0\^2
(k(hRR0/
Í) J\
2£l

1

1 ^2

\^1

_1_

(30)

where x2 = ^ 3 2 — &2 and i?0 is the radius of the plasma cylinder.
The electron and ion velocities for the general case are given by
+ (oce[o)2 — coci2
Уеф =

д— {— œCG[œ2 — COCÍ2 + ia)vju(l + /л)]Е + гсо[со2 — œCi2 + *cor(l +
i(ov{\ + /г)]£ р + а)се[[л{п)2 ~ ojce2) + ^'cov(l
2

) + t(Ov(l + /i)]E p — ÍO)[CO2 — COce2 + icov{\

— //)]2 — [(JO2 — o)cecoci + icor*]2;

where Д х =

Let us consider Eq. (30) for several limiting cases.
If

со ^ C COCÍ,

cov <C cjOceCúch t h e n

(31)

r* = v(l + ^ ) .
Here, the components of the electric and magnetic
fields inside the plasma are
JoikxQ)

£2 =

2

2

COCOpe /cO ce COci ,

.

¿^ /

2acocecoci
^

k

2

=

£з

2

2

(e k — k ) .

(32)
e3kI0{kzRQ)

2

Г

2

2

Assuming (V?o) < 1, (^2^o) 5 Ь ( ^ o ) > 1,
and cope2 ^> coce^ci, we obtain the dispersion equation
for magnetohydrodynamic waves in a bounded
medium :
JAhR,)

= 0,

(¿2#o)2 = V ;

¿P = 3.8..., ...,

/с

from which we obtain a phase velocity
+
у =

2

^pe"

С Яр

1+
(35)

X

2

• (34)

— co)/coCi <C 1,

where ^ p h = F p h /c

^ | . +.

(33)

•»>/«.

If the phase velocity is small (F P h = co/k3 <C c),
the solution to the dispersion equation close to the
ion cyclotron frequency is
со = сон I 1 —

I

7i(*i<!)

1+

(32)

J -i \*^зР )

2

w h e r e a = (со — coCi)/a)Cij#Ph .

For ^ -> 0, v = 0 (fi8 -> 00), Eqs. (30) and (34) go
over into the results obtained by Stix. 14
In the case of very fast waves (j8 P h->oo), the
dispersion equation (30) breaks down into two
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£ г — const = 0,

equations corresponding to two different types of
waves
i( T

1

= 0,

Ai

A Kj( Т ikR0)

: 0.

(36)

where
2

k* = eJi ,
с

le

2

Hz = const = Ho,

(37a)

and for Ro > g > 0,

2

k2 = etk ;

/ofeg)

a

Waves with phase velocity c cannot propagate in
the plasma cylinder since the radiation condition at
infinity is not satisfied in this case. However, if the
plasma cylinder is surrounded by a metal casing, of
radius Rc, these waves may propagate and the dispersion equation is
o) _

4- h 7

,2
'2
_

H
1

*2Я„

s2

»
£^£я

- V
я„

M-

- V

0
u

X ~~ *

The corresponding components of the electric and
magnetic fields are, for Rc > Q > i?0,

i

*

N

¿oy^uj_ i
T / г. rt

\

{ >

- V\
(37b)

If the frequencies of the waves propagated in the plasma cylinder are large (со ^> (coecoi)^, the ion motion
may be neglected and the dispersion equation (30) reduces to 1 5
| \

Г

»Ç)

i)-e 2 2 ^] i

iffigp) Г

1

Л(^р)

(38)

(йй) L / ( ^ )

as on £3. Therefore the field penetrates the plasma
even when sz ы 1 — (cope/co)2 < 0.
Let us now discuss the energy obtained by the
«i = 1 + •
particles in a high frequency electromagnetic field
near resonance.
The resonance conditions for a dense plasma
СО )
СО (
depend on the plasma density and geometry, in
contrast to the resonance conditions for free electrons
СОре
gо — 1 —
and ions, whose cyclotron resonant frequency does
not depend on these two factors. This is due to a
displacement of the resonant frequencies and a
Thus, slow and fast waves, as well as waves with
change in the way the field penetrates the plasma.
phase velocity c, may propagate in a plasma cylinder
Here we shall limit ourselves to the two most
located in a magnetic field.
interesting cases, i.e., when &3—>-oo and when
Equations (28), (29), (29a) describe the penetration
kB -> 0. In the first case, the phase velocity of the
and distribution of the field in the plasma cylinder.
wave approaches zero and the corresponding oscillaIt may be seen from these relationships and from
tion frequency coincides with the ion or electron
numerical calculations, that electromagnetic waves
cyclotron resonance frequency. When со -> сось aspenetrate quite deeply into the plasma if the plasma
density is such that со2- < соСе2 <С соре2. This is con- suming
nected with the gyrotropic properties of a plasma
— C0)/c0 i|
«C
cylinder. From Eq. (29), it follows that the radial
distribution of the field depends on ег and s2 as well

where

2

c
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the electron and ion velocities are equal to
_

_

еЕф

еЕф

W h e n со -> coCe> assuming

IК ~

œQi
ci -
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> 1,

СО

(39)
= — iv .
= — w,
ip
e/0
We see that the velocities of the ions are much
greater than those of the electrons. Let us note that
in the case considered, the resonance frequency
depends only slightly on the plasma density and the
geometry of the cylinder (see Eq. (34)) and is the
same as the cyclotron frequency for a free ion.

the velocities of the particles are equal to
еЕф,

еЕф
= =

v

\p

— Щр >
I n

t h i s

c a s e

v

(40)

= =

p

t n e

electron velocities are much greater
than the ion velocities.

Let us now consider the second limiting case kB -> 0, which corresponds to oscillation of the plasma cylinder
as a whole. Here the electromagnetic fields do not depend on the z coordinate. The dispersion equation (30),
with &3 = 0, reduces to two equations (see Eq. (36)). The dielectric constant e± corresponding to a purely
transverse oscillation i s 1 6
2(1
1

((cOce — O)2)(CO2 — COci2) + (1 + ¡bl){cú2 — COceCOci) (co pe 2 — 2tCOv) + tCOv(l

With v = 0, the zeros and poles of e± will be located at the following

+

frequencies:

Zeros :
dz (i(co c e 2 + coci2 + 2co pe 2 ) 2 - (cocecoci + (Ope2)2)*
C0+ = (Oc ( 1 H
\

2

^

CO- =

COpe2

COci ( 1 ~\
\

=

CO+

=

^ — I , C O p e 2 < C COCGCOcl,
COCO/

COpe ~ J COce,

Poles:
CO±

(42a)

~ (cope2

CO c i 2

COce2,

,

COpe2 >

CO_ =

COce2,

=

(42b)
COve2

COci

(cO ce CO c i)^ ( 1 — £ ' ^ ) , COpe2 >
\
CO /

COce2

The ion and electron velocities and the corresponding penetration depths are expressed by the following
relations :

CO = CoJ 1 +

^— ),

,

COpe 2

(43a)

V <C

CO c e CO c i/

— cope 2

coVQ2

гсосе

coc
'

eEp co c
'

l p

^

2v

(
COpe \COc ,i
CO

V <

=

(43b)

COce

Cují +
\

_
6p

2v

со р е 2 — icocev
i
2icocev

lp

еЕф

jLlCO^ + icOceV

сосе

2v '

^

2coceV

геЕф сос
Ope

CO2 =

COceCOci(l — C 0 c e 2 / C 0 p e 2 ) ,

COce2f

V < C COC

(43c)
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шсе

(cúce(Oci)%
еф

l

_

co C i

еЕф

1ф

v

\COCeCOci
2

СО =

2

COpe

+

2

(43d)

V < C СОсе'-

COce ,

co C i
VCOve

COpe

where Еф is given on the boundary.
When the external electric field Ep is given on the boundary of the cylinder, the electron and ion velocities
and the corresponding penetration depths are given by the following expressions:
CO = ОМ 11 H
1J

•

^

(44a)

CO p e 2

eE (cope4 + 3ivcocicove*
\_

-

2v2coci2)

2
eE (cove + 2icoGiv)
r

2mevcove2
^ _ eEp(cove2 + 2icociv)
2imev(ove2'

__
^
1 + — ^ I,

COpe2 <C

с / ш р е 2 \*

_

со à \2vcoCi)

(44b)

V < C CO c e :

CO

eEp(coVe2
2mecoe2v
2
__ eE
eEp(c0
ve
p
__

eEp(œ1?e4: — ^
l

+ 2icOciV)
\ CO c e ,

CO p e ,

2cO C eCO c iV 2 )

+

_ _

__
'

С
CO ce

/ COpe2
2

(44c)

COCe'
ecoCGE
4t.

p

2v

COpe
CO =

COpe —

COpe,

(44d)

V <^ COCe'-

ieœGeE
COpe

со с е \
2v I

coGe
COpe

EXCITATION OF WAVES IN A PLASMA
We shall now consider the problem of wave excitation in a plasma by means of external currents. Let us
begin with the simplest problem of exciting hydromagnetic waves in a fluid of infinite conductivity. The
state of the fluid is described by the usual equations

V +

^

' xH f + * ( )

°
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VxH =

в is the angle between the direction of wave propagation and the external magnetic field and ф is the angle
between j o x H o and k x H 0 . The external current
is considered to be a harmonic function of time.
For a surface current j ,

(i+iob

(46)

where j 0 is the external current density. Assuming
the current to be sufficiently small, we may linearize
the set of equations (45). As a result, an equation
which determines the velocity is obtained:

82v

-

j = jsà{z) exp — icot,
the total radiation intensity of the hydromagnetic
waves is
J. = nVAjs2lc2.
(53)
This quantity does not depend on the frequency of
the current.
For a line current the radiation intensity is

VAX{VX[VX(VAXV)]}

Ji = ncoji2¡2c\

(47)
where Q0 is the equilibrium density of the fluid, cs is the
speed of sound and VA = Ho/ (ÂnQ0)*.
The alternating magnetic field h = H — Ho and the
change in density caused by the wave are determined
by

(54)

Equations (44) and (45) may only be used to
describe oscillations at a frequency much less than the
ion cyclotron frequency.
To determine the intensity of excited waves near
the ion cyclotron frequency, we may use (27) or the
simpler set 1 7

8Tx/dt = V x ( v x H 0 ) ,
дд/dt = £ 0 V-v.

(48)

The change in the total energy of the medium per
unit time is

/=(l/c)Jv.(HoXj o )¿r.

(49)

The Fourier component v(k, со) of the velocity is
obtained from
[со2 - (k.V A ) 2 ]v - [(cs2 + F A 2 ) k -

V A (k.V A )]k.v

+ kk.V A V A -v = — H o x j 0
CQ0

(50)

where j o (k, со) is the Fourier component of the external
current density.
Putting the determinant of Eq. (50) equal to zero,
we obtain the dispersion equation for the free oscillations of an infinitely conducting fluid located in
a magnetic field. After obtaining v from Eq. (50),
we can derive the following general equation for the
radiation intensity of three types of waves, one
hydrodynamic wave and two magnetosonic :
CO

Б

dj =

8тг -^,
2

2

, 2

= (VA

-,в,ф

±

+ рАЦ1 - f,fe)[l - /SA2fiíe(l - П* Sin2 в)]},

4

в, ф

do

(51)

в)2,

v = kc/co,

fi = a>/cOá,
2

fe = Cú/cOce

А = £Д {(1 - /SA fife)[(l - fife) - fi2]
- (1 - f i f e - f i 2 ) Sin2 в},
B=-

2

/SA2{2(1 - /?A2fife)[l - fife
2
2
2
+ £ А (1 - fife - fi ) Sin в]
2
- [1 + ДА (1 - fife - fi2)] Sin2 в,

С = (1 - j8A8£,fe){j8A*[(l - íife) 2 - fi"]
+ 2^A2(1 - fife) + 1},
2

(56)

- /3А2Й1е(1 - « 2 )(1 - И2 Sin2 в Sin2 ф)]

/Зд = У А/С,

«S*

COS

- и 2 sin2 в)]}

sin ф

where ulf u2 and щ are the phase velocities of the
hydromagnetic and magnetosonic waves:
2

X w.2 sin2 в sin ф cos ф

Д = An* + Впг + С,

2

c s cos в

(55)

This set of equations is already linearized. The
second equation takes the place here of the relation
E + (vxH 0 )/C = 0, which is Ohm's law for an
infinitely conducting medium. Collisions are not
taken into account in Eq. (55) for the sake of
simplicity.
It may be shown that the Fourier components of
the electric field are determined by

2

2

u2 — c s cos 0
u22 — u2

VX (V XE) = - c~2d2E/dt2 - Аж-Щ] + jo)/8t.

where
* )

2

E + r ^ x H o — (milQec)j x H 0 = mime/Qe2)dj/dt,

2

VA ) — (2CSFACOS б) ]*},

(52)

(57)

where the directions of the axes are given in Fig. 2.
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/ =

./c(n1 + n Ù \П1П2 V

1!

i

Г
- lile) 2 - Ii!i22 ]J
]j

j

(60)

where

И Шв dz 1) = (1 + /?A2)/^A2, the resonance condition is satisfied and / tends to infinity. The
resonant frequencies for the case of surface current
excitation are
(61)

where

co p e 2 —

Let us now consider several limiting cases. If
f e < l , then

Figure 2

1 + iS A a (l — ft 2 ) — fife

1

£A2(1-!Í)

c(% + «2)\%«2
Taking A to be zero, we obtain the indices of refraction for waves that can propagate in the medium
(pressure effects are neglected here) :

(62)
2

In this event if | ¡ -C 1, then
*•

%,22 = 1 + Jl - l i f e

, then

If

-

2(1 -

fi)],

= (1 + 2|8А2)/2|8А2,

ni

/ =

+ 2)*.

Я

(64)

2

If f i > l , then

sirr
- /3A2|ile
2

2|i(l - iÎA |ile
X ,3A-2 \ (1 - lile) 2 - li 2 -

(63)

'sin 4 6»V

+ / 1-

--f—
1

(58)

The total radiation intensity J is determined by
Eq. (49). Substituting Ey from Eq. (56) into (49),
we obtain the following general equation for / :

(SA2!Í

х i+-

+

(65)

Г"

1

/SA4!Í2

Let us now consider the limiting case fe -—' 1
( f i > 1). Here V = 1 - {2pA4i)-\ п2 = {1+ ¿ЗА 2 )/^ 2
and
л:7 п 2

1

- ^ A 2 l i l e Sin2e SÍnV][(l - lile) 2 - li2]
+ «2/3A2lile(l - lile Sin2 в)}
X

1

1

i + 2,3A

1+
.

(66)

1

(59)

where n = kc/co.
Let us consider in more detail the excitation of
waves by the surface current j o (r) = Jod(z) exp—¿со/.
In this case, the intensity of radiation per unit surface
area is

2

Finally, if fe > 1, then
Пх2

=

7=

П22

=

1 —

(cOpe/co) 2

1
С [1 -

(ft)pe/ft))2]i '

(67)
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If the plasma is excited by a harmonic line current,
we obtain Eq. (54) for the radiation intensity per
unit length.
ENERGY

LOSSES A N D COHERENCE EFFECTSt

The possible existence of slow electromagnetic
waves in confined and unconfined plasmas is significant not only from the standpoint of the absorption
and propagation of external electromagnetic radiation,
but also because slow waves in a plasma can increase
the effectiveness of interaction between the charged
particles and the plasma, for both the ordered and
disordered motion of these particles. The interaction
of individual particles, bunches of particles, or beams
of particles with slow waves may turn out to be
responsible for a number of physical phenomena
which occur in the plasma. The elementary processes
of interaction between the charged particles and the
fields excited by them result in composite Cherenkov
and Doppler effects and also in polarization losses.
It is also necessary to point out a peculiar radiation
effect which may take place when the velocity of a
uniformly moving particle satisfies the inequality
v < F P h but the medium is bounded in the direction
of motion of the particle. For this radiation it is
essential that the width of the dielectric layer through
which the particle moves be less than A/2. This

109

effect was demonstrated by S. I. Vavilov, but it is
very difficult to observe in the visible region of the
spectrum. When there is an interaction between a
charged particle and a bounded plasma it may be
of considerable importance.$
However, it should be pointed out that the energy
losses of an individual charged particle by the excitation of various plasma oscillations are very small,
owing to the comparatively low plasma density.
For example, when the particle moves uniformly
through a plasma in a magnetic field, these losses
19
20
are as follows: >
For weak magnetic fields, the energy loss per unit
distance is
dW __
dx

In

where q is the charge of the particle, v its speed, and
& is a transverse dimension of the plasma.
For strong magnetic fields,
dW
dx

_kn№__
2v2

For plasma with a density n = 1010 electrons cm" 3
and with an energy of 50 kev the loss is
dW
—— ^ — 10~7 ev/cm.
dx
'

The energy lost by a particle moving in a plasma wave guide without a magnetic field has been calculated : 21> 2 2
~lx

=

2

Î; £ 3 (1

— fi3)" X ixal^a^K^xa)

- x2oa*KQ{>ca)I0{oa) + (2/1 - р*е3)1г{аа)К0(ха) J

where
= —

K1(XOL)IQ{GU)
2

(e2xl(j)K0(xa)I1((7ci),

2

x = k3 — k2, and G = kB2 — e3k2.

This agrees with the measured loss in order of magnitude.

When a particle moves in a spatially periodic
plasma (e.g., in plasma in which there are sausagetype coagula) a parametric Cherenkov effect takes
place. In this case the energy loss is: 2 3

If longitudinal electron oscillations are excited in the
25
plasma, when v > F T the loss is
dW

1

Í ymvz

FT2\

Due to Cherenkov loss,

dW ;\

Lkm2vm2

It should be noted that in the case of anisotropic
or gyrotropic plasma, Cherenkov radiation occurs
even when v -> 0 since the condition for radiation is 2 4

For plasma with a density n & 1012 — 10 14 cm- 3 ,
the energy loss of the charged particles is small.
However the magnitude of this energy loss (or,
alternatively, of the energy gain of the high-frequency
field) may be substantially increased by utilizing
the coherence effect ; it was Veksler 2 6 who first
pointed out the possibility of using this for particle
acceleration. If the wavelength of the wave with
which a bunch of charged particles interacts is greater
than the dimensions of the bunch, the energy loss

t Cf. К. D. Sinelnikov et al., P/2211, this Volume of these
Proceedings, for related experimental information.

î For the case of interaction between particles and a
resonant cavity the question was examined by Sinelnikov,
Akhiezer and Fainberg. Cf. P/2211, this Volume of these
Proceedings.

=

/ Cher

2

ЪАппв2

2v L

Due to polarization loss,

/dW\
_ __
\dx)voi ~~

v2L

In

kmb
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of an individual particle increases N times, where N
is the number of particles in the bunch. This follows
formally from the fact that the loss ~ q2, where
q = Ne is the charge of the bunch.
Taking into account the conditions of coherence,
it can be shown that the maximum value of the field
which can be excited by a bunch is E fía Ne/Lmax2,
where L max is the maximum dimension of the bunch.
It follows that
dW/dz ъ

Ne2/LmSiX.

Thus even in very rare plasma (n ~ 1010 cm~3) the
energy loss of the particles increases 108-1010 times
when the number of particles in the bunch is
N ~ 109. It should be noted that in many cases
there is no need for initial modulation of the beam in
order to realize the conditions of coherence. Thus,
for example, when a beam of charged particles moves
through a plasma with a velocity v0 > FT, it becomes
unstable, the resulting density and velocity fluctuations produce increasing fields, and the beam is
modulated at the same time. The rate of growth
of these oscillations is 2 7
2

о

COQ /COpe, beam\ g"

21 F ï e \

ft>o

/

When a beam excites longitudinal oscillations of a
plasma in a magnetic field,22
y±co = 3*2-1
X[C0pe, beam2 COS2 6co±(cO±2—

COœ2)

2

X {2CO± — COce2 -

COpe2)-1]*

where the frequency со is given by
CO2 fía k2V2 COS2 О Ъ i (Шее2 + COpe2)
± i [(cOce2 + COpe2)2 -

4cO c e 2 0) p e 2 COS2 0 ] * .

Similar phenomena occur when there is an interaction
between several beams. For example, in the case
of two beams with Maxwell distributions there is an
oscillation growth rate 2 9

where v is the average velocity (v± + v2)/2 of the
beams, co0 is their Langmuir frequency, coopt2c52
— |co 0 2 ^ 2 , and ô = vx — v2.

A. I. AKHIEZER
If the densities of the beams are different and if the
temperature of the exciting beam is high, instability
occurs at the Doppler-shifted frequency 23
со = coj[l -

КЮ]

where co2Q is the Langmuir frequency of the denser
beam 2 and v1 and v2 are the velocities of the beams.
In a number of cases (for spatially periodic plasma,
non-uniform plasmas or plasma in the first stage of
instability) coherence is realized not because of a
modulation of the beam, but because of a modulation
(spatial non-uniformity) of the medium.
In any case, when the conditions for Cherenkov
radiation, Doppler radiation, or polarization losses are
fulfilled for the individual particles, the beam of
particles and the plasma through which it moves
become unstable. This follows from the circumstance
that the growth rate of the oscillations is greatest for
frequencies satisfying the conditions of Cherenkov or
Doppler radiation. For example, when the beam
passes through a plasma, у = ymax for со = cope
(1 -

FT2/?;2)-*.

These mechanisms of collective interaction can
explain instabilities in different types of discharges
and the associated oscillations in the plasma. They
can also account for the short relaxation time of the
Maxwell distribution. Finally, the increase in energy
loss of bunches of charged particles can be utilized for
injection into magnetic traps and for measurement of
plasma parameters. These new methods are based
on the fact that the energy loss of the particles of the
coherent bunch can be made very large when the
energy loss of particles of an unmodulated beam are
very small. For example, with n = 1010 cm- 3 ,
N = 109, and the electron energy W = 50 kev,
dW/dx = 1 0 0 ev/cm when for the unmodulated beam
dW/dx = 10~7 ev/cm. The energy loss may be
further increased if coherence between bunches is
utilized. In this case the distance between bunches
must be L = f$X where /? = ^bunch/c and Я is the
wavelength of the excited wave. It should be noted
that to facilitate coherent losses it is necessary to
turn to longer waves (different types of ion oscillations). By using coherent interaction it is also
possible to excite a desired frequency in systems
with many frequencies. For this the conditions of
coherency must be fulfilled: the dimensions of the
bunches should satisfy the condition Хг > a > A2 where
Ax is the wavelength of the wave to be excited.
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Heating of a Confined Plasma
by Oscillating Electromagnetic Fields
By J, M. Berger,* W. A. Newcomb,f J. M. Dawson, * E. A. Fneman,*
R. M. Kulsrud * and A. Lenard
We wish to consider the heating of a fully ionized,
infinitely long, cylindrical plasma confined by an axial
magnetic field. The method of heating originally
suggested by Lyman Spitzer, Jr. (1953) involves the
application of an external oscillating electromagnetic
field over a region of extent L in the axial direction.
The oscillating electric field vector in the plasma is
perpendicular to the lines of force of the main confining field. Since this oscillating electric field is
produced by changing the main magnetic field in
time, this method of heating is often denoted by the
term " magnetic pumping ". Since we are interested
in heating the ions to thermonuclear temperatures in
a controlled fusion reactor we shall not consider
electron heating in the following but it should be
noted that some of the methods considered can also
be utilized to heat the electrons directly.
It is found that simple analytical results can be
obtain^, in four limiting cases. These cases are
classified in terms of the sizes of four characteristic
times. These times are: (1) rCoii = 1/v, the time for
a 90° deflection of an ion due to many small angle
encounters with electrons and ions, (2) n — 2n/со,
the period of the oscillating applied field, (3) Ttr, the
time of transit of a typical ion through the length L
and (4) rCi = 2п/а)си the cyclotron period of an ion.
The four cases which have been analyzed are:
(1)
(2)
(3)
(4)

collisional heating, rCi <C TCOII ~ Tf <C Ttr
transit-time heating, TCI <C Ttr ~ Tf <C TC0H
acoustic heating,
rCi <C TCOII <C Tf ~ n r
ion Cyclotron
Tci ~ Tf <C Ttr <C Tcolb
resonance heating,

In the following four sections we treat the four
cases outlined above. In cases (2) and (4), where the
collision time is very long compared with the other
characteristic times, the question arises as to the time
necessary for actual heating in the sense of achieving

randomization of the ordered energy delivered to
the system. Finally we discuss a mechanism which
can act to thermalize the ordered energy by phase or
" fine-scale " mixing.
A further question which may be raised is, why is
the plasma not cooled by the oscillating field? In
fact, in transit time heating, for certain initial velocities, particles lose energy in traversing the oscillating
field region even after an average over the initial
phases of the field relative to the particles has been
performed. Although it is intuitively obvious that
heating will occur, a simple thermodynamic argument
is given here which shows that after averaging over
a Maxwellian velocity distribution the energy transfer
cannot be negative.
Assume that the initial state г is in kinetic equilibrium; i.e., that the velocity distribution is Maxwellian and the spatial distribution is uniform.
Denote by / the state of the gas at some future time
after the oscillating field has been applied. The
transition from state i to state / is adiabatic: i.e.,
no heat has been added to the plasma (dQ = 0). Now
let collisions act to bring the plasma to the equilibrium
state /'. Clearly the internal energy of the plasma
is the same for states / and /'. Since the entire transition from state г to state /' is adiabatic, by the second
law of thermodynamics the entropy of state /', S(f),
is greater than S(i). Since the energy of an equilibrium state is a monotonically increasing function
of entropy for fixed confining volume, the energy of
state /', E(f), is greater than E(i). Therefore,
energy has been added to the plasma by the oscillating
field. This argument assumes perfect confinement
of the plasma, since it applies only when i, /, and /'
contain the same number of particles.
COLLISIONAL HEATING i-e
It is known that the magnetic moment ¡x = mw±2/2B
is an adiabatic invariant for a particle in a magnetic
field which is sufficiently slowly varying in space and
time. 4 Here m is the particle mass and w± the
magnitude of the particle velocity perpendicular to
the magnetic field B. Thus, in the absence of collisions, a time-varying field will only cause a propor-

* Now at IBM Research Laboratory, Yorktown, New York.
t Now at University of California Radiation Laboratory,
Li ver more, California.

î Project Matterhorn, Princeton University, Princeton, New
Jersey.
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tionate variation in the perpendicular energy E±.
If we imagine a square-wave pulse field superimposed
on the main field and further assume that a collision
occurs during the time the pulsed field is non-zero,
energy will be transferred from E± to E „. After the
field has returned to zero we see that a net energy
transfer to the gas has taken place.
Taking into account the two assumptions that the
magnetic moment is a constant and the departure
from equipartition during a collision time is small, we
obtain an approximate set of equations governing this
effect :
dt

В dt

dE»
= -?(£,-*£,.),
dt

(1)

where v is the collision frequency. Note that because
of our assumption that rt r ^> TCOIL changes in v or В
with time resulting from motion in the axial direction
can be neglected. If we assume that В is given by
В — B0(l + ecos со/),

(2)

and treat e as small compared to unity we can solve
Eq. (1) by a perturbation treatment. A simple application of the Floquet theory for differential equations
with periodic coefficients leads to the increase in
energy AE, in a time 2я;/со,
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Because of the constancy of t h e magnetic moment ¡u,
it is clear t h a t in this mode of heating all t h e energy
changes will be due t o t h e parallel velocity changes.
T h a t the parallel velocity will change is easily seen
if E q . (8) is interpreted as representing a mechanical
system in which a particle passes through a timevarying potential well. I t is not so clear, however,
what t h e net effect of t h e oscillating field on a distribution of particles will be.
Equation (8) can be easily solved b y perturbation
theory assuming BJB0 to be small. The energy change
of a particle AE = ^m(w\\f2 — w¡\i2), where m¿n a n d
w\\f are the initial a n d final parallel velocities respectively, can then be obtained a n d averaged over values
of t h e phase oc. I n this calculation i t is necessary t o
2
compute w^fto second order in Вг/В0.
The result is
d

(AE\ = -

dco

[co^j

X

dz

], (9)

where w {l is the zeroth-order parallel velocity. To
enable us to analyze this further we have chosen the
specific field shape f(z) = exp — (z/a)2. With this
choice (9) becomes
coa \ 2 - 2
w 2/

TI

Í
~m\

]. (10)
(О*

(3)

The difference Eq. (3) can be replaced by the differential equation
dE

= [is2co2v/(9v2/4

+ co2)]E = ocE.

(4)

In investigating the rate of heating from (4), note that
the energy dependence of v is
v ~ E-l\

(5)

Equation (10) clearly shows that particles whose transit time is somewhat greater than the field period are
heated, while those for which the converse is true
are, in fact, cooled.
A quantity of greater interest is the flux of energy
of heated particles passing out of the field section.
We obtain this by multiplying <(АЕУа by w „ n, where
n is the particle density, and then averaging over both
the perpendicular and parallel velocities. Thus, we
find that the flux F is

TRANSIT-TIME HEATING *

=

In the limiting case of transit-time heating, the
assumption is made that the particles pass through
the heating section sufficiently fast so that they suffer
no collisions during the transit time. It is also
assumed that the transit is slow enough for the
adiabatic approximation to hold. The equation of
motion of an ion moving in the z (axial) direction is
then
m'z = — ¡xdB/dz.
(6)

(7)

where Bo and B1 are constants, f{z) describes the field
shape, and a i s a phase angle specifying the time the
ion enters into the field region. Equation (6) then
becomes
z = - {¡LiB1lfn){df{z)/dz) cos {cot — a ) .

(8)

l

nkT (kT/m)iG(x)

(11)

C, (x) + Кг> {%)]

(12)

where
and
x — aco (tn/kT)?

/

/1 О\

G(x) is a function with a single maximum at x = 1.55
where G(1.55) — 0.24. The limiting forms are given

We assume for this treatment that В is given by
В = Bo + BJ(z) cos (cot - a),

(я/2)*

G(x) =

x\ 1
— In —
2
x
2"

m

(14)
e

When this calculation was originally made a different
average from that given by (11) was computed and
therefore the results given here do not agree with
those of Ref. 2.
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Simple inequalities for the validity of the second
order theory are easy to obtain from the integrated
form of Eq. (6). These are:
w.
wn

< 1 if

w,
Bn

«1

if

aco
w
\\
aco
w„

The usual equations of motion for small amplitude
sound waves are :
' = - Ъфг
И = — др/dz
2

P = C Q,

(17)

2

(15)

One efíect which has ostensibly been neglected in the
above treatment is the reflection of some of the particles before a complete transit of the oscillating field
region has been made. Necessary conditions for
nonreflection can be written down which are satisfied
if Eq. (15) is satisfied. Note, however, that in the
course of integrating the particle flux over the Maxwell
distribution conditions (15) may be violated. Therefore, Eq. (11) should properly be regarded only as an
estimate of the flux.
There is one further effect which a more sophisticated treatment of transit-time heating should take
into account ; namely, that in the analogous situation
of mechanical particles passing through a timevarying potential well there will be bunching some
distance from the well. In this case, where the particles are charged, it is possible that positive ion waves
will be set up in the plasma regions outside the
oscillating field section. Under such a circumstance,
however, it seems quite likely that either collisions
between positive ions of different e/m or the fine-scale
mixing phenomena discussed in section (6) would
eventually thermalize the energy in the positive
ion waves.
ACOUSTIC HEATING2
If the effective mean-free path is small, the oscillating field will produce density variations which will
result in the propagation of sound waves in the plasma.
The small effective mean-free path may be due to
high densities or to cooperative phenomena which are
at present little understood. We consider here the
production of energy in the form of sound waves
but do not treat the problem of their absorption by
the plasma. The following assumptions are made
in this calculation: (1) the plasma is treated as an
ideal gas satisfying an adiabatic equation of state,
(2) the particles do not diffuse appreciably during the
period of oscillation, and (3) there is no appreciable
mass motion out of the ends of the field region.
Further, only those waves are treated which propagate
in the axial direction. Under these approximations,
the effect of the oscillating field is to produce a radial
mass velocity. Let us assume that the plasma has
uniform density within the radius r, and zero density
outside. Since the material follows the lines of force,
the total magnetic flux through the cross section
uzr2 is constant. Thus
vr = dr/dt £Ё (r/2B0) dBJdt,
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(16)

where we have again assumed that Вг/В0 = s is small
compared to unity.

where p, Q, and C = ykT/m are the pressure, density
and square of sound velocity, respectively. We
further assume that the field is given by
В = BQ {1 + s exp - [(z/a)2 + icot]} .

(18)

Noting that we are only interested in the forced
oscillations, we obtain the solution to Eq. (17) in the
form
P = — i ÍQ0CCOS exp + ioot

x

{ J l oo e x P [— (*'A*)2 — Щ* ~ *')¥*'

+ J/ 0 exp [ - (z'/a)2 + ik (z - z')] dzj

(19)

where k = со/С. However, since it is sufficient for
our purposes to consider the traveling wave solutions
outside of the forcing region, we let z-> + oo in the
above expression. The result is
p = p0ks{7ta2/4)% sin (kz — cot) exp — (ak/2)2.

(20)

The flux of energy is pvz and, therefore, we easily
obtain t h e average flux
F =
X {BJB0)2

nkT

x2 exp (— %2/2y), (21)

where x is given by (13).
Upon comparison of this expression for the flux
with Eq. (11) for the flux obtained for transit-time
heating, it is seen that there is good agreement
although these two cases represent extremes as far
as the approximations are concerned.
ION CYCLOTRON HEATING 5 6
In this case the external field is set up in the same
way as in the other cases but its frequency is near the
ion cyclotron frequency and thus the magnetic moment
of the ions need not be constant but increases rapidly.
The transit time of the ions across the heating section
is long compared to the ion cyclotron period so that
the ions undergo many gyrations in their passage
through the heating section when collisions are neglected entirely. The heating of ions by this method
is very efficient. The ions gain large energies during
a single passage through the heating section since the
ion particle velocities are always in phase with the
electric field and the ions are continually accelerated.
Further, the motions of all the separate ions are in
phase, being correlated by the external field, so that
large currents are developed in the plasma. Therefore, we must consider thefieldproduced by the plasma
currents in calculating the heating of the ions.
The ions will, in general, have a radial motion
relative to the magnetic lines of force due to their
correlated motion and their larger Larmor radii.

HEATING BY OSCILLATING FIELDS
Since the electrons are tied to these lines, a space
charge will be set up producing a radial electric field.
It can be seen that this radial electric field when
combined with the externally produced azimuthal
electric field will produce a circularly polarized electric
field whose sense is just opposite to the motion of the
ions. This circularly polarized component produces
no energy increase of the ions. Thus, in some sense
we may say that the plasma has shielded itself from
the circularly polarized component of the external
field which rotates in the correct sense to increase the
energy of the ions.
The way around this difficulty was pointed out by
S t i x 6 who suggested that the space charge could
be cancelled by the electrons if the electric field did
not have a uniform phase along the axial direction.
Thus, in some regions, the electric field has an opposite
sign to the field in adjacent regions. In these regions
a positive space charge is built up while simultaneously
in adjacent sections a negative space charge is built up.
Electrons must then flow along the lines of force to
cancel these space charges. If the electrons are able
to cancel out the space charge totally, one would have
the total externally applied field acting to heat the
ions. However, the actual current of the electrons
oscillating at the cyclotron frequency produces a
back emf on the electrons. Since the total electric
field along the lines of force must be zero, the total
space charge cannot be completely cancelled and
there must be a residual space charge to produce a
field along the lines to cancel this back emf. This
space charge also produces a radial field which combines with the applied electromagnetic field so that
even in this case the circularly polarized field, in the
favorable sense, is somewhat shielded. Stix 7 has
considered this situation under slightly different
circumstances and has established that the favorably
polarized component is able to penetrate the plasma
appreciably.
In analyzing this problem, the electromagnetic
fields are not known in advance but must be solved
for in a self-consistent manner. With complex notation their behavior was assumed to be given by
s = Er + iEe = (е+еш + е-е-ш)

f{z),

(22)

with the shape factor f(z) given by
sin kz
0

-— a < z <
z\> a

(23)

with ka — 7iN, N being an integer. e_ and e+
represent the two circularly polarized components of
the electric field in the favorable and unfavorable
senses, respectively. The assumed form is then
justified by the self-consistent calculation and the
forms of e+ and £_ determined. It should be emphasized that, due to the form of /, the ions will not see
the frequency of the impressed electric field but a
Doppler shifted frequency со ± kw „, so that for œ
different from coCi some ions will always be heated.
The motion of the ions is solved in the field (22)
neglecting variations of e± (r) across the orbit, neglect-
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ing the effect of the oscillating magnetic field, and
assuming that the axial velocity is uniform. Upon
summing over particles with all possible axial velocities, one finds that to SL good approximation the
ion current may be given by
jr + ije = {е2п/тк¥т) e_ (r) / 0 (a) sinkz в~ш,

(24)

where n is the ion number density, VT the mean axial
velocity, a = со — coCi/kVT, and / 0 (a) is a nearly
constant complex quantity of order unity. The
transverse electron current is negligible and the
axial current is chosen to make V»j = 0 since the
space charge must be small compared to V*jj_.
Since E l{ = 0 due to the mobility of electrons along
the lines of force, we may solve
V x ( V x E ) = {4n/c)d)/dt

(25)

which results Irom Maxwell's equations, to find
(26)
where
у = {4ne2n/m)

co/kVT

(27)

and £ + * is the complex conjugate to s+. For high
densities у is large and (26) says that the field produced by the plasma must be very large compared to
the favorably circularly polarized component which
is driving the ions. Thus it is clear that the s+
component must predominate over £_. On imposing
the boundary conditions, it is found that e + is nearly
that expected from the impressed field in the absence
of plasma so that e_ is shielded by the plasma. On
the other hand, if у is much less than unity, the back
reaction of the plasma may be neglected.
The total energy flux of the plasma passing out the
ends is
F =

>Nne2
2mkWT

71

1 + iy Io

(28)

This result is in agreement with that obtained by
Stix. 6
F seems to be a maximum for a — 0 but a closer
examination of the particles shows that those with
small parallel velocities are heated to large energies
while those with moderate velocities are not heated
at all. All the particles would be heated to a somewhat smaller total energy if oc ^ 1, which corresponds
to that frequency at which particles with the mean
axial velocity see the cyclotron frequency.
FINE SCALE MIXING AS A MEANS FOR
RANDOMIZING ORGANIZED MOTION
In collisional and acoustic heating the possibility
exists that the energy transferred to the plasma by the
electromagnetic field goes initially into organized
motion. It is important to know the rate at which
oscillations produced by such pumping are converted
into random motion of the ions. If this rate is too
low, then the pumping mechanism is inadequate for
practical purposes. Of course, collisional damping
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will always occur, but for the temperatures of interest
this damping mechanism is relatively slow.
However, there is another damping mechanism
which is very effective. It is similar to the damping
found by Landau 8 and Van Kampen 9 for electrostatic plasma oscillations. This mechanism depends
on phase mixing of the wave due to thermal motions
in the plasma. It is this process which will be
discussed in this section.
The physical picture for this type of damping is the
following. Originally one has an organized wave in
the plasma and because of thermal motion, ions which
are in one region of the wave move into adjoining
regions where the phase of the wave is different. Thus
the various parts of the wave become mixed and the
organized motion disappears. This process does not
lead to a Maxwell distribution in general, but it does
lead to random motions of the ions. Once this
mixing has occurred, collisions become much more
effective and probably produce a Maxwell distribution
in a short time. Even if this does not happen,
however, the random motion is equivalent to a temperature.
To illustrate this mechanism we shall consider the
case of ion cyclotron heating. A simple model of the
plasma which is used is the following: the plasma is
taken to consist of a number of cold beams of particles
traveling along the magnetic field. This is an
approximation to the thermal motion along the field
but does not take into account thermal motions
perpendicular to the field. This is done since thermal
motion perpendicular to the field has little influence
on the effect under consideration.
The linearized equations of motion for this case are
i/dt +

= [«/c](E + ViXB0 + i X В )
В
V x E == _
dt
¿•VVÍ)

v. E =
Vx В

v. В =

4тт
1
c2 dt

ж

0.

V

Що ei

(29)

The quantities appearing in the above equations
have the following meanings :
mi = mass of the particles in the ith beam
d = charge of the particles in the ith beam
V¿ = the velocity perturbation of particles in the
ith beam
"У"г = the zeroth-order velocity of the ith beam, with
E and В are the electric and magnetic fields respectively due to the disturbance, щ and щ0 are the
perturbed and zeroth-order number densities in the
ith beam respectively, and B o is the zeroth-order
magnetic field with B o = B o e 2 . The beams may be
composed of either ions or electrons.
In investigating this problem, the simplest type of
waves which show the effect were considered. These
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were transverse, circularly polarized waves traveling
along the magnetic field. It should be mentioned
that Gershman10 has treated a closely-related problem.
He solved the initial value problem for hydromagnetic
waves traveling along the magnetic field. His method
of treatment was the same as that used by Landau
for treating the electrostatic oscillation problem. The
approach presented here is closely akin to van
Kampen's treatment of electrostatic oscillations. Our
problem is also different in that we are interested in
the propagation of waves out of a pumping region
rather than in the time behavior of an initial perturbation. Our treatment covers waves with frequencies near the cyclotron frequency as well as
hydromagnetic waves.
The various quantities entering in the calculation
were taken to be of the form
VilBo, B1BO, E l B o
E = E°
В = B°

(30)

When these expressions are substituted in the equations of motion the following relations are found
coci

со —
В а

со —
CO —

kVi

(31)
(32)

where
= I ¿г

(33)

The first equation is the dispersion relation, the second
gives the perturbation velocity in terms of the magnetic field. The plus and minus sign depends on the
polarization and the charge on the particles. If the
positive sign is used for ions then the negative sign
is used for electrons. Observe that for certain values
of со and k the denominator vanishes in the expression
for ViQ. This occurs for those particles which see
their cyclotron frequency when the polarization of the
wave is appropriate. It is these particles which are
close to resonance which are most strongly perturbed.
The dispersion relation is most easily analyzed by
making a plot like that shown in Fig. 1. This figure
is obtained by fixing со and plotting the left- and righthand sides of the dispersion relation. The left-hand
side is the parabola (ck)2 and theright-handside is the
more complicated curve. Every place one of the
denominators in the dispersion relation goes to zero,
the right-hand side goes to infinity. The two curves
cross at a number of points. Each crossing gives a
possible k for the given со. Thus the plasma can
transmit many waves with the frequency со.
When the plasma is pumped at the frequency со,
each of these waves will be excited to some degree.
The amplitude of each wave will depend on the details
of the pumping mechanism. In the region where the
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{kc)2/œVi2(oCiF[(œ

+

œc\)/k].

6

Stix has obtained a similar result by another method.
If the predominant k falls in a region where many
beams are near resonance, the damping is fast and
occurs in less than a wave length. If one again goes
to the limit of an infinite number of beams, one finds
that in this case no coherent wave leaves the pumping
section.
CONCLUSION

Figure 1.

Typical

dispersion current for

cyclotron waves

pumping occurs the various waves will be forced to
be in phase. As one leaves this region the various
waves will get out of phase with each other. If the
pumping mechanism is such as to excite a large
number of waves almost equally, then this phase
mixing will result in the disappearance of all macroscopic quantities. This is not true, however, for the
microscopic motion. Each beam is excited mainly
by one k; that k which is closest to resonance for
it. This can be seen from the expression for V{.
Thus, what was originally an organized motion is
converted into effectively random motion of the ions.
More detailed calculations bear out this result. It
is found that as the plasma is pumped so that a
hydromagnetic wave is produced, then little or no
damping results. This is the case if the predominant
k is far from resonance for most of the particles.
Going to the limit of an infinite number of beams so
as to represent a continuous velocity distribution
function F(V), normalized to unity, we find that the
damping distance for hydromagnetic waves is

In summary, it is of interest to examine the temperature dependence of the rates of heating of the various
types of magnetic pumping. The collisional heating
is more effective at lower temperatures, the rate of
heating dropping off as 1Г/* at higher temperatures2
since the collision cross section becomes small as 1/T .
However, the transit time heating and acoustic
heating improve at higher temperatures; the rate of
heating varying as T¡* if the frequency is optimized at
each temperature. In ion cyclotron heating the
electromagnetic shielding is given by the factor y
which decreases at higher temperatures. Thus ion
cyclotron heating increases as Ti for y greater than
one at higher temperatures and then decreases as
1/Г* for y less than one. It should be remarked,
however, that this type of heating is rather sudden;
the particles can be heated from near zero temperature
to extremely high temperature on passing through
the heating section. Finally, it should be mentioned
that the randomization of organized motion by fine
scale mixing is more effective at higher temperatures.
In conclusion the authors must express their
deepest gratitude to Lyman Spitzer Jr. for not only
initiating the basic ideas involved in this paper but
for constant encouragement and advice in the carrying
out of their development.
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Absorption of High-frequency Electromagnetic Energy
in a High-temperature Plasma
By R. S. Sagdeyev and V. D. Shafranov

In a plasma of high temperature, the collision
frequency is very low and there is a decrease in the
effectiveness of known heating mechanisms which
are based on collisions. The problem then arises of
noncollisional plasma heating with high-frequency
electromagnetic fields. By the term high-frequency
field, we mean electromagnetic oscillations whose
period is much smaller than the characteristic confinement times of the hot plasma.
The interaction of a high-frequency field with a
plasma can also be used as a probe for studying its
properties.
The solution of these two theoretical problems is
associated with an investigation of the penetration
of electromagnetic waves into a plasma, i.e., with an
analysis of the electromagnetic absorption spectrum
caused by various mechanisms and with the investigation of the rôle which these mechanisms play in
heating of plasma.
In this paper an analysis of the cyclotron and
Cherenkov mechanisms is given. These are two
fundamental mechanisms for noncollisional absorption
of electromagnetic radiation by a plasma in a magnetic
field. The expressions for the dielectric permeability
tensor, sao, for a plasma with a nonisotropic temperature distribution in a magnetic field, are obtained by
integrating the kinetic equation with Lagrangian
particle co-ordinates in a form suitable to allow a
comprehensive physical interpretation of the absorption mechanisms.
Using the tensor ea/? and taking into account the
thermal motion, the oscillations of a plasma column
stabilized by a longitudinal field have been analyzed.
For a uniform plasma, the frequency spectrum has
been obtained together with the direction of electromagnetic wave propagation when both the cyclotron
and Cherenkov absorption mechanisms take place. The
influence of nonlinear effects on the electromagnetic
wave absorption and the part which cyclotron and
Cherenkov absorption play in plasma heating have also
been investigated.
Any mechanism responsible for the absorption of
electromagnetic energy involves the accumulation

of energy by a charge in an electric field and the
subsequent redistribution of this energy among the
various degrees of freedom in the random motion.
Absorption mechanisms can be physically classified
as noncollisional or resonant processes and collisional
or nonresonant processes.
A continuous accumulation of energy by a charge
is possible in a static or quasi-stationary field if there
is no dissipation. But if the charge is in a highfrequency field, it is continually accumulating and
losing energy alternately. If plasma heating is to
be effective, it is necessary that the characteristic
collision time required for energy dissipation be
comparable with the oscillation period. The corresponding absorption mechanism, which is associated
with frequent collisions, will be called here the nonresonant or collisional mechanism. It includes ordinary Joule heating as well as betatron or gyrorelaxational heating proposed by Budker in 1951 and
independently by Schlüter.1
If the collision time is much longer than the oscillation period, the continuous effective energy accumulation by a charged particle will be possible only
under resonance conditions when the direction of the
electric field coincides with the direction of increasing
velocity. This mechanism will be called resonant or
noncollisional absorption.
In principle, resonances are possible in the following
cases.
(A) If a charge performs a periodic motion there
will be a resonance when the field frequency coincides
with the motional frequency.
(B) For a charge in a magnetic field there is an
ion or electron cyclotron resonance. If the particle
velocity along a line of force is vz, the frequency
spectrum of the absorbed radiation is determined by
the Doppler effect according to the relation
CO — kzVz =

COce,

(1)

where kz is the z component of the wave vector,
COce = eH/mc and the other symbols have their usual
meaning.
(C) Resonance can also take place in the absence
of a periodic motion provided that the charged particle
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velocity is equal to the phase velocity of the electromagnetic wave. This is, of course, possible only for
slow waves.
(D) If there is no magnetic field, the resonant
accumulation of energy by charged particles takes
place only for longitudinal electromagnetic plasma
oscillations. The corresponding absorption caused
by electron oscillations is known as Landau damping.
Damping of a similar type takes place when there
are ion (sonic) oscillations.
(E) For a sufficiently dense plasma in a magnetic
field, resonance for the transverse branch of the electromagnetic oscillations is also possible. The index of
refraction is of the order N ~ a)pe/coce, where cope2
= 4тге2п/т, so that the electromagnetic phase
velocity is ^Ph = (H2l4uim)z. The ratio of the phase
velocity to the thermal velocity of the charged particle
is v-pb/vT = (H2/87zP)* = p-i.

coordinates. The correction to the distribution function which one obtains in this way is given by

(3)

Xdfo/8p(t')dt'.

If the fields vary harmonically in space and time, i.e.,
as exp ¿(k-r — cot), the corresponding tensor ea^
will be
/

(4)

with real and imaginary parts

Therefore, when the

plasma pressure P is approximately equal to the
magnetic pressure, the wave velocity and the average
thermal velocity are of the same order. Under these
conditions, the inverse Cherenkov absorption mechanism becomes substantial.2 A charge moving along a
magnetic field is in resonance with the wave field
where the following condition is satisfied

The summation is carried out with respect to the
different species of charged particles. The function
Kap{t) for each species, is
4ne2n
X [exp i (cot - k*rv(t')dt%

CO

kzvz = 0.

(2)

If co/kz < c, this condition, as well as condition (1),
determines a velocity of the charges which will absorb
energy.
Because of the spread of thermal velocities, the
frequency range for which absorption takes place
may become very broad for both cyclotron and
Cherenkov absorption.
There is one fundamental difference between
collisional and non-collisional heating. In the first
case, when collisions are important, the velocity
distribution during the heating process is nearly
Maxwellian while the temperature is rising. In the
second case, when only the charges moving in resonance accumulate energy, the velocity distribution
during heating will differ greatly from the MaxweHian
distribution. In this case, the term heating will mean
an increase in the average random energy of the
electrons and ions.
The interaction of an electromagnetic field with
a plasma is determined, in principle, by the Maxwell
self-consistent equations together with the kinetic
equations for the electron and ion plasma. Under the
assumption that the velocity associated with the
regular motion of the charges in a wave field is smaller
than the average thermal velocity, these equations
are linear in the field quantities. In this case, many
problems concerning plasma oscillations can be
suitably solved by using the dielectric permeability
tensor eap = s'ap + ie"ap, whose antihermitian part
(ie"ap = {eap — £*у?а)/2) determines the absorption.
When there are no collisions, the general form of the
dielectric tensor can be expressed explicitly provided
that the kinetic equations are integrated in Lagrangian

(5)

where v(t) is the particle velocity in the unperturbed
plasma expressed in terms of the initial velocity v and
the time t. The integration is carried out with respect
to the initial momenta. For the particular case of
the Maxwellian distribution, the expression in brackets
reduces to the simple expression 2 Vpfo/T.
For a plasma with no collisions in a uniform magnetic field directed along the z axis, we have
Vx(t) = Vx COS COcet — Щ SÙ1 COcet
Vy(t) = Vx Sin COcet + Vy COS COcet

(6)

The quantity in the exponent of (5) can then be
expressed in terms of (6)
O)t — k- |

tf = (CO — kzVz)t — (kxVx/u)ce) Sin
+

{kxVy/cúce){l

— COS COcet),

(7)

where к = (kx, 0, kz).
If the unperturbed distribution function, /0, is a
product of Maxwellian distributions with different
temperatures corresponding to particle motions parallel and perpendicular to HO(TII and T±), the x, у
components of the expression in the brackets of (5)
will be

and the z component is
1
kv(
•+ x x
Г,,

120

SESSION A-5

P/2215 R. S. SAGDEYEV and V. D. SHAFRANOV

By substituting these expressions, together with
cot — k«Jv^¿ — (со — kzvz)t and the tensor will be
(6) and (7), into (5) and (4), closed formulae are
readily obtained for the tensor eap.
In a strong magnetic field and for relatively low
frequencies, со < coCe, the expression for ea^ is greatly
\
0 0 ,/
simplified by expanding the exponent in powers of
The components e, g and r\ are given by the expressions
kxv±/(oCe' In the zero-order approximation, we have
Гч

cop 2

[
COp"

h i)

(

/

Ш V/

со \

Г„

T

ô+ (со ~ kzvz)

i — T—
M

L

ХЛ

TAI

kZVZ(^

- te) + i

r

\

ii/J

-

,

,

7

Ч

\

o + (со + coc — ад >,
/

\

where the possibility of anisotropic unperturbed
temperatures is taken into account. The brackets
< У denote an average over a Maxwellian distribution
along the magnetic field and the quantity ô+ {%)
= i/x + 7iô(x) is defined in terms of the Dirac delta
function. For given со, k, the argument of the delta
functions determine the particle velocities for which
these particles are resonant with the wave field.

A comparison with (1) and (2) shows that the
cyclotron absorption resonance is determined by the
imaginary part of г and g, the Doppler effect being
taken into account; the Cherenkov absorption, associated with particle motion along the lines of magnetic
force, is determined by the imaginary part of rj.
Averaging over the longitudinal velocities yields the
components of the tensor sap

T

7

_

X 1—COH\\

17Z»(O(

CO —

T

II

/

4- ^ 1 ^ —

СОН

kzv „

y

77 = 1 +
where

г;,, = (2TJm)*
W(z) = e-z\l

v

z {l

A-

and
+

is the probability
integral with a complex
argument.3 The approximation k±v±lcoCQ <C 1 made
in (10) is valid provided that the Larmor radius is
small compared with the characteristic transverse
length in the problem. In this approximation it is
easy to obtain a solution to several problems associated
with plasma oscillations in a uniform magnetic field
even when the extent of the plasma is limited in the
direction perpendicular to the field.
Let us consider the oscillations in a pinched plasma
stabilized by a longitudinal magnetic field, taking into
account the thermal motion of the charged particles.
The plasma pressure can be counterbalanced by the
magnetic pressure of the longitudinal and azimuthal
external fields. The azimuthal field is produced by

a longitudinal current flowing on the surface of the
plasma. The oscillations are taken to be of the form
exp i(kz + тф — cot). The basic equations are the
Maxwell equations
V(V«D) - ДЕ = (co/c)2D

(И)

where Dr = sEr + igE;^, Вф = — ¿g£r + s£^ and
D2 = r\Ez. The boundary conditions are :
(1) The tangential components of the electric field
on the surface of the pinch are continuous and vanish
on the surface of an infinite conductivity (metal)
cylinder which surrounds the plasma column.
(2) The normal component of the pressure tensor
is continuous at the surface of the perturbed plasma
cylinder.
Solutions of the equations for the electric field are
expressed in terms of Bessel functions whose argument
is кЬ2 v> where

ABSORPTION OF ELECTROMAGNETIC ENERGY
*i, 2 2 = [J?(e«2/c2 - k2) + ig(ig - еЯъ 2)(са/с)2]/е
and the variables Ax and кг are roots of the equation
¿2

+

^[g2

+

[{kc/œ)2

__

в ] ( ч

_

e

)](ge)-l

+ [(^/co)2 +

ч

-

e

] = 0.

Neglecting the thermal motion with k = 0, a dispersion equation first deduced by Kôrper 4 can be obtained.
Let us now investigate cyclotron absorption by
ions.
For frequencies satisfying the condition
kc, coc

со
(where VA is the Alfvén velocity), an expansion
in 7]~1 can be made. If the plasma pressure at the
pinch boundary is also neglected in comparison with
the magnetic pressure, the dispersion equation can be
written as follows for the m = 0 mode
(12)
1г{(ха)
=

where

1 - he2ka -

h = (Нг){/Нф(а),

he =

(Ще/Нф(а)
-

k2],

and a, Ъ are the radii of unperturbed pinch and
external conductor, respectively.
With Нф = 0,
b = oo, (Hz)e = {Hz)\y and neglecting the thermal
motion in s and g, this formula agrees with a result
deduced by Stix 5 for the oscillations of a cold plasma
cylinder in a longitudinal magnetic field.
In contrast to other work,4' 5 the influence of the
thermal motion on noncollisional cyclotron damping
is taken into account. The dispersion equation
permits us to find the imaginary part of the frequency
which determines the rate of cyclotron energy absorption by the plasma. Then, knowing the expressions for the electromagnetic field, one can determine
the amount of energy absorbed by the plasma.
There is no Cherenkov absorption in Eq. (12). To
take this into account, the higher-order terms in the
rf1 and kjvJcoH expansions should be evaluated.
The Cherenkov absorption of low-frequency waves in a
pinched plasma is discussed elsewhere.6
The analysis of the complete dispersion equation
for a plasma cylinder is a rather complicated procedure. It is of interest to investigate first the absorption spectrum for the simpler case of a uniform plasma.
In this case, the wave damping is determined by the
imaginary part of the index of refraction, N —
p{\ + ix). With the above assumption, namely
k±v±/coc <C 1, the indices of refraction of both the
extraordinary and ordinary waves, Nx and N2, are
expressed in terms of eap by the same formulae which
were employed when thermal motion was not taken
into account. Therefore, for the propagation across
the magnetic field of a linearly polarized wave with
its electric vector perpendicular to the constant
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magnetic field, one finds N-f = (s2 — g2)/e; while
jV22 = rj for waves with the electric vector along the
direction of the magnetic field.
In the case of transverse wave propagation, kz = 0,
there is no absorption and the formulae for sao take
the same form as when the thermal motion is not taken
into account. However, even for purely transverse
wave propagation, there exist absorption regions in the
plasma that are beyond the range of validity of the
assumptions made in order to obtain the expression
(10) for the dielectric tensor. For example, the
calculation of the relativistic Doppler effect shows that
there is cyclotron absorption with higher harmonics.
For frequencies substantially greater than coce and
in a frequency range where Re N ^> 1, Cherenkov
absorption will also occur when the thermal motion
of charged particles across the magnetic field is taken
into account. Formally, this result follows from the
fact that with со ^> œce it can be assumed in Eq. (7)
that sin cocei — CJOCQÍ and, as a consequence, one obtains
со = kxv± for the resonant frequency. This is just
the condition for Cherenkov radiation and the corresponding Cherenkov absorption. For waves propagating in the direction of the magnetic field the
refraction index squared is iVlj22 = s ± g and, therefore, has no component r¡ which can give rise to
Cherenkov absorption. The absence of Cherenkov
absorption for both longitudinal and transverse waves
when со < coce is connected with the fact that according to the theory of Cherenkov radiation, there can be
no (Cherenkov) radiation in these directions from the
motion of a charged particle along a line of force.
For frequencies со ^> coGe> the conception that the
charge is " attached " to a line of force is not valid
and, therefore, transverse Cherenkov radiation is also
possible.
Let us now determine the absorption edges where
Im N < R e i V and Im s <^i Re s ; then one can make an
expansion in terms of the imaginary parts of e, g
and rj and obtain the index of refraction in the form
N = ft(l + ix). For longitudinal wave propagation,
when » < 1 , the cyclotron absorption by electrons is
described by the following expressions 2

(

Jo

ft)pe\2 —(a>c/vtp)3,
where
CO =

((JO — C0 C e)/c0.

(13)

For oblique wave propagation, the absorption edge
is caused by Cherenkov absorption by electrons with
со <C coce, where the cyclotron resonance absorption
is no longer significant. With the assumption that
e2 >

1

and
Sin 4 0/cOS2 в < 4сОре4/сОСе2СО2,
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we have

N2 =

C0[i¿>ce COS в — O)]

Sin2 б

(0 *1*

X /i

exD

v/

[C0 c e C0S в — О)]?

COS в

СоГбОсе COS 6 — 0)] I С
L
J
j
C0 p e 2 COS2 0
\V {]

(14)

For ion cyclotron resonance, when |0 — я:/2|^> (m/M)i, we have the relations

¿» =

2

copi
CO c i 2 —

CO2

2

4

2

2

coci(l + cos 0) ± [coCi sin fl + 4co cos 6]i
2
2coCi cos 0
2

4

exp

ъ

\ œ J v у р cos i

— coCi]\ '

-

2

X

2

8лпТе/Н2

Pi =

for ne — m == n.
If we now introduce the variables x ^ OJ/COH and
z = [(со — сон)1сор~\(с1Уц), then E q . (13) has t h e form
1(1 - х*У1% = ip^ir*

fZ e~i%dt,
jo

fiv^/c = (1 — x)/zx,

[§*

2

2 cos (9[(coci si

For oblique wave propagation in the region
со <C (сон)ъ there are also noncollisional absorptions
which have been studied by Braginsky
and
Kasantzev.*
Unity can be dropped from the
expression for 2V2 in sufficiently dense plasmas when
(соо/соя)2 ^> 1 ; the absorption then depends only on
the ratio of the electron or ion pressure to the magnetic
pressure
j8e =

4

2

cos (9)[coci

y\ (13a)

The absorption described by the above formulae
covers a rather wide frequency range, even when the
plasma pressure is small compared to the magnetic
pressure. As an example, for an appropriately
polarized electromagnetic wave propagating along a
uniform magnetic field, the absorption edges for ion
and electron cyclotron resonance depend on /?i and
pe in the manner shown in Fig. 1. It can be seen
that the relative absorption width, Aco/coc, is quite
large even when the temperature is comparatively
low. Therefore, when fie = 10~2, the absorption at
ten wavelengths occurs in the range Дсо/сос = 0.3
(the " plasma wavelength" is А=2пс/щ).
It can also
be seen from an examination of Eqs. (14) and (15)
that there is a broad frequency range where ion and
electron cyclotron absorption can occur for oblique
wave propagation.
* Ed. note : See S. I. Braginsky and A. P. Kasantzev,
Magnetohydrodynamic Waves in Rarefied Plasmas, Plasma
Physics and Problems of Controlled Thermonuclear Reactions,
AN SSSR, Vol. 4, p. 24 (in Russian), Edited by M. A. Leontovich, Moscow (1958).

± [coci sin 0
2
4w

2

cos 0]

(15)

It seems inviting to use the specific dielectric
properties of a high-temperature plasma in a magnetic
field for actively or passively probing the plasma.
For example, black-body intensity measurements
would constitute a useful passive probe, since it can
be seen from the formulae and graphs presented here
that there are extensive " black " regions of the
spectrum associated with ion and electron cyclotron
resonance radiation. It follows from the expressions
for e^ (see Eq. (10)) and iV2 that " b l a c k " regions
of the spectrum also exist for oblique waves. In this
case, even when thermal motion is not taken into
account, absorption occurs since the index of refraction greatly exceeds unity because of Cherenkov
radiation. A black spectral region can also be expected in the vicinity of iV2 = 0, where the longitudinal plasma oscillations are transformed into transverse electromagnetic waves. The various mechanisms which give rise to relationships between the
transverse and longitudinal waves at a plasma boundary are reviewed elsewhere.9
It is possible, in principle, to develop a probe
based on an investigation of the shape of the absorption spectrum. Since the width of the absorption
resonance depends on the parameters P\ and /?e> this
kind of investigation could be of use in measuring
the electron or ion pressure. In practice, however,
the nonuniformity of the magnetic field which is
always present will complicate such probing.
It has been demonstrated that electromagnetic
energy will be effectively absorbed by a plasma in
spite of the absence of collisions between particles.
However, our linear approximations fail to give an
answer to the question of how this energy is distributed between the plasma ions and electrons. Evidently, in noncollisional absorption an increase of
the energy of the plasma cannot be immediately
identified with a temperature rise. To solve this
problem one must resort to nonlinear considerations.
When one investigates wave propagation along the
field it is possible to slightly improve the linear
considerations which have been employed previously
in analyzing cyclotron resonance absorption. Let us
consider frequencies close to the electron Larmor
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Figure 1 .

Dependence of electron and ion cyclotron resonance absorption edges on /?e and /?¡, respectively

frequency, (сон)е = eH/mGc, when the ions can be
regarded as being at rest. In the kinetic equation
for electrons we shall neglect the term containing the
magnetic field. This approximation can be partially
justified by the fact that in the ordinary linear
approximation, with an unperturbed isotropic Maxwellian distribution, a corresponding term is absent;
namely, vxHdfJdv
= 0 with /0(v) - /0(va). If all
the variables depend only on one spatial coordinate
directed along the constant magnetic field, then a
solution to the problem with the initial conditions
/(v,*,0) = /ofe2 + vv\vz*),
Ex{z,0) = EJ>{z),
Ey(z, 0) = Ey°(z), Ez(z, 0) = 0 can be obtained for
transverse waves by " integrating along trajectories ".
The appropriate kinetic equation and wave equation
are
df/dt + vdfjdz + {eE/m).8f/dv

(17)

+ (e/mc)vxK*df/dv = 0
2

2

- V x ( V x E ) = (l/c )£ E/£¿2
= {4ne/c2)d(ívfdv)/dt.

(18)

The following result for the distribution function
is obtained from these equations
f{vx, Щ, vz, z, t)
)

where

(19)

1

J'

(t} z) = — cos œct I [Ex{f, z') cos

Vl

Jo

H

Sin Wc¿ I

w

— Eyit'.z') sin coHt'W
[ ^ ( ^ , Z1) COS

I
Jo
+ Ex(t', zr) sin

^ = z - ^ ( / - t')

(20)

and г>2(^, 2") has a similar form.
Equation (18) is linear in the field quantities and
can be easily solved by the Fourier-Laplace method
when the longitudinal velocities have a Maxwell
distribution initially. From (19) and (20) one can
also see that the average random thermal energy will

not increase during the wave damping, i.e., the field
energy will appear in the kinetic energy of the ordered
motion of the plasma electrons. This is because the
electrons which receive energy from the high-frequency
field are always in phase with the field and, therefore,
with one another. As a result, the thermal distribution of electron velocities associated with the distribution of the phases of their Larmor rotation will remain
unchanged. To transform the energy of regular
electron rotation into energy of random motion, it is
necessary that the phases be " mixed ". In addition
to phase mixing due to the extremely rare collisions
in a high-temperature plasma, randomization of phases
can be caused by the nonuniformity of the magnetic
field along a line of force. This can occur because
the electrons rotating at different places and at
different frequencies, шсе, have their phases mixed
due to the thermal motion along the line of force.
In the above case of cyclotron resonance the energy
is absorbed by charged particles moving along a
constant field with a velocity vz = (coG — co)/kz.
Here, the energy in the transverse motion increases
and, therefore, a change takes place mainly in the
distribution of transverse velocities. Since the
number of particles which are in resonance is determined by the longitudinal velocity distribution (which
is almost unchanged), the absorption takes place
continuously.
The situation is different with Cherenkov absorption
since during the process of absorbing energy there is
a change in the longitudinal velocity distribution
which determines the resonance of the charged
particles. Here the particles are brought out of
resonance and a balance may occur between the
absorption and emission of radiation for certain
particles. Mathematically, this is expressed by the
vanishing of the derivative dfo/dvz in the velocity
range for which the resonance vz = co/kz takes place.
The problem of noncollisional absorption influenced
by nonlinear effects is a subject under further investigation.
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Generation and Thermalization of Plasma Waves
By T. H. Stix

A fully ionized gas immersed in an axial magnetic
field may exhibit low-frequency oscillations where
the electric field and macroscopic velocity perturbations are perpendicular to the axis. The
ordinary and extraordinary hydromagnetic waves of
Alfvén 1 and Âstrôm 2 are examples of these transverse
oscillations. Ion cyclotron waves3 are another
example. The physical environment appropriate to
these low-frequency transverse waves is present in
several types of proposed thermonuclear reactors,
including the stellarator 4 and the pyrotron.5
For several reasons, the thermonuclear experimentist may be interested in generating these waves.
First, they are a hydromagnetic phenomenon that can
be produced in the laboratory and experimental
data can be checked against hydromagnetic theory.
Second, generating and observing these waves at
low power may be a useful diagnostic technique for
determining plasma characteristics which are important parameters of these waves such as magnetic
field strength, plasma density and density distribution,
plasma temperature and composition, and the state
of ionization of the plasma. Finally, generating
these waves at high power is a possible scheme for
rapid heating of the plasma. Calculations on ion
cyclotron wave generation and thermalization indicate an efficiency, in a typical example, of more
than 65% for the transfer of power from an rf
power source into effective random ion motion.
An effect which is termed " cyclotron damping "
is found to be extremely important in the theory of
ion cyclotron waves. Cyclotron damping causes free
ion cyclotron waves to decay exponentially with
time, or propagated ion cyclotron waves to decay
exponentially with axial distance. Furthermore,
cyclotron damping converts the energy of the wave
motion into effectively random transverse ion motion,
which makes ion cyclotron heating especially useful
for a pyrotron-type device.
Cyclotron damping occurs for transverse oscillations
which are periodic both in time and in axial distance.
Ions moving along lines of force will " feel " the
oscillations of the transverse electric field at a
frequency which differs from the plasma rest frame
* Project Matterhorn, Princeton University, Princeton,
New Jersey.
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frequency by the Doppler shift. Some ions will
" feel " the oscillations at their own cyclotron frequency, and Lenard6 has pointed out that these
ions will absorb energy at a constant rate from the
electric fields. Dawson 6 has shown that the presence
of classes of such ions leads to the damping with
distance of propagated oscillations. In the excellent
paper of Gershman7 the effects of cyclotron damping
on ordinary and extraordinary hydromagnetic waves
have been computed.
The kinematic effects of cyclotron damping appear
in the off-diagonal components,
щт <( wxwz )>Av and щт ( wywz )>AV,
of the stress tensor. The axial ion velocity wz is a
constant of the motion through first order in these
transverse oscillations, and is a zero-order quantity.
The off-diagonal stress tensor terms are then first
order terms, and must be included in a theory of
small-amplitude oscillations. Although the stress
tensor does not appear explicitly, it is the calculation
of these momentum transport quantities which
occupies the first section of this paper. A dispersion
relation is obtained at the end of this section.
Then the physical effects of cyclotron damping
are discussed in terms of phase relations, power
absorption and damping rates. The reduction of the
dispersion relation and the phase relations to the
undamped results previously obtained (Ref. 3) is
shown for frequencies slightly removed from the ion
cyclotron frequency.
After that we calculate the energy input from an
inducing coil to a cylindrical plasma. The circumstances include excitation of the plasma in the
immediate neighborhood of the ion cyclotron frequency and excitation of ion cyclotron waves and
hydromagnetic waves. Estimates are made for the
width of the power absorption resonances, and
the power transferred to the plasma is compared to the
ohmic losses in the induction coil. For a plasma of
appreciable density, the power transfer is efficient only
in the cases of wave generation. A plasma heating
scheme proposed in the last section is to generate ion
cyclotron waves at a long wave-length, in order to
achieve efficient transfer from the rf power source,
and allow the waves to propagate through a region
of magnetic field which decreases with axial distance
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from the coil The wavelength of the ion cyclotron
waves becomes shorter and shorter, and finally local
cyclotron damping starts to occur In this local
region, the waves damp out and the wave energy is
converted into energy of effectively random transverse
ion motion

T. H. STIX

choose that particular solution u ± which fits the
initial values ux = щ = 0 at T = TQ and sum u ±
over all the constituent streams, to obtain v ± In
dimensionless form, we have

- A
z

X E±e™

DISPERSION RELATION FOR CYCLOTRON
DAMPING

x

iDJ\

+

(2)

X

Small amplitude oscillations perpendicular to the
lines of force are considered for a fully ionized gas
immersed m an axial magnetic field Particle collisions are infrequent and the temperature of the gas
corresponding to ion motions perpendicular to the
lines of force is assumed to be zero The temperature
of ions corresponding to motions parallel to the lines
of force is taken to be finite We consider oscillations
which are periodic m axial distance and m time, and
neglect effects of resistivity gravity viscosity and
electron inertia
For transverse oscillations the velocity of an
individual ion along a line of force is approximately
constant We divide up the plasma into a massless
electron fluid and into constituent streams of ions,
where each stream is populated by ions with the
same zero-order axial velocity
We solve the equation of motion for each constituent stream separately
in terms of the transverse electric field along a line of
force Adding the streams together gives a charge
and current distribution due to the ion motions m
terms of the electric field Inserting this ion charge
and current distribution into Ohm's Law and Maxwell's equations yields homogeneous equations m the
transverse electric fields The solution of these
equations determines the x and y dependence of the
electric fields for a given z and t dependence, and
the elimination of the electric field variables from the
equation yields a dispersion relation for the system
The coefficients in the dispersion relation are
integrals over the distribution of zero-order parallel
ion velocities
Following a suggestion made by
Ira Bernstein 8 we can avoid divergences in these
integrals at resonance by considering an initial value
problem m the ion motion
A list of symbols used in this paper is given in
Table 1, together with their definitions Dimensionless quantities will be used extensively
The first-order linearized equation for the macroscopic motion of ions in one of the constituent streams is

ы

+

гС1Т

where
Л-О

к

Л

/ 1±Л

X sin [(Г - To) (1 ± A]dA,
2\x

к

X {1 _ cos [(Г - Го) (1 ± A)]}dA

(4)

The integrals in (3) and (4) approach long-time
1
asymptotic values For values of T — To^> \KSQ\~ ,
which means a time long compared with the time it
takes ions with the rms velocity to travel an axial
distance equal to A/9, the integrals may be reasonably approximated by their asymptotic values
For a Maxwelhan distribution of axial ion velocities
characterized by a mean axial ion energy of kTl¡2i
A± has the long-time asymptotic form
n

9 47Л
where

±

-P±'

e

(5)

= (1 ±

For large values of T — To we may approximate
D± by dropping the cosine term and taking the
principal part of the remaining integral For a
Maxwelhan distribution, the long-time asymptotic
form is conveniently given by £)± —> I± — | A

graph of

KS0I±

versus p± is shown m Fig. 1

Also

shown on the graph is \xs0A±
I± reaches peak
values of O54|^s o |" 1 at \p±
1 0 Useful approximat ions to / ± are I±
-1 for \p±\ > 1 and

n)"1 for U

(1)

We assume that the first-order electric and magnetic
fields vary as the real parts of ©(#, y) exp (ikz + icot)
and $&(x y) exp (tkz + icot), where the components
of © and Я5 may be complex A consequence of the
massless electron motion is that (£z is zero Using this
fact and Maxwell's equations, Я5 m equation (1) can
be expressed m terms of ©# and ©^
A solution to (1) will then express the transverse
velocity m terms of the transverse electric fields We

(3)

Л
/1 ±Л

A-Q

Figure 1

Graphs of ^sol ± and |«|s0A
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Table 1
Integers and Operators
A
Z\
„
У
Re

atomic weight
ionic atomic number
д
д
à
€*^T7+ еу-^ + ex
real part of

0

€XQX + eyQy + ezQz

Q± exQx + eyQy
Q Q = Re{Qe™Z + iQT}
€x, ey, €z, er,

unit vectors

cgs-Gaussian Units
first-order magnetic field
zero-order axial magnetic field strength
velocity of light
first-order electric field
electronic charge
sheet current density in " ideal coil "
3*
k
axial wave-number, -¿ 2я/А
Boltzmann's constant
I
/coü
over-all length of induction coil
m
ion mass
Пе, fli
number of electrons, ions per unit volume
n(wz)dwz
number of ions per unit volume with wz in
range dwz
Гс
radius of induction coil
radius of plasma boundary
Ч
y, 6, z; x,y, z;t cylindrical and Cartesian coordinates; time
Ti
ion temperature in °K
u
first order macroscopic velocity for a single
constituent stream
macroscopic plasma velocity
w
individual ion velocity
Я=|А|
axial wave-length
СО
angular frequency
COci
angular ion cyclotron frequency, ZieB^mc

Dimensionless Units
Eq. (3), (5)
В

Eq. (4)

E
F±

-)'Ф

h, /i, Кг

J*

L
M, N
Pm

P± F, W
Q.u,

S

Eq. (6)
Eq. (21)
n (wz)dwz

COci ¿coil/c

Eq. (14)
Eq. (22)
(1 ± Q)(xso)-i
Section 3
rcocilc

nc*]ï
cod/t

* > *-

m

Réf. 9
Fig. 1

Eq. (23)

So

cod

[*, У> *]

4жщтс2В0~2

У
V
к
A
v
S

a

Eq. (20)
Eq. (9)
Eq. (18)
kc/coci
il -f- y.wzc~x
Eq. (8)
Eq. (23)
of Eq. (7)

R

We look now at particle energies rather than
velocities. Let m(u^ + %2>/2 denote the average
over an oscillatory cycle of the transverse energy of
an ion in a single constituent stream. Summing
this average energy over all the constituent streams,
we obtain
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not " feel " their ion cyclotron frequency, and represents the kinetic energy associated with the nonresonant part of the forced ion oscillations. The second
term is the contribution to the sum from ions which
do " feel " their ion cyclotron frequency. The energy
associated with a single-constituent stream at exact
resonance increases as the square of the elapsed time.
However, because of the spread in axial velocities,
fewer and fewer streams remain in resonance as time
goes on, so that the total energy associated with all
the streams increases only linearly with time. Similarly, the velocity u ± of a single-constituent stream
at exact resonance increases linearly with elapsed
time, but the summed velocity v ± asymptotically
approaches a constant magnitude.
The physical situation we wish to approximate in
a self-consistent manner is a plasma with steadystate oscillations. A low but finite collision rate in
the plasma creates a quasi-equilibrium situation.
(There may be a heating of the plasma due to the
oscillations, which we can make arbitrarily slow by
reducing the amplitude of oscillation.) To help
understand this quasi-equilibrium, we consider, for
simplicity, those collisions which interchange the
axial velocities of the colliding ions but leave the
transverse velocities of each ion unchanged. Each
colliding ion will be removed from one constituent
stream and put into another. The transverse velocity
an ion carries with it from the first stream may be
different from the transverse velocity at that point
associated with the second stream. If so, this difference will be random. In particular, an ion moving
from a resonant stream to a non-resonant stream
will bring with it a large transverse velocity, almost
all of which will be random with respect to the
non-resonant stream. A large number of such transitions will increase the temperature of the transverse motion of the non-resonant ions. Conversely,
an ion moving from a non-resonant stream to
a resonant stream will bring with it almost no
transverse velocity. It will then be accelerated
by the transverse electric fields from an initial state
of almost zero transverse velocity. A large number
of such transitions will cause energy to be absorbed
by the resonant ions from the electric fields in the
plasma. These two processes are the thermalization
and energy absorption mechanisms of cyclotron
damping.
With these processes as guides, we can construct a
simplified model of a quasi-equilibrium plasma to
which our ion orbit calulations would accurately
apply. We consider a plasma in which each ion
undergoes a catastrophe at a time r after its previous
catastrophe. Each catastrophe causes the ion's transverse velocity to be reduced to zero. The macroscopic
velocity <V_L> for this plasma is obtained from (2)
by averaging over catastrophe times,

(6)
where F+ has the long-time asymptotic form for a
Maxwellian distribution, F± -> Fo + (T — T0)A±¡2.
Fo is the contribution to the sum from ions which do

This average has the same asymptotic form for
large T that v± has for large T — To. <V±> gives us
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the plasma ion current density, which is all we require.
Plasma electron current is obtained from Ohm's Law
(Eq. 5a, Ref. 3) which states that electrons move
freely along magnetic lines of force and with a velocity cE X ez across magnetic lines of force. In
Maxwell's equations (Eq. 6a-9a, Ref. 3) we can
neglect displacement current in both the plasma and
vacuum for the wave-lengths and frequencies of
interest to us. We obtain the differential equation
for the transverse electric field in the plasma
[V X (V X E)]JL = crJÉ + icTaE X e*

(7)

where ax == oc(iA+ — iA_ — 1 + / + + 7_), and
(T2 == oc(iA+ + iA_ + О + / + — /__), and the longtime asymptotic expressions are to be used for A±.
In cylindrical coordinates, with no dependence on в,
and when аг and a2 are independent of position, the r
and в components of Eq. (7) may be combined to
give Bessel's equation. The solution which is finite
at the origin 9 is Er~ Ёв~ J^vR), where
- сг2
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Four parameters are particularly important in
characterizing these regions, \x\s0, p±, y, a n d 1 0 X2/OL,
where
у =

/ осЛ±
2 2

mk c

-2.03Х1016

(10)

\K\S0 is the ratio of the velocity of an ion of energy
IT i to the phase velocity of the oscillation, and is
small in cases of practical interest. It may be evaluated numerically by inspection of equation (5).
p± measures the proximity of the oscillation frequency to the ion cyclotron frequency, у large or
small will determine whether or not the electric
field in the plasma is appreciably affected by the
induced field due to plasma currents. x2/oc large or
small was the principal criterion found in Ref. (3)
separating ion cyclotron waves from hydromagnetic
waves. In detail, the conditions in the four regions are :

(8)

Case I :

\p+\ <

1 or \p_\ <c 1, \x\s0 <C 1, X2/OL >

1

2

v is the radial wave-number. By going to the limit
of large radii, Eq. (8) may be thought of as the
dispersion relation for a Cartesian coordinate system,
where v and к are wave-numbers in the appropriate
Cartesian directions.
PHASE RELATIONS A N D CYCLOTRON
DAMPING RATES
We distinguish four regions, determined by frequency, wavelength, density, and temperature,
Table 2. Approximate Dispersion Relations, аг and <r2
Dispersion relation

7^1
II.

=
2

III.

Q. =

IV.

П2 =

±o

*

i

2(1 ± Q)
_сг 2

a

_^2_

ci

1 - Ü2

I:
II :
III :
IV :

Using (2), the radial component of (7), and approximations based on (11 ), we obtain the approximate
dispersion relations and phase relations for each of
the four cases given in Tables 2 and 3. Some additional comments may be made on the separate cases.
References will be made to (11), Table 2 and Table 3
without specific mention.
Case I
The ions rotate in circular orbits with the same
sense of rotation as that for a free ion in a magnetic
field. The ion velocity vector is thus circularly
polarized. An electric field with the same circular
polarization and phase exists in the plasma, so that
energy is being put into the ions. Taking the time
average of v*E, and using the phase relations of
Table 3 to obtain v in terms of E, we obtain a power

ail 3
1 - П2

where the oscillations described by the dispersion
relation (8) may be rather easily characterized. The
spectrum also contains other regions, where the plasma behavior is not so easily characterized. The kinematics in the other regions can, however, also be
obtained from the equations of the preceding section.
The four regions are labelled:
Case
Case
Case
Case

Case I I : \p+\ > 1, \p_\ > 1, x /oc > 1, O fía ± 1
Case I I I : \p+\ > 1, \p_ > 1, X2\OL <C 1
Case IV: \p+\ > 1, |/>_ > 1, x2/oc <C 1.
(11)

Neighborhood of ion cyclotron frequency
Ion cyclotron waves
Torsional hydromagnetic waves
Compressional hydromagnetic waves.

Table 3. Phase Relations
vr ±
Er ±

Er

iEfí
I.

гу

Ш.а

a

2A

- a

II.

iv.a

w

T
a 11 +

Valid for «И » хй.
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input for Cases I and II which is the same as given
by (6), where the energy in each constituent stream
was summed over all the streams. The same power
input for Case I was also obtained by Kulsrud and
Lenard 6 through quite a different calculation.
For Case I, EQ varies as 1г (constant xR), where the
absolute value of the constant lies between 1 and
V2. For | и | Д 0 < 1 , Ee~R
for R < Ro, and is
equal to the EQ that would exist in the region in the
absence of plasma due to the induction coil, i¿0 vacuum .
This Ee cannot match the boundary condition for
a free oscillation (see Ref. 3), so the oscillations can
only be forced or driven.
For sufficiently low density or short wavelength,
y < l and Er is very small compared to Ee. The
total vector electric field in the plasma is approximately equal to e0EeYacuum.
Ee is in phase with ve,
and in this circumstance cyclotron damping is a
strong effect. For у ^> 1, corresponding to higher
density or longer wavelength, Er is approximately
equal in magnitude to EQ. The physical explanation
for this set of circumstances was offered first by
Kulsrud. 6 The currents due to the radial ion
motion and the associated longitudinal electron
motion induce a fluctuating magnetic field and in
turn a radial electric field, Er. It turns out that this
radial electric field is phased so that the resultant
Er and Ee combination have principally a circular
polarization which is opposite to that of the ion motion, vr and ve. The wrongly polarized electric
field does not put energy into the ions. There is a
small electric field of the correct polarization which
supplies enough energy to the ions to overcome the
now much reduced cyclotron damping effect. It
will turn out that at appreciable densities this inductive effect greatly reduces the efficiency of ion
cyclotron heating in the Case I region.

constituent stream derivation, к and Q were assumed
real. The dispersion relation is satisfied by complex values of v. Physically, the cyclotron damping
power is furnished by a divergence in the radial (or
^-direction) flow of energy. Writing v = vQ + ivx
where v0 and v1 are real, (v^-1 is the ^-direction
¿-folding distance for the damping of velocity and
field amplitudes. We are also interested in two
other cases.
When О and v are real, but к is complex, the
cyclotron damping energy is supplied by a divergence
in the axial flow of power. Writing к = x0 + ixlt
(%1)~1 is the axial damping distance for the wave
amplitudes. Finally, when v and к are real but
О = ÇlQ 4- ¿Qx is complex, the cyclotron damping
energy is supplied by the wave itself, causing it to
damp out with time at a rate Clv
For slightly damped waves, the damping rate and
distances are linearly related to one another with
coefficients determined by the undamped waves.
Using such linearized perturbations of the dispersion
relation, we obtain the damping rate and reciprocal
damping distance for slightly damped ion cyclotron
waves,

Cases II, III and IV

The relations given in the preceding sections apply
to steady-state oscillations in a cylinder of plasma
of infinite length. In practice, one has a plasma of
finite length and an induction coil considerably
shorter than the plasma. The true resonant modes
of such a plasma are periodic in the axial length.
However, we shall assume that wave energy which is
propagated axially away from the coil is thermalized
and absorbed without reflection. Assuming rapid
thermalization, the rate of temperature rise of a plasma
in a finite size reactor (e.g., stellarator or pyrotron)
may be found by dividing the net power input to the
plasma by the heat capacity of the plasma. For
practical cases, it is useful to have a ratio of power
inputs rather than an absolute level. We choose to
compare the power input to the plasma with the rf
power which is wasted, in a practical system, in ohmic
losses in the induction coil. This ohmic loss is the
principal source of inefficiency in a practical plasma
heating system. And in a diagnostic experiment,
power absorption by the plasma must be measured
above the background of this ohmic loss. Fortunately, in both plasma heating and plasma diagnostic experiments, this power ratio is convenient
to measure.

These are possible oscillatory modes of the plasma*
The simple criterion, \ф+\ ^> 1 and |^>_| ^ 1 is sufficient to reduce the formalism in this paper to the
simpler approach of Ref. (3), where the stress tensor
was neglected in the equation of motion.
In Cases I I I and IV and in the undamped form of
Case II, the electric field in the plasma is in quadrature
with the ion velocity. No energy is transferred to
or from the plasma wave in the steady state. However, when these waves are externally generated by an
induction coil, the electric field due to the coil will
appear in the plasma in phase with the ion velocity and
in quadrature with the coil current. The electric
field due to plasma currents associated with the
generated wave will be in quadrature with the ion
velocity but in phase with the coil current. This
field is the " back emf ". Power flows from the
coil to the plasma wave.
Of particular interest is the case for ion cyclotron
waves which are slightly damped by a small amount
of cyclotron damping. This situation occurs for
values oí ft± such that A± is small but not negligibly
small compared to | / ± | . (See Fig. 1.) In the

(12)

±

aA±

4K4)

(v*
2 2

4v x

(13)

Equation (13), for the case v = 0, has also been
obtained by Dawson.6
ENERGY INPUT TO A PLASMA FROM AN
INDUCTION COIL OF FINITE LENGTH

SESSION A-5

130

P/361

We call this power ratio W, and break W up into
a product of three more ratios, such that W = QVU.
We discuss these ratios in turn.
W
W is the average rf power input to the plasma
divided by the average rf ohmic power loss in the
coil system. The coil system includes not only the
exciting coil, but also the connecting leads and
the resonating elements, such as capacitors.

Q is the figure of merit for the coil system. It is
defined as the peak rf magnetic energy stored in
the coil system multiplied by the angular frequency,
со, and divided by the average rf ohmic power loss
in the coil system. Typical Q values in the megacycle range would run from 200 to 400.

A practical coil system stores magnetic energy in
regions other than inside the volume normally occupied by plasma. To allow room for the vacuum
chamber wall and for electrical insulation, the radius
of the plasma boundary may be only one half the
coil radius. Magnetic energy will also be stored
outside the coil volume in the stray inductances of the
resonating elements and connecting leads. We therefore introduce a storage ratio, V, defined under noplasma conditions. V is the peak rf magnetic
energy stored in an " ideal coil " divided by the
peak rf magnetic energy stored in the coil system.
The " ideal coil " is defined to have the following
characteristics: (a) its radius is the same as the
radius of the plasma boundary, (b) it carries a sheet
current proportional to cos (kz + cot), (c) it has
zero stray inductance, and (d) internal to the ideal
coil, the electromagnetic field produced by the
sheet current of the ideal coil is the same as the
electromagnetic field produced by the actual coil
system.
If the current distribution in a physical coil system
is best approximated by standing waves, we would
superimpose two running-wave ideal coils. The
numerator of V should be the sum of the magnetic
energies for both ideal coils. For a practical
case, we consider an induction coil constructed of
individual sections which are spaced axially every
half wavelength and which are electrically connected
in series. The azimuthal direction of current flow
alternates from section to section. We denote by
Jiff that part of the total coil system inductance,
J>?cs, which is associated with the fundamental
(cos kz cos cot) component of the induction-coil
current. If each section contains N turns spread
evenly over a 1/Mth part of a wavelength, we obtain,
neglecting end effects, the end-to-end Jiff,
л сх

Г

= — X Ю-9 MNkrc sin ( ^
л
|
\М
X Г2,

coil

(14)
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and the storage ratio is
(15)

F =

where Jiff and j£?cs are in henries, and /Coii is in cm.
Evaluating F in (14) for typical cases will reveal
the high penalty for short wavelengths and small
r0 to rG ratios. In practice, values of V may run
from 0.05 to 0.2.
U
The numerator of U is the average power input
to the plasma for a given ideal-coil current. The
denominator of U is the product of the angular frequency, со, and the peak rf magnetic energy stored
in the ideal coil under a no-plasma condition with the
same ideal-coil current.
Long-coil Approximation
We consider now an induction coil of finite length.
We divide the plasma into three sections: to the
left of, underneath, and to the right of the coil. We
consider the plasma section underneath the coil as
though it were a plasma section underneath an induction coil of infinite length. End effects are
neglected.
A coil of finite length will excite a band of wavelengths. If the band is too broad, it may be broken
into groups of narrower band-widths. A calculation
may be made for each group, and the results superimposed. In treating Case I, we shall assume that
the band of excited wavelengths lies entirely within
the range allowed by the criteria in (11), and we
shall neglect the change of plasma kinematics within
the band. In Cases II, III and IV, the effect of the
wide band-width for a short coil will appear in the
shape and amplitude of the power absorption curve.
In Case I, the power absorption calculation will be
based on the cyclotron damping integrals (4). In
discussing these integrals, it was mentioned that
ions would reach their asymptotic velocity after
being subjected to the electric fields for times long
compared with the time it would take an ion with
energy ÏTj/2 to travel the distance A/9. For these
integrals to apply to ions drifting through the coil
section, the coil length must be long compared to
A/9.
Case I
We consider the case \K\R0 <C 1 so that Ев ^
ЕвУЖиит.
Underneath the induction coil, the power
input per unit volume may be obtained from (6).
We use the phase relation in Table 3 to obtain
Ex ± iÊy in terms of Eevacuum.
To obtain the power
ratio TJi, we integrate the power input per unit
volume over the plasma volume, and divide by the
reactive power stored magnetically in the ideal
coil. For к
1, we may use a solenoid approximation. We obtain, at О = --1 or 1,
Tl ,

-

У

n
2A2

(16)
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£7i is a maximum for y = 1. At higher values of
y (higher density, longer wavelength), the plasmacurrent inductive effect reduces the efficiency. The
shape and width of the resonance depend on the
magnitude of y. We derive an improved version of
Er¡iEe in Table 3, Case I, using (Уг = o2 = oc[iA + -\-I+),
and obtain by numerical calculation the following
half-power frequencies.
= 1 ±7.0

for
for
(17)

where

The solution underneath the coil must satisfy the
boundary conditions at the plasma-vacuum interface
R = Ro and at the induction coil radius R = Rc.
Without loss of generality, we can replace the induction coil by an ideal coil at R = Ro carrying
a current j * = eeRe\j* exp (ixZ + i£lT)]. We use
the boundary conditions in Ref. (3), Eqs. (4b)-(9b),
and expand J^vR), where it occurs, in an infinite
series of J^VmR), where vm is the radial wave number
for the wth radial mode of oscillation of the free
cylindrical plasma. The various vm are the various
solutions of Eq. (12), Ref. (3).
For each mode m we choose particular solutions
Eem for the left moving wave which are zero at the
right end of the coil, Z = Zo. We obtain, underneath the coil and for R < Ro,

(18)
È

The resonant peak in the first two cases occurs at
|£2| = 1. In the у = 1 case, the peak occurs at
|Í2| = 1 —8.0 77, and the calculated power absorption
at the peak is 2.6 times the absorption at |Q| = 1
(Eq. 16). For larger values of y, this peak moves into
the region of ion cyclotron waves. If one evaluates
p±, which measures when damping can occur (see
Fig. 1), at the resonant frequency for undamped ion
cvclotron waves, its numerical value turns out to be
approximately equal to y. For у <C 1 then, ion cyclotron waves cannot exist because they are overdamped.
у = 1 is an intermediate case. For у ^> 1, cyclotron
damping will be small, and there is a weak power
absorption peak at |fi| = 1 and a strong peak associated with wave generation. The calculation of
power absorption at the strong peak is done in the
following section.
Cases II, III and IV

We consider now the cases where we have a resonance of the total plasma. The power which the
exciting coil puts into the plasma in the coil section
is propagated or radiated, axially out each end of the
section as a hydromagnetic or ion cyclotron resonance
wave. (For Case II, a small amount of power will
also go into cyclotron damping inside the coil section.)
We expect running waves to squirt out each end
of the coil, and to run axially down the plasma to
infinity in each direction. We divide the plasma
into three axial sections, and join the solutions for
each section to one another by making the wave
amplitudes continuous at the joint. Further details
of end effects at the joints are not considered. For a
left-moving running wave, for instance, we assume
that everywhere to the left of the left end of the exciting coil the wave motion is a natural mode of
oscillation of the system, and that the wave amplitude
is constant. To the right of the right end of the
exciting coil, the wave amplitude for this left moving
wave is assumed to be zero. And underneath the
exciting coil, we assume that the plasma behaves
as though it were underneath an exciting coil of
infinite length.
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/WfrR)

_ cos{{x _ Xm){z _

Zo)}

V< — Vn

+ i sin {(и - xm) {Z ~~ Zo)}]

(19)

where
2i£Lj*

R¿\ + (G2 -

-,

(20)

and
G=

-

(21)

xm is the axial wave-number for the mth radial mode
of free oscillation at the frequency Q. Other amplitudes in the plasma beside Ee may be obtained
from Ee via the phase relations of Table 3.
The power input to the plasma from the ideal
coil is found by integrating over the surface of the
ideal coil the product of the coil current density
with the electric field due to plasma currents. The
average power going into the wth radial mode is
(22)

where

and £ = (и — xm)L/2, and where we use the real
term in 5(f ) to represent real power and the imaginary
term to represent reactive power. S(|) approaches 1
as £ -> 0 so that Pm is real at resonance.
The power ratio UwaYe is the ratio of the real part
of Pm to the reactive power in an ideal coil. Evaluating this ratio at resonance, v = vm and к — xm,
we obtain
=

\(2I1(xR0)K1(xR0)
(24)
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A useful approximation to (24) is the |^|^ 0
limit. Then
xR02
r

(25)

J •

The quantity dv2/dx2 is obtained by differentiating
the relevant dispersion relation, (8) or Table 2.
In the low xR0 limit, vmR0 are the roots of JoivmRo),
and are given approximately by vmRa & n{m — J)
for m > l .
(Compare Ref. 3.) In this limit,
v2 ^> x2. It is frequently useful to drop the x2joc ^> 1
criterion on ion cyclotron waves. For the undamped
waves, it is sufficient to require only that v2 ^> x2
and v2¡oc ^> £i2 to obtain the approximate dispersion
relation
(26)

а/и 2 ]- 1 .

Using the V2/OÙ ^> Q 2 and v2 ^> x2 approximation
for ion cyclotron waves, we obtain the \x\ RO<^1
approximation to (24) for cases II, III, IV :
Un

(27)

=
8/cou r02

(28)

яЛ»(т - 1 ) 4
¿coil И,

(29)

The resonance curve of plasma load versus frequency is given by (22). Since the quantity in
absolute value signs in Eq. (22) varies only slowly in
the vicinity of a resonance, the shape of the resonance
curve is essentially determined by S (f ), Eq. (23). One
may substitute for £, | = (L/2) (Q - пт) {díl/dx)-1.
The half-power points occur at f = i 1.4. dÛ/dx is
the group velocity of the wave, and may be determined from the dispersion relation. For our various
cases, we obtain the half-power frequencies
í]-1

Case II

¿coil

±-

±

0.45A

Case III

¿coi]
coil

1.8f02
¿coil A (m — I)2

Case IV. (30)

THERMALIZAT1ON OF PLASMA WAVES
We can list some of the processes which will act
to thermalize the energy of plasma wave motion and
which are amenable to calculation. In addition to
these known processes, there may occur in an actual
plasma a rapid thermalization of wave energy through
not yet understood processes similar to those observed
by Langmuir u and Gabor.12
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In all three types of plasma waves, ion-electron
со lisions will transform the wave energy slowly into
ohmic heat. A faster thermalization will take place
in hydromagnetic compressional waves through the
heating processes of magnetic pumping, 6 which will
act on both ions and electrons.
An interesting situation occurs for ion cyclotron
waves in a gas containing ions with different charge
to mass ratios. Only the resonant ions move with
the wave. One might consider heating a deuteriumtritium mixture in this manner. Even if the relative
average velocities of deuterium and tritium were
insufficient for nuclear reaction without wave thermalization, the ion-ion collisions will cause the wave
to be thermalized fairly rapidly.
Cyclotron damping oners a possibility for thermalizing ion cyclotron waves extremely rapidly. It will
generally be highly inefficient to put power into a
plasma of appreciable density at the short wavelengths required for strong cyclotron damping (Case I).
At longer wavelengths, however, one can couple
energy into ion cyclotron waves, and the power
transfer can be extremely efficient (Case II). For a
plasma confinement device, such as a stellarator or
a pyrotron, one could cause the steady-state confining field to decrease with the axial distance from
each end of the coil section. If the rate of change
with distance of the confining field is sufficiently
small, the ion cyclotron waves which squirt out each
end of the coil section will change in an adiabatic
fashion. As they move through the decreasing Bo,
their wavelength will gradually decrease, and when
it becomes sufficiently short, cyclotron damping
will occur locally. The ion cyclotron waves will
damp out (Eq. (13)), and the wave energy will be
transformed into energy of individual ion motions
which are still perpendicular to the lines of force, but
with effectively random amplitudes and phases. One
might say that the actual heating of the plasma
occurs in this region of cyclotron damping.
The author wishes to acknowledge the many useful
ideas which came from discussions with Ira Bernstein,
John Dawson, Russell Kulsrud, and Andrew Lenard,
some of which have been indicated in this text. In
addition, the author is profoundly grateful to Professor
Lyman Spitzer for his constant encouragement and
productive interest.
Addendum
The author also wishes to thank Dr. J. Neufeld,
who has recently brought to his attention the paper
of Gershman. 7 It may be noted that the damping
rate computed from the dispersion relation (8) in
the present paper will be equal to Or1 times the
damping rate computed from the dispersion relation (31) in Gershman's work. This difference has
its origin in the assumption here that the temperature of transverse ion motion was zero, while
Gershman assumed an isotropic distribution.
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Plasma Oscillations in a Stationary External Magnetic Field
By S. Ciulli

and M. Micu

Maxwell distribution. In this way one obtains linear
It has been shown by Kruskal and Schwarzschild,x
equations when terms quadratic in the perturbed
and also by Tayler 2 that a stationary plasma conquantities are neglected.
tracted by its own magnetic field is unstable for small
perturbations when the computations are based on
The linearization of the equations allows us to
the magnetohydrodynamic equations. However, a
Fourier analyze the perturbed quantities. We then
homogeneous axial magnetic field can be employed to
obtain a homogeneous system of differential equastabilize the plasma.
tions for the Fourier amplitudes of the magnetic
field and we can study their asymptotic form.
We shall study the stationary distribution function
The dispersion relation is obtained by joining
as well as the small deviations from the stationary
smoothly a solution regular at the origin with the
state of a gas discharge using the Boltzmann equation
regular asymptotic one.
as a basis for our calculations.
An external magnetic field which is applied after
or during the time of ionization causes the plasma to
STATIONARY SOLUTIONS
rotate and thereby produces an axial magnetic field
The Boltzmann equation for electrons in the prewithin the plasma whose direction is opposite to the
sence of internal and external forces is
externally generated field.
The stationary problem which we are discussing
8F/dt + v . dF/dv + a . dF/dv = ôF/ôt\G
(1)
here corresponds to a plasma with cylindrical symmetry at a temperature T. The ions and electrons
where F is the distribution function, r is the position
have axial velocity components v% and ve and azi- vector, v the particle velocity, and a = (e/mc)v X H
muthal components Q¿ and Oe. The azimuthal
is the acceleration of an electron moving with a velocity
components correspond to the Foucault rotations
v in a magnetic field H. ôF/ôt\c is the collision
caused by the action of the external magnetic field.
term which we assume can be neglected.
For the sake of simplicity, we have taken these rotaFor problems with cylindrical symmetry and
tion frequencies to be equal to the cyclotron frequency.
which are time independent Eq. (1) takes the form
The stationary problem admits separation of
dF
dF
dF
dF
variables which leads to a Maxwell velocity distribudv
dv
tion and to a spatial distribution function which has
the asymptotic form 1/r4.
dF
a
= 0 . (2)
In all our computations we have supposed that the
condition of electrical neutrality for the plasma has
been fulfilled. The tendency towards neutrality is
The letters г, ф and z denote the components of veca basic property of the plasma, unless we are contors in the cylindrical coordinate system (г, ф, z).
sidering distances less than the Debye shielding
The
direction of the z axis has been chosen so that
distance.3 Furthermore, for the study of the perthe external field has the value — Ho. The total
turbations which affect the stability of our plasma,
field has the components
such an assumption is not an embarrassing one be-#0
(3)
cause of the low frequencies which are involved.
(
0
)
The plasma perturbations are estimated by the
Нф(°) and #z are the components of the magnetic
deviations of the first order moments from their
field generated by the ordered motion of the electrons
Maxwell values. To avoid an excessive amount of
and the positive ions in the plasma. We can now
algebra only the perturbations of one of the comwrite Eq. (2) as follows
ponents are analyzed here. Since the perturbations
dF
have been assumed to be very small one may assume
that the higher moments can be found by using the
dF

* Joint Institute for Nuclear Research, Dubna.
t Institute of Atomic Physics, Bucharest.
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dF

= 0.

(4)
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Equation (4), after separation of variables, has a
solution of the form
F = f(r) (m/2nkT)i exp - [v2 + {иф -

VxH-

пг)2

+ (v, - vrn

(5)

where f(r) satisfies the equation
(l/f)df/dr - (e/ckT) (QrHzW + vTH^))

H is related to G by the Maxwell equation

= 0,

(15)

(4ne/c)G.

Substituting the first two relations of Eq. (11) into
Eq. (15) and identifying terms yields

VxH(°) =

(6)

(16)

and the field components are given by

(17)

Hz(o) = [4ne (Q - Q)/c] J r °° f(r')r'dr',

We now substitute (14) and (17) in (13) and obtain
a system of differential equations which define the
quantity KM

НфМ = [e(vT - S*)/c] / / / ( r ' ) r ' á r ' ,

(7)

where г^ and i i denote the axial and angular velocities
of the other species. It is easily verified that the
solution of Eq. (6) is
2c2kT/ne2

i

— or1)

[vT{vT — vT) - a~

(8)

where a. is an integration constant which is determined
from the normalisation condition.

d[Vx

Hi 1 ) = h(r, со, k, n) exp i(kz + пф — cot).

We assume that the deviations from the equilibrium
position are small so that, up to first order, the
moments are well approximated by those computed
with a Maxwell distribution.
If we multiply Eq. (1) by v and integrate over-all
velocities, we obtain
(9)

8Gt/dt + 8G%1j8x0 + (e/mc) [H x G H
by

G% = J vlFd*v, G%1 = j

the

(18)

The three components of the vector HW are not
independent. This can be shown by taking the inner
product of Eq. (18) with VT- We then have a linear
relation between the three components of V x H W .
We shall take the perturbation HW to be of the
form

THE PERTURBED SOLUTION

where G% and G%0 are defined
integrals

WVyBt + (e/mc) H<°> X V X Hi 1 )
+ (4ne*/mc*)f{r) Hi 1 ) X v T = 0.

following

vlvJFd^v.

(10)

We now separate the velocity moments and fields
into two parts, one of which corresponds to the
equilibrium solution (labelled by the superscript (0))
and the other to deviations from the equilibrium
position (labelled by the superscript (1)).
G% =

(19)

Substituting this expression into Eq. (18) yields
ico [injrhz - гккф] + (e/mc) [Hz(°) (ikhr ~ hzf)
-H^irh^/r-inhr/r]
+ (47ze2lmc*)f{r) (Q rhz - vT кф) = О,
ico [ikr — hz'] — (e/mc) HZM (inhz/r — ikh^)
+ (4ne2/mc2)f(r) vT hr = 0,

(20a)
(20b)

] + (e/mc) Нф^) (imhz/r — гккф)
(4пе*/тс*) f(r) Q rhr = 0. (20c)

ico

The derivative of hr does not occur here so that this
component can be found directly from Eq. (20b)
Г

_ t[cohz' + {eHz(°)/mc) (nhz/r 2

~~

Щ)]

2

k + ( 4 / ) f(r)v
f() T
cok+

'

(

}

and substituted into (20a) and (20b). This yields a
first order homogeneous set of equations for hx and hz

(11)
тс г

From Eq. (9) we then obtain
8G%,lôxj = {е/тс)[Я^ X Gí1)]* = 0

(12)

for the equilibrium quantities and
dG/dt + (e/mc)[W°) X GW + Ж1) X G(°)] = 0

(13)

for the perturbations G^1) by neglecting the quadratic
terms.
The value quantity of H(°) is determined by (3),
(7) and (8), and G(°) can be calculated with F from
Eq. (5)
3

G<°) = Г vFd v

= /(r)vT.

(14)

(coe/mc)
— cok + (4же2/тс2) fvi

me

= \œk +

тс2

пщт/г)
— cok +

(4ле2/тс2

[{elmc)2nHz(°)/r]
— cok + (4пе2/тс2

г, (22а)
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(nco/r)
~ cok+ (4ne2¡mc2)

(28)

= (3

We always have solutions regular at infinity if we
take
s = (3 + n - na2/№)l(l + со/Cl -

тс
2
2
k (eHz(°)/mc) [nco/r — (4ле /тс ) Qr]

mer
тс) {n/r)[nœlr- {Aneóme2)/Or]]
- a>¿ + (4^ 2 /wc 2 ) /vT
J

l

j

RELATION

The behavior of the solution at the origin is obtained
from (22) by retaining the smallest powers of r. This
gives

Equation (23) has solutions of the form rPt where ft
takes the values
P = — 1 ± n for n ф 0,
/? = 3,1
for n = 0.
(24)
There is a single finite solution at the origin. We
obtain the behavior of the solutions at infinity from
(22) by retaining the largest powers of r. In this
manner we obtain for hz
hz" + k (1 + co/Q - O/co) hz1
-k(3 + n~ na2¡u b) hz/r = 0,

(29)

where Re(s) > 0 and s is determined from the condition that the solution must be regular at the origin.
For non-zero n, the dispersion relation is found by
imposing the asymptotic form (28) on the solution
h/eg(r) regular at the origin:

— cok + (Sute2¡me2) ¡VT

THE DISPERSION

S. CIULLI and M. MICU

(25)

where a and b aie defined by

lim (h/es(r)lrhzresf(r))

= — s.

(30)

This gives a numerical relationship between со, k, n,
Ho and T. Stability is obtained for those values of
the experimental parameters Ho and T which lead
to Imco < 0 in the dispersion relation.
Numerical solutions must be used in Eq. (30)
because Eq. (22), which defines h/e§, is too complicated
to admit an analytical solution. The numerical
solutions are now being carried out by the computing
group at the Joint Institute for Nuclear Research in
Dubna.
A number of idealizations and approximations have
been made in the present analysis which limit the
utility of the formulae obtained. For example, if
we include the collision term in the Boltzmann
equation additional quantities appear in the final
results, i.e., viscosity, thermal and electrical conductivity, etc. Furthermore, the finite dimensions of
linear discharge tubes or the toroidal form of some
discharges strongly modify the present results.
Taking into account these additional effects, exact
solutions will be obtained numerically for different
values of the experimental parameters.
ACKNOWLEDGEMENTS

а = lim {геНф(°)/тс)
= 4 (^т — VT) (kT/tn)/[vi (I>T — ^T)
- a (Q -

U)IOL2I

= (8Q kT/oc2m)/[vT {vT~
-Q)/ae].

(26)

Equation (25) has two linearly independent solutions whose asymptotic forms are
A2(i) = exp — kr (1 + co/Q — O/o>),

(27)
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Stability of Plasma in Static Equilibrium
By M. D. Krusiial and С R. Oberman *
Our purpose is t ^ derive from the Boltzmann
equation in the small mje limit x, criteria useful in the
discussion of stability of plasmas in static equilibrium. At first we ignore collisions but later show
their effects may be taken into account. Our approach
yields a generalization of the usual energy principles z> 4>5 for investigating the stability of hydromagnetic systems to situations where the effect of heat flow
along magnetic lines is not negligible, and hence to
situations where the strictly hydrodynamic approach
is inapplicable.
In the first two sections we characterize our general
method of approach and delineate the properties of
the small mje limit which we use to determine the
constants of the motion and the condition for static
equilibrium. In the next two sections we calculate
the first and second variations of the energy and
conclude with a statement of the general stability
criterion. In the final three sections we state several
theorems which relate our stability criterion to those
of ordinary hydromagnetic theory,5 we show how
to take into account the effect of collisions, and
briefly discuss the remaining problem of incorporating
the charge neutrality condition into the present
stability theory.

the displacement of magnetic lines of force away
from their equilibrium positions.) We rid ourselves of
the dependence on / by minimizing the energy with
respect to it, subject to the constraint that all constants of the forementioned type have their equilibrium values. We then have a sufficient condition
for stability involving \ alone.

GENERAL METHOD

There exists another constant (the initial phase) of
more complicated behavior and involving the time
explicitly. We do not employ this latter constant.
The first order variation of the energy vanishes
since in static equilibrium x(t) vanishes. The second
order variation leads to the form

Generally, the constants of the motion of the type
we employ do not specify the motion completely so
that there exist many motions evolving from the same
equilibrium (at t = —сю). By restricting the constants of motion to their equilibrium values, the only
possible motions other than the equilibrium behavior
are instabilities (the pure modes of which have an
exponential time behavior and hence vanish at
t= —oo).
To illustrate the method we consider the simplest of
examples, the equation of motion
x = Àx.

This system has one time-independent constant,
the energy

Our method consists of writing down the energy
of the system to second order in the perturbation
fields of / and B, where / is the distribution function
in x,v space and В is the magnetic field intensity.
We eliminate the terms involving the second order
perturbation / by employing certain constraints,
namely, that certain constants of the motion have their
equilibrium values. The constants of the motion we
employ are time-independent and are functionals of /
and В which are regular at, and permit expansion about,
their equilibrium values.
The resulting expression for the energy is a quadratic
form in / and Ç jointly whose positive-definiteness
provides a sufficient condition for stability. (More
about Ç later, let it suffice for now to say % describes
* Project Matterhorn,
New Jersey.

(1)

Princeton University, Princeton,
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for the perturbation. Clearly if Я > 0 then the
energy is a positive-definite form and the system is
stable, for there exist no motions away from equilibrium. The stable oscillatory motions must necessarily
increase the energy from its equilibrium value and
hence are disregarded. If Я < 0, however, the form
is indefinite, (3) can be satisfied nontrivially, and there
exist (exponential) motions away from equilibrium.
This method was suggested by a technique used by
W. Newcomb 2 to show stability in the much simpler
case of a plasma with a Maxwellian equilibrium distribution.
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SMALL m/e LIMIT

where P is the stress dyadic, I is the unit dyadic,

In the present investigation we obtain these criteria
by examining the second order variation of the energy
2

with p± and pn given by

2

S = f dH\{B + E )

/J/

dvded*x[mf№ + W + vB)]
(4)
from its equilibrium value. Here E and В are the
electromagnetic field intensities, / is the distribution
function in x, v space of a particular species of charged
particles, the summation is over all species, and
v = a + v± + ?n,
B(x, t) = В (х, t)n(3Ct)

(5)

a=ExB/B!,

(7)

q = V»n,

(8)

v = v^\1B,

(9)

2

s = a /2 + vB.

(6)

(10)

The quantity (Б/д) dvde represents the volume element
in velocity space. We assume for simplicity that any
boundaries present are such as to present no complications, e.g., rigid and perfectly conducting walls with
В entirely tangential. The properties of the small
tn/e limit we employ are:
(a) v is constant following a particle motion.
(b) f is rotationally symmetric in velocity space
about a line parallel to В and passing through the
point a.
(c) a is the common drift velocity of all particles.
This last fact, as is well known,1' 3> 4> 5 permits the
introduction into the formalism of a displacement
vector Ç(x, t) which governs not only the development
of the field quantities but also the transverse motion
of the particles. We defer consideration of the
additional property of charge neutrality until later,
but we remark at this time that in contradistinction to the Chew-Goldberger-Lowx (CGL) theory,
where one particle species is taken to have a much
smaller mass than another in order to satisfy the
condition that E*n vanishes, we treat all particle
species on an equal footing, regard E and В as participants in the mje expansion and find that E»n is
indeed zero to lowest order in m¡et which is all that
is necessary for the evolution of the expansion.
The equilibrium distribution function we denote
by g(v, s, L) where L labels the line of force passing
through a point in space. We take g to be monotonic in s with
ge<0
(11)
for reasons we shall see later. The equilibrium condition is

0 = - V-P+ (VxB)xB
= - V.(/>+l + £_nn)+ VB 2 - B.VB

and

pL - mjj(B/q)dvd8 vBg.

FIRST ORDER VARIATION OF ENERGY

The first order change in

g?=

B.B

given by

)- шíJ

dvdecPx

) + Bq(f+ efe)].

X [{g

(16)
Here we take for convenience the change following
the displacement Ç rather than at a fixed point, and
we now take equilibrium quantities without designation and denote perturbation quantities with
circumflexes. (We shall frequently perform an integration by parts with respect to e, as we have in
arriving at (16), by making use of the fact that \\q
equals qe, which follows immediately from (7). We
do this in order to avoid the appearance of nonintegrable integrands like l/<73.) The perturbed
magnetic field intensity is given up to second order in
(17)
= В + [B.V Ç + i {В [(V-Ç)2 +

- 2(y.Ç)B-VÇ},

and the volume element at the displaced point is
given by
Ç) = d4{\ + V-Ç
(18)
A.

However, we find S vanishes trivially when we make
use of the general constraint condition that all constants of the motion have their equilibrium values.
Indeed, to first order, we have
| Cj C(B¡q)dvded*x G(/, v, L)|A = 0,

(19)

where G(f,v,L) is an arbitrary function of the distribution function / (remember / = 0), v, and L where
again L labels a line of force passing through a point
in space. That magnetic lines of force maintain their
identity during a displacement 6 is a consequence of
the fact that E«n is zero (to lowest order in m/e) ;
that particles stick to magnetic lines of force is a
consequence of (c). We may write condition (19) as

0 - - J fjdvd8d4Gf(g{v, e, L), v, L)
X

(12)

(15)

-

(B/qffl
(20)
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and now regard Gf as an arbitrary function of e, v, L
because, by (11), g is monotonie in e. Accordingly
we may strip (20) to the basic constraint condition

We now make the particular choice
Gf(g(v,e, L), v, L) = — me

(23)

for Gf in (20), add the resulting expression to (16) in
order to eliminate /, and obtain
X ( - V.Ç + nn:VÇ)(<?2 - vB)ge - Bf/q],
(21)
where the integration is over a thin tube of force T.
(We may, in general, transform integrals over thin
tubes of force of flux dtp to integrals along lines of force
according to the prescription

JT<Px BA (x) - dy)fLdl A (x),

+ B.B)

f

- mf f fdvded*xg [BqV-% + {Bq)"].

(24)

The right-hand side of (24) now vanishes identically as
stated when use is made of (10), (17), (12), (14), and
(15).

(22)
SECOND ORDER VARIATION OF ENERGY

for arbitrary A(x).

The second order change in energy is given by

B.B

mfffdvded*x

Щ3))*

(Чее + 2ge)

(eL + 2fe)+Bq*(efee + 2fe)}.
Here Q is the mass density. If we write the constraint
condition (19) to second order,

(G'f> +

0 =

(25)

+ (VxB).(ÇxQ)

G'fjy

- [-

Bq*)ee + UG>f)ee(Bq*)
I) 2 - V? :

G'fV

X

(26)

and make the same choice (23)for Gf, we can eliminate
-s

Ъ

/ in the same way / was eliminated in first order, and
S then becomes a quadratic form in Ç and / jointly.
(We have not explicitly introduced the next order
correction to the displacement \ since its contribution
to S vanishes in second order, as the contribution of
\ to S vanished in the first order.) We now have
ÔW

(27)

with ÔW defined by
ÔW =

nn:VÇ) 2 ].

(30)

We are now prepared to state our stability criterion :
ÔW is a quadratic form in \ and / jointly, otherwise
depending only on equilibrium quantities. If this
form is positive definite (i. e. positive for all nontrivial
permissible \ and /), then our system is stable. Indeed,
the only \ and / for which ê can vanish (as it must
since S is a constant of the motion) are the trivial ones
and hence no instability can develop. We hope to
show this condition is necessary as well as sufficient
for stability.
Let us now minimize this expression with respect to
/ (find the worst / from the point of view of stability)
subject to the general constraint condition (21).
To do this we multiply (21 ) by the Lagrange multiplier
À(e, v, L), integrate over v and s and then integrate
(sum) over tubes of force to obtain

0 = J J fdvded*xl(v, e, L)[BqgeV-%

+

+ (Bf) * },

- vB) ~ Bf/q).

(28)

(31)

and
(29)
We find after using (10), (17), (14), and (15) that (28)
becomes

We now add this expression to (30) and then vary
with respect to /, obtaining the Euler equation

- f/g6 + Я = 0.

(32)
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present particle theory implies stability under the
CGL. fluid theory. For by means of Schwarz' inequality

If we now use this to eliminate / i n (16), we find

X = Г dH(B¡q)[q^-% + ( - V.Ç + nn:VÇ)
d4{Blq).

X («f-

(33)
2vB

These give the minimizing / in terms of Ç, so equation
(30) now represents a quadratic form in Ç alone, and
otherwise involving only equilibrium quantities. In
the hydromagnetic г> 5 fluid theory, where the pressure
develops according to the adiabatic laws
d {p „B*lQ*)jdt = 0

d {pJqB)jdt

(38)

If we now insert this inequality into (37) we find

(34)

= 0

(39)

the corresponding expression SWD is

When the right-hand side of (39) is expressed in terms
of p- and p+, it becomes precisely the last integral
on the right-hand side of (36). Hence,

n = i¡<Px{Q* + (VxB).ÇxQ + \p
(Ç)
( № ) C
- 2

:VÇ + 3 (
4(nn:VÇ)2

(40)

ÔW
(35)

+ n.V|.(Ç.Vn)]}.
We can now write (30) as

We can obtain an important inequality in the
opposite direction when the equilibrium distribution
function is isotropic (gv = 0). In this case
g(et I),

ÔW = ÔWD + I /35)

and we may write

where

(42)

/ = _ i mffJ{B/q)dvde<Pxge{iï - v* В*

-уВ)~Щ1

X =
(37)

(This expression for aW can be shown to be independent of the component of Ç parallel to В as it
should be on physical grounds.)
COMPARISON THEOREMS

If our condition is necessary as well as sufficient for
stability, it is easy to prove that stability under the

- h
= (15/4)

Я

\¡Bm

dsxdy

Bp

(

~0Г=ГуЩг{

- |yB)nn:VÇ

+ \yB V. %]/ f BdH{\

-yB)-*,

where
у - v\z.

(43)

If we now take у and e as variables in velocity space
rather than v and s wefindwe may write I in terms of the
moment p after an integration by parts in e and
obtain

-УВ)-Щ\

-

¡TBd4(\
(44)

where Bm\n is the minimum value of В along a line of
force. For this isotropic case we now have
ÔW = \

+ (VxB).ÇxQ

This result has been also obtained independently by
M. Rosenbluth7 using another method. Since the
integrand in 1г is positive, we may take Schwarz'
inequality in the opposite direction, perform the
у integration, and obtain

ÔW > ÔWH =
(46)

where
We may conclude that if for a y = 5/3 hydromagnetic
fluid we can show stability (ÔWH < 0) then we may
conclude the system will indeed be stable under our
more refined particle picture.
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and

In case collisions are not negligible, the situation is
somewhat altered in that we lose most of the constants
of the motion. Those of the type in (19), for which G
is independent of / and v, remain. However the fact,
that the equilibrium distribution function is now
locally Maxwellian (as it must be for static equilibrium
with collisions) enables us to proceed with the argument. We do not lose the property that particles
stick to magnetic lines of force, however, since the
size of the step away from a magnetic line of force
after a collision goes to zero with m/e.
The Boltzmann Ж function

T dHdvde (B/?)fea
+ (-V-Ç + nniV

(56)
- vBgt) - / j .

This leads to
(57)
for the value of the integral involving / 2 . (The
meaning of <y • Ç> is the same as in (46).) It follows at
once that

d*x{B/q)dvdeO{L)f{e, L) In /

Ж = (jj

Жо= + Ж +Ж +..

(58)

(48)

has the well-known property
Ж < 0.

CHARGE NEUTRALITY

(49)

We now assume that all regular, time-independent,
phase functions have their equilibrium values at
t = — oo and in particular obtain
= - oo) =

i.e., stability is not destroyed by the occurrence of
collisions.

We conclude our presentation with a brief discussion of the charge neutrality condition which is also
a consequence of the small m\e limit. This condition
is

(50)

0 = S nl el

Now

i

§ = 0

(51)

Ж < 0.

(52)

= — S e* Íf/Bqdvds.

and, therefore,

But аЖ/dt is linear in / and hence a reversal in the
sign of / leads to аЖ\&1 > О. We conclude, therefore,
Ж = 0

We must now minimize (25) with respect to / subject
to the present constraint as well as (16). This leads
to a coupled set of linear integral equations for
the multipliers with which the constraints are introduced. We have not solved these equations and defer
further discussion to future work.

(53)

and finally obtain
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Now S is still a constant of the motion and we may
use the expression for Ж to eliminate / from (25),
obtaining expression (28) for this Maxwellian case
with the additional positive term —Ж on the righthand side. We could have used the theorem that 8 S
+ Ж is a minimum for the Maxwellian distribution
with modulus в, to arrive at this result. We minimize
this expression with respect to / now with the constraints that the Ж function for each tube of force is
constant to first order (see (53)) and the number of
particles in each tube is constant. That is, using
(16) and (20) we may minimize subject to the constraints

0 = J f fT dfixdvde{B¡q)e[q*V*Cge

(59)

(55)

+ ( - V.Ç + nil VÇ) (q2 - vB)ge - /]

We are indebted to M. Rosenbluth for a valuable
discussion.
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Mr. Kruskal presented Paper P/365, above, at the
Conference and added the following remarks :

I should like to summarize the development of the
theory of plasma stability and, in particular, to
compare the work of Rosenbluth and Rostocker, as
described in Paper P/349 presented to this Conference,
with the Kruskal-Obermann theory as expounded in
Paper P/365.
The main problem in the production of controlled
thermonuclear energy is the confinement of a completely ionized plasma of hot nuclear fuel by means of
strong magnetic fields. A major obstacle to such
confinement, however, is the possible existence of
instabilities which may quickly disrupt an otherwise
satisfactory equilibrium configuration. Accordingly,
it is a major task of theory to predict the stability of
given configurations, as well as to devise ever better
means for so doing.
In the earliest theoretical approaches the plasma
was treated as a continuous hydrodynamic fluid described at each point of space-time by a few parameters, for
which, together with the electromagnetic fields, one
could write a complete set of partial differential
equations determining the possible motions. This
type of description is appropriate when there is a
mechanism which keeps neighboring particles close
together, so that a set of neighboring particles can
form a coherent element of fluid. In many applications the frequent collisions between the particles
constitute such a mechanism.
At fiist stability was treated by a number of
investigators on the basis of the hydromagnetic
equations, using the method of normal modes. This
involves linearizing the equations for the perturbations
of the equilibrium state under investigation, and
looking for solutions of these linearized perturbation
equations which are purely exponential in their
time-dependence, with real or complex exponents.
The equilibrium is unstable if growing exponential
solutions exist.
Except for rather simple equilibrium states, however,
this normal mode method is very difficult to carry
through. Following the pioneering work of Lundquist,3 several groups of authors therefore developed
an energy principle which greatly enlarges the class of
stability problems which can be investigated practicably. This energy principle states that a static
equilibrium is stable if and only if a certain associated
homogeneous quadratic form is positive definite. The
quadratic form represents physically the second-order
variation in the potential energy of the system due to
an arbitrary virtual displacement of the fluid.
The energy principle provides a very satisfactory
general stability theory, at least for static equilibria,
when there is some mechanism (almost necessarily
collisions) that permits the plasma to be treated
hydrodynamically.
In controlled thermonuclear
energy applications, however, the effects of collisions
are negligible for processes that take place as quickly
as the growth of most instabilities. There is, instead,
a mechanism which is in a sense two-thirds effective

in keeping neighboring particles close together;
namely, a strong magnetic field forces the charged
particles to gyrate around a point which sticks to
and moves with a line of force. As a result, the particles cannot disperse in the two directions perpendicular to the magnetic lines of force, but only in a
direction parallel to the field lines.
Several groups of authors, notably Chew, Goldberger,
and Low,1 have shown how to treat the plasma in the
mathematically appropriate way when collisions are
not important. They employ the so-called collisionless Boltzmann equation with a term {q/fn)
(E + v X B) in place of the usual collision term.
The electric and magnetic fields satisfy the Maxwell
equations and the current and charge density are
expressed as sums over the different species of integrals
over velocity space, utilizing the distribution function
which satisfies the Boltzmann equation as a weighting
function in the integrand.
One now wishes to obtain the limiting form of
these equations as the radius of gyration of a particle
in the magnetic field becomes very small compared to
the characteristic length of the system under consideration, and the period of gyration becomes very small
compared to a characteristic time. This limiting
process may be formalized in various ways, the
simplest of which is to treat the charge q as being
very large. It is not trivial to carry this program
through systematically. However, it has been shown
that the resultant reduced system of equations is
easier to handle than the original system. The reduced
system, obtained in this fashion, may be used to
investigate the stability of equilibria by the normal
mode or equivalent methods. This is essentially
the approach adopted by Chandrasekhar, Kaufman,
and Watson. Unfortunately, compared to the hydromagnetic equations, it is more difficult to carry through
the normal mode method with the reduced system
when the equilibrium is not simple.
In the two papers which I wish to discuss here,
(P/365 and P/349) an energy principle for determining
stability is derived based on the reduced system.
The methods used differ considerably from each other.
The conclusions reached in each paper are in some
respects more general than those in the other, but
where they overlap they agree.
In the paper by Rosenbluth and Rostoker, the
equilibrium state is assumed to have isotropic distribution functions to lowest order in the gyration
radius. The first part of the paper is devoted to
obtaining the equations of a normal mode, and it is
shown that the first-order perturbations from equilibrium of all quantities are proportional to the exponential of cot. The quantity œ, which may be complex,
is the characteristic growth or frequency parameter of
the mode. In this analysis, all the first-order perturbations are expressed in terms of the usual first-order
vector \, which describes at each point the perpendicular displacement of the magnetic line of force.
One obtains finally an integro-differential equation
for \ analogous to the differential equation for Ç obtainable from hydromagnetic theory. The presence
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of the integrals, which are taken along equilibrium
lines of force, is of course a consequence of the spatially
non-local character of the treatment. The normal
mode equations constitute an eigenvalue problem
for со.
The next step in the Rosenbluth-Rostoker method
is to construct the second-order change in energy
due to the first-order perturbation. This can be
expressed as a quadratic functional W in Ç. For œ = 0,
the integrand of the functional contains three terms
which are the same as in the hydromagnetic case
because they represent the second-order change in the
energy of the magnetic field. The fourth term in the
integrand involves two integrals which, for each
point x and each value of the dummy variable of
integration, are line integrals taken along part of the
equilibrium line of force through x.
It turns out that the quadratic functional W
vanishes and is stationary for a vector field \ which
is not identically zero if and only if \ is a solution of
the eigen-value problem described earlier and has
the eigenvalue œ = 0. This suggests strongly that
if W is negative for some Ç, then there is an instability.
A proof is given that if W is positive-definite then the
equilibrium is stable.
In the other paper, we (Oberman and Kruskal)
have made no effort to obtain conditions for instability,
but have sought the weakest conditions we could for
stability. To do this we look for constants of the
motion of the system which do not depend explicitly
on the time and which are regular near the equilibrium
configuration. Since any purely unstable motion
has been arbitrarily close to the equilibrium state far
enough back in time, such constants of motion must
have the same values for an unstable motion as for
equilibrium. That is, the first and second-order
perturbations of these constants of motion must
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vanish. This leads to severe restrictions on the
first-order perturbations of the physical quantities;
when they are so severe that these perturbations must
vanish, stability is assured.
We do not assume that the equilibrium distribution
functions are isotropic, but we do require of the equilibrium that the mass velocity vanish to lowest order
in the gyration radius for each species of ion. We
obtain finally a quadratic form in Ç, the positivedefiniteness of which implies stability. In the case of
isotropic equilibrium distributions it reduces exactly
to the form W obtained by Rosenbluth and Rostoker.
Our method of using constants of the motion can
be applied even when the collision terms of the
Boltzmann equation are retained. There are then
far fewer suitable constants available, but this is
compensated for by the necessary restriction to those
equilibria which are invariant during collisions to
lowest order in the gyration radius. Such equilibria
are those having Maxwellian distributions with constant
temperature along lines of force. The final result
turns out to be the same energy principle as before.
Both papers also give essentially the same comparison theorems. One of these is that W is bounded
above by the simpler result derived from the standard
hydromagnetic theory with two distinct pressures, one
parallel and one perpendicular to the magnetic field,
each governed by its own adiabatic equation of state.
The other comparison theorem is that in the isotropic
case, W is bounded below by the result of standard
hydromagnetic theory with one scalar pressure.
Because of these comparison theorems, fortunately,
we have demonstrated in these two papers that the
stability results previously obtained from standard
hydromagnetic theories still have considerable significance when viewed in terms of our more accurate
calculations.

P/349

USA

Theoretical Structure of Plasma Equations
By M. N. Rosenbluth and N. Rostoker *

(2)

the CGL approximation consist of taking moments
of the transport equation. Each moment equation is
a differential equation that involves only macroscopic
variables. The adiabatic invariants are introduced
arbitrarily to terminate the set of moment equations.
To investigate the stability of a particular plasma
configuration, the moment plus adiabatic invariant
equations are solved subject to suitable boundary
conditions.
The essential feature of the present approach is
that the transport equation is solved at the outset
to give the perturbed distribution function in terms
of the perturbed field variables. The macroscopic
variables calculated from the solution must then
satisfy Maxwell's equations. In the limit of small
Larmor radius, these become integro-differential
equations. This approach leads to more complex
macroscopic equations, but it has the virtue of being
correct when the MH and CGL approximations are
not.
A convenient way of treating stability problems is
to calculate the change in energy which results from
a small perturbation. In the MH approximations
this method leads to a variational principle.4 The
energy change calculated by the present procedure of
solving the transport equation also will be shown to
give a variational principle. It is bounded below by
the MH energy change and above by the CGL
energy change.

(3)

SOLUTION OF THE TRANSPORT EQUATION

In high-temperature plasmas, collisions are very
infrequent. Thus the charged particles travel on
independent orbits determined by the electromagnetic
field. At first sight this would seem completely
different from a conventional fluid where particles are
closely hemmed in by their neighbors. However, there
can exist collective modes of motion in which the
particles interact with each other by altering the fields.
In this paper a new method is developed for the
solution of the linearized transport equation. By
facilitating direct use of the properties of particle
orbits, a considerable simplification is achieved. In
particular, a variational expression is derived for
determining stability which is rigorous in the limit
of small Larmor radius.
Investigations of the stability of a fully ionized
plasma are usually based on the magnetohydrodynamic
equations 1 ' 2 (MH approximation). The essential
features of these equations are the assumptions of
scalar pressure P and an adiabatic invariant
d

(PQm~7)

= 0.

(1)

Chew, Goldberger, and Low 3 have proposed a different
approximation (CGL approximation) in which the
pressure is not scalar and there are two adiabatic
invariants
'

dt

d
It

/

Р

Л

= 0,
= 0.

At sufficiently high temperatures the plasma can
be described by the collision-free transport equation 5

Р„ and P± are pressures parallel and perpendicular
to the direction of the magnetic field B. Neither the
accuracy nor the conditions for the validity of these
approximations are completely understood.
The transport equation provides a complete description of the plasma and a deductive basis for approximate descriptions. The MH approximation and

ЩЫ + v .

(Fi/™*)

= 0,

(4)

where
E and В are macroscopic fields that satisfy Maxwell's
equations. They are produced by the charge density

* John Jay Hopkins Laboratory for Pure and Applied
Science, General Atomic Division of General Dynamics
Corporation, San Diego, California. Research on controlled
thermonuclear reactions is a joint program carried out by
General Atomic and the Texas Atomic Energy Research
Foundation.

and the current density
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fi(x,v;t) is the distribution function for the ith
particle species. (For present purposes, г — 1 for
electrons and i = 2 for ions; the subscript г will be
deleted except where it is essential.)
The stationary state whose stability is to be considered satisfies

/o + (îW(vxB).V e / 0 - 0.
(5)
The linearized time-dependent equation that determines the stability of this state is
8(df)/dt + v.V<5/

{q/mc){vxB)-Vvôf
= -dF.V,/ 0 /m.

(6)

This equation describes both the dynamical and
statistical aspects of the problem.
The dynamical aspects of the stability problem
have been clarified by a treatment 6 which proceeds
from the solution of the orbit equations

(l/c)v'xB),

dir'ldt' = (q/m){E
dx'/dt' = v7.

(7)

To calculate macroscopic variables, such as charge
density, current density, etc., it is essential to know the
weighting function for the particles. A more convenient treatment of the statistical aspects of the
problem based on a solution of the transport equation
has been given by Chandrasekhar, Kaufman and
Watson.7
In the present approach, Eq. (6) is solved by making
time integrations along the unperturbed orbits.
This procedure does not emphasize one of the dynamical or statistical aspects at the expense of the other.
Equation (6) can be written as
d(ôf[x(t),v(t) ; t])/dt = - dT'Vvfo/m,
so that
a/(x, v; t) = -(1/ж)
Jt>

Г~'

+ ôf(t0).

Í.

(8)
The integrand must be evaluated along the unperturbed
orbit at x'(x, v; t'), v'(x, v; /'), where these functions
satisfy
dv'/dt' = (v'xB)qfmc
dx'/dt' = v7,
(9)
and the initial conditions
x7(x, v; t) — x;
v'(x,v;¿) = v.
The relevant physical problem defined by Eq. (8)
is an initial-value problem. An arbitrary initial
displacement is made from the state described by /0,
and one wishes to know the subsequent time evolution.
This type of problem has been solved by Laplace
transforms.8 The equations for the Laplace transforms of the initial-value problem are the same 1as for
an eigenvalue problem where of = /х(х, <ч)еР , ôB
Bx(x) ept, etc., except for some inhomogeneous terms
from the initial conditions. The Laplace transforms
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will have poles at the eigenvalues p = pn. There are
no additional singularities in which p has a positive
real part. The significant time-dependence of the
solution of the initial-value problem will be of the
form tl e^nt, where I is the order of the pole at p = pn.
For stability considerations it is sufficient to know
whether pn has a positive real part so that we shall
only consider the eigenvalue problem. As long as p
has a positive real part, there are no convergence
difficulties in Eq. (8). Furthermore, in this case,
the arbitrary function df(t0) in Eq. (8) drops out if t0
-> — oo.
For an unperturbed magnetic field B(x) that is
not constant, Eq. (5) and (9) cannot be solved
exactly. The appropriate expansion parameters are
Xi = ai/L where ai = тъу±с/с{В are the radii of
gyration and L ^> ai is a characteristic length of the
problem. (For example, L = B/\SJB\.) In the calculation of ôf there are additional parameters: p/co,
where со = qB/mc is the cyclotron frequency; p/cop,
where cop = (4jzNq2/m)ï is the plasma frequency;
and Ln/L, where LB = (@/4nNq2)* is the Debye
length. These parameters are assumed to be of the
same order as À. Each parameter is proportional to
q-\
For Maxwell's equations we need to compute ój,
the perturbed current. Because ôj is proportional to
qôf, it would seem that ôf must be calculated to order
Xn+1 to determine ô} to order Xn. However, to calculate the pressure tensor
ÔP =

(10)

to order Xn requires ôf only to order Xn. As any
solution for ôf must satisfy the moment equation
= - V.áP + (l/c) [dj XB + j X(5B], (11)
ójxB can be inferred from ÔP. This method is
clearly simpler than the direct calculation of ôj.7
Our procedure is then as follows: <5E is to be
regarded as the fundamental variable. ÔB can be
expressed in terms of it by Maxwell's equations. The
distribution function is then calculated by Eq. (8) and
the charge density (or alternately the component <5/„ )
is computed directly from it in terms of (5E. The
two components of current perpendicular to В are
given by Eq. (11). The Maxwell equations VxôB =
(4л/c)ôj and \Л(5Е = 4nÔQe now provide the system
to be solved for (5E. (It is often convenient to use
the latter equation to eliminate
ôEir) Equation (8)
will be solved to order Я0, so that the resulting equations should be analogous to magnetohydrodynamics
in which the charge q does not appear.
We now return to a brief discussion of the equilibrium state.
To solve Eq. (5) it is convenient to use a local
cylindrical coordinate system with the z axis in the
= direction of В = Bn. A solution of the form
/0 = /(x, v) + Ag(x, v) + O(A«)
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is substituted into
v.V/0

= 0.

n

Coefficients of oX are set equal to zero. From the
coefficient of X , df/дф = 0. Therefore, / = /(x, 2v±,
г»,,). For present purposes we assume / = /(x, г; ),
i.e., an initially isotropic pressure tensor. From the
coefficient of X it follows that
(12)

n.V/ = 0

and

( l / c o ) ( v . n x V / ) + Xh (x; v¿,

/о = /(x, •

(17)
ôE =
Bearing in mind the above discussion, we treat
ÔE{] as of order XÔÇ. It is clear that the component
of \ parallel to the field В is irrelevant and we set
it equal to zero in the subsequent algebra.
In the first term of Eq. (16)
{c/pB2) (v'xVxóE).(BxV/)
= {VJB) [VX (<JÇxB)>V/ + 0(X).
From the vector identities

vt).
(13)

The solution of Eq. (9) is only required to order Xo
To this order, the particle undergoes circular motion
about a guiding center that follows a field line, i.e.,
F ^ ^ c o s ) codt" ± e2sin J codt"],

V-B = B.V/ = V XV/ = 0,

where

F B 2 = v2 — 2¡iB\my

V2

the first term is reduced to

=
and

(16.1)

e2 = nxe 3 .

The magnetic moment ¡x = mV±2/2B and i;2 are
constants of the motion.6 If В is constant along the
orbit, V±—v± and F,, = г>„ are constants. Otherwise, the particle orbit may have turning points
because V» = 0 when
B(x') =

2

B
Г1'-'
Jt' = -СО

=

m

In the second term

after an integration by parts, the second term is

(15)

ôf is calculated by substituting Eq. (13) into Eq.
(8) ; with the assumed exponential time-dependence,

where

and the relations

¡ ^

F,n.V(oÇ.V/) Л'.

(16.2)

In the third term
v'.<3E= # ) ( v ' . B x 8%) + v'.^E,,
= (mp/q)(ô%.dv'ldt>) + (v'.ÓE,,);

dV

ÔE. BxV/ A(
Б2

after an integration by parts, the third term is
Ç

2p / ^ ^ [ • ' • ( • Ç

—00

(16)

The integrands next must be averaged over a Larmor
period. The quantity df/dv2\c is constant during
this time to 0(X), and the oscillatory parts of v ; in
Eq. (14) give zero except where a product cos 2 or
sin 2 obtains. Thus, averaged over a period, we see
that

is the value of df/dv2 at the guiding center and remains
constant during a Larmor period.
Asó/-—'[(ôE^/X)
= IF ± 2 /2
F x 2 /2)nn;
+ ôE][l + 0(X) + . . . ] , the charge density will be
ÔQe ~ [l/L][(ÔEJX2) + (ÔEJX)][l + 0(X)...] > V-<5E. I is the unit dyadic, and n the unit vector in the
Therefore, ôEJôE±~ X. The physical reason for
direction of B. The result for the third term is
this is that <5¿|, can cause a large charge density.
If it is to be slowly varying it must be small. ôE±
cannot produce a correspondingly large charge density
because the ¿ E ± x B drifts are independent of the
î;2) àV
sign of q. It is convenient to introduce a twocomponent displacement vector oÇ = Ç eP* such that

STRUCTURE OF PLASMA EQUATIONS
The integrations now are to be carried out along the
zero-order particle paths dx''/dtf = V{l n . As df/dt'
= F i, n*V/ = 0, df/dv2 can be taken outside the
integrals.
The result for the distribution function is
- Of =

/+2

For
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1,

{df/dv2

(2q/m)
[(27,» -

- P

(18)
Since (5B = V x ( a Ç x B ) , the lines of force move so
that each point on a line is displaced by the local
value of (5Ç which is perpendicular to the line.9 Equation (18) is of the form — of = <5Ç-V/ + dvVvfThis means that particles are all displaced by the
local value of Ó2* so that they remain " frozen " on the
line of force.
A particular particle is identified by the fact that
it has velocity v and position x at time t. The zeroorder particle orbit x'(x, v ; t') simply follows a field
line В which forms a closed loop. The orbits will
always be at least quasi-periodic in a finite system.
That is, they will return arbitrarily close to the
starting point. Thus,

x'(t' + r) = xf(t')

In both cases the equation V-(5E = 4nÔQe shows that
the contribution of the first integral in Eq. (18),
while of order À0, is of higher order in pr and \\pr,
respectively, and may be omitted.
MARGINAL STABILITY EIGENVALUE PROBLEM
The quantity <5E satisfies Maxwell's equation
2

B x v x v x á E + {р/с) ВxôE = (Anp/c2) (ájxB),
(22)
where ôj X В is related to the pressure tensor by
Eq. (11). The pressure tensor can now be calculated
to order pr by substituting Eq. (20) for ôf into Eq.
(10). It is convenient to introduce as velocity variables the constants of the motion, v2 and
2a
mv2

(19)

(23)

In these variables

where

a/ /(x,«)
dv* K{x,a) '

(20.1)

/ is a coordinate that measures the length along the
where
particle orbit. For particle orbits that have no
turning points, 1г and /2 are determined by B(x).
J{ ,«) = / ^ {[1 -i«B(/')
They depend on x, but not on v . (l2 — /x) is the
dV
distance around the closed loop that brings one back
[l-aB(l')]*
to the same point, e.g., once around a torus. If the
particle orbit has turning points, 1г and /2 are their
and
positions. These quantities may be determined by
dl'
solving Eq. (15). They depend on x and the velocity
K(x, a) =
direction cos в = v*n/v, but not on the magnitude
of v .
The result for the pressure tensor is
The integrals in Eq. (18) can be reduced to integrals
over a single period. That is, if Y(t' + r) = Y (
¿P = - ( | . УР) I + ÓPj.1 + (ÔPt - ÔP±) nn, (24)
then
where
dV -

e

dt'.

The limiting forms of Eq. (18) are easily obtained for
the cases ^ r < l and pr ^> 1. They are as follows:

P= {4п/3)^гШг jfi{X, V
is the unperturbed pressure,

IT

For pr < 1,

J(x,0i)0id0C

(24.1)

and
15
(20)

Г

K{x, oc)

da
(24.2)
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To change from the independent variable ôE to <5Ç,
Wx = £ f РаФ faJJB™da[J(<!>,a)YIK(<i>,a).
we can substitute óE = p(B хд%)/с + О (Я) and ôB
(27.3)
= V X (ÔÇ ХВ) + О (A) intoEq. (22.) For the marginal
stability case, p —> 0, the eigenvalue equations are W is clearly a positive definite quantity. The
x
term Wo obtains in the MH approximation as well
BxVxVx(BxÇ)-(VxB)
as the CGL approximation. The difference between
. (25)
these approximations and the present result, which
is correct to order Я, lies entirely in Wx. The conThere are two equations for the two components of
dition that W be a minimum with respect to arbitrary
Ç. In the case of a cylindrical pinch, n*VB = 0
variations in Ç turns out to be just that Eq. (25), the
everywhere, and none of the particle orbits has
zero frequency equation, is satisfied. Thus, if Wm\n =
ikl
turning points. For displacements 2* — 2-& e ,
0, the stability is marginal, and we can conclude that
/(x, a) = 0 unless k = 0. For k ф 0, <5P reduces to
H^mrn > 0 is a necessary condition for stability.
a scalar so that magnetohydrodynamics is valid.
A brief outline of the proof for sufficiency will now
In the10 case k = 0, singularities develop in the equabe
given. Again we consider the change in energy
tions. A complete treatment of this would require
which
would result from a given perturbation (3E with
carrying the expansions to higher order in Я.
an assumed frequency p. In general, p may be complex, but has a positive real part. The energy
change is then found to have oscillatory parts as well
ENERGY PRINCIPLE FOR STABILITY PROBLEMS
as a monatonically changing part. In order for a
solution to exist, both parts of the energy change must
The eigenvalue equations for the marginal stability
vanish because there is assumed to be no external
case can be derived from a variational principle. The
energy source. We restrict our attention to the
appropriate functional is the energy change that results
monotonically changing part
from the perturbation
W

-

fiÔE'ô

в
8л;

(26)

J
dsx.

This can be expressed as a functional of Ç using
Eqs. (11) and (24). In the marginal stability case
(27)

W = Wo
where

4л;

V xÇxB

2 3

Ux

(27.1)

and
L=-*/{(№,-.
.

(27.2)

A more explicit form for Wx is obtained by substituting <ЗР„ and ÔP± from Eqs. (24.1) and (24.2), and
carrying out the volume integration over flux tubes;
i.e., d3x = dl аФ/В(1). Ф is a coordinate which
labels a given flux tube. аФ = BdS indicates the
amount of flux contained therein. It is a convenient
variable, as a particle orbit lies in a definite flux
tube. The order of integration of the variables I, a
can be interchanged, i.e.,
(28)
where Вт(Ф) is the minimum value of В for a particular flux tube. The resultant expression for \\\ is

(29)

As in the previous case, we use Eq. (11) to find
ô}±. The quantities ôj B, ÔV, and ÔP are calculated by
taking the appropriate moments of Eq. (18.) The
result for W is of the form

The first two terms are just the zero frequency limit,
i.e., Eq. (27). The third term is a positive definite
kinetic energy. The fourth term is a complicated
correction to the potential energy. The major part
of the proof consists in showing that W-¿ > 0 for any Ç,
unless p = 0 and <5E „ = 0, in which case W^ = 0, by
definition. After introducing the variables Ф and oc
as before, W/ is expressed in the form

> jdv jdajl¡
X

dl{X*{oL,l,v,)

(29.2)

CO

I _
Y(oc,t,v)eptdt + (complexconjugate)}.
If we fix our attention on a particular v and a, there
is a well-defined relation between t and I. We may
then write X and Y as Fourier series in t because the
orbits are periodic. The first two integrations can
be performed explicitly, and the result displayed in
terms of the expansion coefficients for 2* and £„.
In this form it is straightforward to show that the
contribution from all elements dv doc is positive.
We may therefore conclude that if WQ + W± > 0
for all Ç, then so is W, and no instability is possible.

STRUCTURE OF PLASMA EQUATIONS
Thus the condition ^щщ > 0, where W is given by
Eq. (27), is a necessary and sufficient condition for
stability.
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When со, cop ^> p ^> 1/r, Eq. (21) is applicable for ôf.
The pressure tensor has the same form as Eq. (24), with
dP± = P [n-n-V 8% - 2V-ô|],
-

RELATION TO APPROXIMATE METHODS
In this section we show that Eq. (27) for W, which is
correct to order X, is bounded below by the MH
approximation and above by the CGL approximation. Physical reasons for this are given.
Lower Bound of W
According to the Schwarz inequality,

f {J/K)*Kda>[fjdocf/fKdoc.
Therefore, a lower bound for Wx is

(36)

- P

Using Eq. (27.2), we find that in this case the potential energy change is W = Wo + WJJ. (Equation (26)
includes a term Qmft2i,2, which is clearly the kinetic
energy; it vanishes in the marginal stability case and
is omitted here.) Thus an upper bound for the marginal stability criterion is just the potential energy
change for large p. The upper bound also has a direct
interpretation in terms of the CGL approximation.
Equations (2) and (3) are differentiated and linearized :
QmÓ

= 0.

(30)

-•£/«••

f SV'VF] -

It is now possible to perform the a integrations.
The result is discussed below. For the magnetohydrodynamic approximation,4

where Wo is formally the same as Eq. (27.1) and
(31)
In this case Ç is defined by ÔV = p\, where ÔV is
the macroscopic velocity. Therefore, Ç has three
•components, whereas the Ç in W has only two components. However, Wo is stationary with respect to
variations in f „, and we may choose £ „ so that W2
is also minimized. The condition for this is
dl

Iщ

(33)

This time the Schwarz inequality is applied to
Eq. (27.3) in the form

X [1 - «Б(/')]-* di1

(34)

If the right-hand side of this inequality is substituted
for J2/K in Eq. (27.3), the <x integrations can be carried
out and we obtain an upper bound for Wx :

- 0.

(37)

PHYSICAL INTERPRETATION
The potential energy given by Eq. (27.3) can be given
a more transparent form. To this end, we calculate
the change in kinetic energy, Г, which a particular
particle will experience from the perturbation, by
making use of the invariance of the action integral.6

dA=âl

Upper Bound of W

[pÔQm +

After substituting óV = pâ%, ôB = VXô%xB, and
pÔQm + à"4*VQm = — Qm V*áV, Eq. (36) is obtained
for ôP± and ÔPÏ{. In the CGL theory these expressions contain a | „ but ¿E and ôB are unaffected by
any component of (3Ç along the field lines, and the
motion of particles is due entirely to these fields.
Therefore, a more reasonable version of the CGL theory
would appear to be obtained by considering £n to be
zero in Eq. (36). With this interpretation the upper
bound Eq. (35), agrees with CGL.

(32)

which is constant along a flux tube. By substituting
this value for V*Ç in Eq. (31), it can be shown that
W2 = (Sy/5) Wju. For a monatomic gas, y = 5/3, so
that
W > ÏFMH.

P

V,dl^ô\

¡—{T-juB)

<й = 0. (38)

The integration is carried out along the perturbed
orbit rather than the unperturbed one as heretofore.
The parameter ¡i is still a constant of the motion,6
but T is not.
After expressing the change in В and dl on the
moving line in terms of Ç, one finds for the change in
kinetic energy of a particle,
ÔT = 2T /(Ф, а)/2ЦФ, а) .

(39)

After some algebra, Eq. (27.3) becomes

= lJP[3(n.n.V?)2
(35)

W± = (5/4) Sparticle

(40)
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From Eqs. (30) and (31) we
approximation corresponds to

P/349
see

= (5/4) Eparticles (ОТУ

that
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the

MH

(41)

where the angular brackets indicate an average with
respect to a over all particles of energy T on a line of
force
Such an average is, of course, inherent in a
fluid-type equation of state where all the particles on a
line are supposed to remain in thermal equilibrium
Similarly, the C-G-L upper limit can be written as
= (5/4) p r u d e s

(42)

where ÔTJJ is the energy change predicted by using,
instead of Eq. (38), the equation

d(Vtdl) = 0.

meaning of the neglect of the third-moment pressure
transport terms, which is the essence of the CGL
theory This approximation should agree with the
high-frequency limit, where the past history is forgotten
Thus, in the correct theory, one must average along
each particle's orbit and then sum over all particles
These operations are replaced by a double average in
the MH approximation and by a double sum in the
CGL approximation In view of this interpretation,
the inequalities which we find are not surprising t

(43)

In other words, the energy change for a particle at a
particular point on a field line is calculated as if the
fields were behaving all along its orbit just as they are
ocally This provides a physical understanding of the
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Dynamics of a Rarefied Plasma in a Magnetic Field
By R. S. Sagdeyev, B. B. Kadomtsev, L. I. Rudakov and A . A . Vedyonov

The nature of the motion and properties of a high
temperature plasma in a magnetic field is of particular
interest for the problem of producing controlled
thermonuclear reactions. The most general theoretical approach to such problems lies in the description
of the plasma by the Boltzmann and Maxwell equations that connect the self-consistent electric and
magnetic fields with the ion and electron distribution
functions.
If the mean free path of the particles is appreciably
larger than the characteristic dimensions of the
system and if the time between collisions is greater
than the appropriate characteristic time, then the
collision term can be neglected in the kinetic equation
or considered to be a small correction.
In the absence of collisions the plasma particles
interact through long-range electromagnetic forces
and the particle trajectories can be described by an
equation of motion with self-consistent electric and
magnetic fields. This is expressed mathematically
by the fact that in the absence of collisions the solution to the kinetic equation

of eliminating the fast variables from the kinetic
equation was developed by Beliaev.*
We shall eliminate the "fast" variables for the particular case when the electric and magnetic fields
change slowly in time and space; i.e., the conditions
RB/L^I
and l/coT<Cl are satisfied, where RB is
the Larmor radius, œ is the Larmor particle frequency
and L, T are the characteristic size and characteristic
time of interest. The net particle motion consists of
the "fast" Larmor rotation and the "slow" drift of the
guiding centers.
The procedure for excluding the Larmor phase;
i.e., the "fast" variable, from the equation of motion by
means of a transformation to new " drift " variables
(v±,vlh R, a) was worked out by Bogoliubov and
Zubarev. г Omitting the algebra, we shall present
the final result, limiting ourselves to the zero and
first order approximations in RB/L and 1/OJT:
dvjdt = {vJ2œ)dco/dt

dvjdt = — e0 . [ - (e/M)E
+ (v±2j2œ)Vco++dw/dt + vude0/df] (3)
dR/dt - eovu + (l/ w )
- (e/M)E
dvr/dt + vnde0/dt], (4)

df/dt + v.V/

+ {e/M){E+c-1vxB)-df/dv = 0

(2)

(1)

±

where
da/dt E= - w, eo~ B/B,

can be represented by an arbitrary function of the
first integrals of the characteristic equations for the
motion of the individual particles

w = cE X B/B2,

- ^ - = ^ - + v,,(€o.V) + (w.V).
at

di = dx/v - dv/(e/M){E + r ^ x B ) .
The exact equations for the motion of a plasma in
an electromagnetic field can only be solved in certain
simple cases especially because thefieldsare influenced
by the collective motion of all the particles. For a
certain class of problems it is possible to work out a
procedure for decreasing the number of variables and
thus simplify the characteristic equations.
The physical system can be characterized by "fast"
and "slow" variables. If we are investigating changes
in the system over a long period of time, we can
eliminate the fast variables and describe the state of
the system in terms of the slow variables. The method

ct

(5)

Since the characteristic equations are known, we
can easily write the kinetic equation for the distribution function f(vu, v±> R, o¿, t) in terms of the drift
variables :
df/dt + (dR/dt).Vf + {dvjdt)df/dvu
+ {dvJdt)dfjdvL + {da/dt)df/da = 0.

(6)

By expanding the resulting kinetic equation in
powers of CUT1, or more precisely, in powers of RB/L
and 1/coT; we see that /0 in / = /0 -f- f± +..., does
not depend on oc and one obtains an equation which
contains only the "slow" variables:
* Ed. note: S. T. Beliaev, Kinetic Equation for a Rarefied Gas
in Strong Fields] AN SSSR, Plasma Physics and Problems of
Controlled Thermonuclear Reactions, 3, 50, Moscow (1958).

Original language: Russian.
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dfldt + Vnfo-Vf) + (w.V/)
+ e 0 . [{e/M)E — (v^l2w)Va> — dw/dt]df/dvn
+ (vJ2<o){da)ldt)8fl8vJL = 0.

The moments of the distribution function are defined
by the following integrals
(7)

If rare collisions are taken into account, a small
term on the right-hand side of the kinetic equation
appears.
The electromagnetic fields and the distribution
functions are connected through Maxwell's equations.
It is easy to show that to first order in cor1 the velocity
of the centre of gravity of an elementary volume of
plasma, пЧ = J/(v, r, t)vdv, does not coincide with
the mean drift velocity, пч =
and is given by
nV = J ( — V x ( V / 2 w ) e 0
With this expression, Maxwell's equations can be
written
V.E = 4rre J (/</ — f^)vLdvLdv^dat
(8)
V.B = 0
(9)
(10)

V x E - - (l/c)8B/8t,
V x B = (4тте/с) J [ - VX
+ dR/df] (/oi - foe

R. S. SAGDEYEV et al.

n = Bjfd*v
nu = В I V\\fdsv
Ji - MBJ (vL*/2B)fd*v
p = MB Г (vn — uYfcPv
Q = MB Г (vn — u)*fd?v,
where d4 = dfidv^doc and /x == vL2/2B. Note that
Bd3v is the true volume element in velocity space.
If we assume that there is no heat flux Q along the
magnetic field then we can multiply the equation for
the drift motion (4) and the kinetic equation (5)
by various powers of vn and v± and integrate over the
velocities. This procedure leads to a closed system of
equations which describe the motion of the ionic
component of the plasma
8n\8t + V • n(eou + u) = 0

.

(11)

It may be seen from this equation that the plasma
possesses diamagnetic properties.
The set of Eqs. (6)—(11) completely describes the
plasma when collisions are neglected. However, it
should be stressed that this system of equations
follow from the first non-vanishing approximation to
the exact system of plasma equations when this
exact system is expanded in terms of a small parameter, ay-1. This is the so-called drift approximation.
EQUATIONS FOR THE MACROSCOPIC MOTION
OF THE PLASMA
Strictly speaking, conventional hydrodynamic considerations are valid when the plasma has a high
density, low temperature and a corresponding collision
mean free path which is much less than the characteristic dimensions of the plasma volume. However, Chew,
Goldberger and Low 2 and also Watson and Brueckner 3
have shown that it is possible to obtain a closed
system of equations for the first few moments of the
distribution function. These equations are formally
analogous to the usual system of magnetohydrodynamic equations with a non-isotopic pressure tensor
when collisions are neglected. These authors obtained the moment equations by expanding the kinetic
equation in powers of со"1 = eH/Mc or in powers of
the mass to charge ratio, M/e.
The similarity in the results obtained for these
two apparently opposite cases is explained by the
fact that the magnetic field deflects the particles and
symmetrizes their velocity distribution in the plane
perpendicular to the magnetic field. In this sense,
the effect of the magnetic field is analogous to the
effect of collision.
The gas-dynamic equations for the ion and electron
gases can also be deduced from the kinetic equation
in the drift approximation,5 as will be shown below.

(12)

Mdu/dt = — {oj/n){e0 . Vifi/co))
+ €0 . [eE - (JL/n)VB - Mdw/df]
d{fiB*¡n*)ldt = 0
d(jl¡n)ldt = 0

(13)
(14)
(15)

dR/dt = ue0 + (l/w)€o • [ — ( # ) E + udejdt
+ dwfdt + (p/nM)(eo.V)eo + (/iVB)/»]. (16)
The equations for the electron component differ
from these equations only in sign of the charge and
in the value of the mass. It should also be noted
that the equations of motion (13) and (16) can be
written in terms of the an isotropic pressure tensor,
pii=[

//IB 0 0 \
0 iiB 0 1 .

V о о p)
The relations which govern the pressure variation
are given by Eqs. (14) and (15), which correspond to
the adiabatic law with у = 3 and 2 for the longitudinal and transverse motions, respectively. The
transverse adiabatic invariant is the ion (or electron)
magnetic moment. Maxwell's equations (8)—(11)
can also be rewritten by introducing the moments of
the distribution function
V.E — 4ле{щ — ne)

(Sa)

V.B = 0

(9a)

V x E = - {l/c)8B/8t
V x B = (4ne¡c) { ~ с V X (ju + jüe)€0/e
+ fiiV* — neve}.

(10a)
(lia)

In order to describe the motion along the lines of
force of the magnetic field by means of these equations, a special condition must be satisfied; namely,
there must be no heat flux along the magnetic field

DYNAMICS OF A RAREFIED PLASMA
lines of force. If this condition is violated then the
equation d(pB2/nB)/dt = 0 is not valid, and the whole
system of equations of motion (12)—(16) are inapplicable. In these cases a rigorous treatment has
to be carried out on the basis of the more complicated
system of Eqs. (7)—(11).
HYDRODYNAMICS OF A LOW PRESSURE PLASMA
The problem of determining the equilibrium state
and stability of a magnetically confined plasma is
perhaps one of the most interesting and important
problems in plasma physics. If the magnetic field
is very strong this problem can be attacked by using
the magnetohydrodynamic equations with a nonisotropic pressure tensor. However, if the plasma is
confined for a time greater than the collision time
then the longitudinal and transverse pressures will be
equalized. The pressure can then be regarded as
isotropic in calculating the equilibrium state of the
plasma. The anisotropy of the pressure should be
taken into consideration only while investigating
the stability for increments of time shorter than the
collision time. However, it can be shown 4 that the
anisotropy of the perturbation pressure for an isotropic
equilibrium pressure can only improve the conditions
for stability. Therefore, when considering the stability of an isotropic plasma, one can use the ordinary
hydrodynamic equations: the stability conditions
obtained in this way are somewhat over-stringent.
We shall now consider the hydrodynamic description
of a plasma when its pressure is appreciably lower
than the magnetic pressure, i.e., ft = 8irp/B2 <C 1.
In this case the magnetohydrodynamic equations can
be simplified. Indeed, in such cases, the magnetohydrodynamic wave velocity с А = (В2/4ттр)1//2 is
much greater than the sound velocity cs = (8p/p)1/2.
Therefore if we do not specifically consider the hydrodynamic waves we may take с A to be infinite. This
means that any perturbation of the plasma leading
to a transverse displacement of the line of force is
propagated instantaneously along the line of force and
all the plasma along the line starts to move at once.
The equation for this motion may be obtained by
expanding the hydrodynamic equations in a power
series in /3. Let us assume that p = pQ + ер± + ••-,
P = Po + ePl + ..., v = v 0 + 6Vi + - , В = e-K {BQ
+ eB-L + ...), substitute these expansions into the
magnetohydrodynamic equations, compare coefficients
of the same powers of e and then put e = 1. The
following system of equations is obtained by this
procedure :

[VxB 0 ]xB 0 =

(17)

= Vx[v o xB o ]

(18)

(19)

= (1/477) ([VxBJxBo +

(20)

dpjdt + V-/>oVo = 0
= 0.

(21)
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By retaining only the zero-order terms we eliminate
the other equations and can drop the subscript zero.
If we do not consider force-free fields we obtain from
Eq. (17)
VxB0-0
V - B 0 = 0; i.e., В = I1/¿V^,
i

where the Ji are the external currents and the ф{
are the corresponding scalar potentials which, generally speaking, are not single valued.
For simplicity we shall suppose that the currents
do not change with time and that the conductors are
immobile. Then d"B/dt = 0 and from Eq. (18) we
obtain
v = eovl{ + eoxV(f>/B,
where vu is arbitrary an function of r, t and ф is a
function of r and t which satisfies the condition
€0 • V ф = 0. Inserting this into Eq. (19) we must
consider Eq. (19) to be an equation defining Bv
Furthermore, as is well known, the condition for the
existence of a solution must be fulfilled : the left-hand
side of Eq. (19) must be orthogonal to the solutions
of the homogeneous equation conjugate to the equation
LBi = [ V X B x ] x B 0 = 0. This condition leads to
pdvu I dt + Pe0. (v . V)v + e 0 . Vp = 0
J V - [(р/В2)Ч(дф/Щ ~ (p/B) € 0 x (v . V)v
- (l/B)eoxVp]dl/B,

(22)

(23)

where the integral is taken along any line of force.
Together with Eqs. (20) and (21), these equations
describe the behaviour of a low pressure plasma in
the zeroth approximation. It should be noted that
this approximation appears to be inadequate if the
magnetic lines of force are not closed but cover the
whole surface. Indeed, in this case, ф must be
constant on the surface, whereas v retains only two
degrees of freedom.
If we put v = 0 in Eqs. Í22) and (23) then conditions
for equilibrium are obtained which can be transformed
into the form

= 0; U=-jdl/B,

(24)

i.e., the pressure p must be constant on the surface
U = constant.
Equations (2) through (23) can be used for investigating stability. We shall put p = p0 + p', p = p0
+ p'} v = dt\ldtf Y) = Г1\+Г1^=7]\1ео + [еохЧф]/В,
where p0, p0 are the equilibrium pressure and
density and p', p', r\ are small quantities. Substituting
this into Eqs. (20)-(23) and neglecting higher order
quantities, we obtain linearized equations which
describe small deviations from equilibrium. It is
possible to show that these equations can be obtained
from the variational principle S /L dt = 0, where
L = T — V, T = ^ Çpo(dri/dt)2dic is the kinetic energy
and V is the potential energy of the plasma. If we
introduce curvilinear coordinates (£lt f2, f3) so that
the lines | 3 coincide with the (closed) lines of magnetic
force, then V can be written as follows
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(25)
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by Vpo'XfU < 0. This condition was obtained
earlier by Rosenbluth and Longmire 6 from an energy
principle.

where g33 is a component of the metric tensor and
g= d et gilc. For plasma stability it is necessary and
sufficient that the potential energy V be positive
definite; i.e., its minimum value be positive. Minimizing Eq. (25) with respect to rju we obtain
y .
* mm —

_

_

_

(26)

which shows that a necessary and sufficient condition
for the stability of a low pressure plasma is t
Vpo^VU + {ypo/U)(VU)2<O.

(27)

This condition is a hydrodynamic analogue to the stability criterion obtained from the kinetic equation by
Tserkovnikov 5 for a plasma in a magnetic field with
a cylindrical symmetry. It is also similar to the
condition for the convective stability of a nonuniformly
heated gas in a gravitational field, where the condition
that the drop in the gas temperature with height
should be within a certain limit is analogous to the
condition that the plasma pressure must not rise too
fast with increasing U.
If the plasma has a sharp boundary the first term
in Eq. (27) is much larger than the second term and,
consequently, the condition for stability is expressed

INSTABILITY OF A PLASMA IN A MAGNETIC
FIELD WITH AN ANISOTROPIC ION
VELOCITY DISTRIBUTION
If the equilibrium pressure is nonisotropic another
kind of instability appears in the plasma. In order
to investigate this type of instability in its pure form
we shall consider a homogeneous plasma that is
stable when the pressure is isotropic. This case can
again be analyzed with the nonisotropic magnetohydrodynamic equations, but a more exact analysis
would involve the use of the kinetic equations. Both
calculations lead to qualitatively consistent criteria
for stability but the quantitative results are somewhat
different. The situation here is quite analogous to
the Langmuire plasma oscillation problem.
Let us first make the assumptions that we can
neglect the particle collisions, that the wavelength of
the perturbation is much larger than the mean ion
Larmor radius and that the interval of time is much
less than the Larmor frequency. Under these conditions, the drift approximation (Eqs. (4)—(11)) can
be used.
The unperturbed distribution function is chosen to
be of the form

/o K2> V ) =

- {{M/2){ví*¡Tí

On linearizing the initial equations for a small perturbation and performing a Fourier coordinate
transformation and a Laplace time transformation, it is easy to obtain the characteristic equation for
P = P(ky,kz):
-i]-

м
where the z axis is in the direction of the unperturbed
field Bo and j8±, /3,, are defined by
j3 ±

^

The perturbations increase exponentially with time if
PiWJTu) - 1] > (1 + j81 - A , ) № ) 2 + 1. (29)
In the limiting case Bo -> 0, the instability condition
is TL > Г,, and for ky = 0 the characteristic
equation is
[pjhY = ( i y w 0 M ) ( i + p± - pM).

(30)

This corresponds to the Alfvén magnetohydrodynamic branch. When j8M > 1 + j8±, the plasma is
unstable and, when Bo -> 0, this instability condition
reduces to T\\ > T±.
t For a magnetic field with axial symmetry this condition
has also been obtained by a slightly different method.4

Ц

(28)

We shall now discuss the physical interpretation
of the instabilities which arise from perturbations of
a plasma with a nonisotropic temperature. Consider
a density perturbation in an otherwise homogeneous
plasma. At points where the density is high the
magnetic field is decreased because of the diamagnetism of the aniso tropic plasma. There also appears
a gradient in the magnetic field and a curvature of
the magnetic field lines as a result of the perturbation.
If the curvature is small (kz <C ky) and TL > Г„,
then the main force acting on the perturbed plasma
will be -— jitV»B. This force tends to increase the
amplitude of the perturbation. If TL < Гц, then
the force — \x V*B is compensated by the longitudinal
pressure and the amplitude of the density perturbation
does not continue to grow.
If the curvature of the perturbed force lines is
large so that kz > ky (ky is negligible), then for
Tu> TL there are large uncompensated centrifugal
forces — fiR/R2, where R is the radius of curvature
of the perturbed line of force. It is not difficult to
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see that these forces tend to increase the amplitude
of the initial perturbation.
All the calculations described heretofore are based
on linearized equations and, naturally, they give no
information about the limiting amplitude of the
undamped oscillations of an anisotropic plasma.
We have carried out the analysis to second order
approximation for a number of simple limiting cases
and have shown that the appearance of the instability
described above leads to a transfer of kinetic energy
from the transverse to the longitudinal motion
when TL > Tn, and in opposite direction if TL < Tu.
Therefore, it is reasonable to assume that the instability tends to develop until the longitudinal and
transverse energies are equalized; i.e., until the
transverse and longitudinal temperatures are approximately equal.
STABILITY OF A PINCHED CYLINDRICAL
PLASMA USING THE KINETIC EQUATION
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ft - A,) d*v

'

(32)
where

эпаЫ=В0/Нфе(°)(а),
The form of this equation has much in common
with the dispersion equation obtained in the magnetohydrodynamic approximation by Shafranov.7
We shall now consider a number of particular cases.
1. TL = Т„: In this case the instability criterion
coincides precisely with the criterion obtained by
Shafranov for у = 2. However, the dependence of
the perturbed quantities on the wave vector will
differ from the dependence obtained from the hydrodynamic approximation.
2. 1 = 0, НфеЮ =0, TL^TU:
The magnetohydrodynamic treatment did not show any instability
under these conditions. In our treatment, however, it
is possible to have an instability in a plasma cylinder
confined by a longitudinal magnetic field when there
is no axial current. The instability criterion can be
written explicitly when the perturbations along the
axis are greater than the radius of the magnetically
confined plasma. The plasma column will be unstable
if
(33)
0.
- Ги

In this section the problem of the stability of a
high-temperature, pinched, cylindrical plasma is
treated. We shall assume that all the conditions for
the validity of the drift approximation are satisfied.
For simplicity we shall neglect the electron temperature in comparison to the ion temperature. With this
assumption, we can use the starting equations of the
previous section.
We shall consider that in the equilibrium state, the
plasma cylinder is uniform along the z axis and along
the azimuth ф. Outside the cylinder r = a the nonzero components of thefieldare H<peW (r) = 21/re, HzeM This condition can be fulfilled only if T± < Tu.
= constant. Inside the cylinder, we have Вф^°) = 0
In the limiting case of short wavelength perturbaand Дгг(0) = Bo = constant. The indices i, e relate to
tions,
an instability may occur with TL > T,,. The
the fields internal and external to the cylinder, respeccriterion for the existence of such an instability is
tively. The ion distribution function /0 is defined at the
given by
beginning of the previous section. We neglect the electric
[ a ( w = 0)]2 < 0.
(34)
field EZ) assuming that it is eliminated by the motion
of the electrons along the z axis. This is true when
3. The vibrational branch: Because of the thermal
the condition d/dt <C wpe is satisfied, where cope is the
motion
there is a damping of magnetosonic waves
Langmuir electron frequency.
in the cylinder analogous to Landau damping.
On the surface of the plasma cylinder the following
For small k, when the damping is small, the imaginary
condition should be satisfied:
part of со is
where

Im
X

8ТТП0Т

(

He

- {M/2T)(œ/k)2
2(w + k)(2m-\-

(35)
The motion of the boundary obeys the drift equation
2
Vdr = cE X B/B . The perturbed quantities are taken to
be of the form F(r, ф, z, t) ~ F(r)expi(kz + тф + œt).
The instability associated with temperature anOne then obtains the following dispersion relation
isotropies could be observed in experiments on soin the usual way:
called adiabatic heating when only the transverse
temperature decreases with decreasing magnetic field
(tn + khe)2
and the longitudinal temperature remains constant.
1 alm{a)
Шш-^ЩК^к) + m
This situation might arise at high temperatures where
collisions can be neglected.
+ p± + (kn¡B0*)
, (31)
In experiments on the fast compression of a plasma
column the compression time can be less than the
mean time between ion collisions. This automatically
where Im and Km are Bessel functions of an
leads to a temperature anisotropy that can make the
imaginary argument. The parameter a is determined
condition for stability more rigid.
by the relation
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NON-LINEAR ONE-DIMENSIONAL MOTION
OF A RAREFIED PLASMA
We shall now investigate the motion of a rarefied
plasma far from an equilibrium state We shall
restrict ourselves to the case when all the variables
will depend only on one space coordinate x perpendicular to a magnetic field directed along the z
axis В = (0, 0, B(x))
The system of hydrodynamic
equations (12)-(16) are valid subject to the conditions
that the space and time gradients are small, i e , the
Larmor radius and period are small compared to the
appropriate linear dimensions and time However
generally speaking, these conditions for the arbitrary
motion of a plasma will not be fulfilled after a certain
time
Indeed, the formal similarity between the system
of Eqs (12)-(16) and the ordinary gas-dynamic
equations with у = 2 enables us m the case of a
rarefied plasma m a magnetic field to immediately
generalize Riemann's solution corresponding to the
formation of a shock wave Steep velocity and
temperature gradients m an ordinary shock front
lead to a considerable increase of the entropy due to
viscosity and heat conduction However, m a rarefied plasma the formation of discontinuities ought
to take place m a different manner since collisions are
of no importance
A hypothesis concerning the possible existence of a
shock wave was advanced in an earlier paper 8 where
the non-conservation of the ion magnetic moment in a
field with large gradients was considered as a mechanism leading to non-adiabaticity
The rigorous treatment of this problem is very
complicated since the motion even of a single charged
particle m an arbitrary nonumform field cannot be
determined without the aid of a computer
The simplest idealization of the processes m side
the wavefront would be to consider the change m the
Larmor energy across a magnetic discontinuity It
appears, however, that the non-adiabatic increase of
the Larmor energy of the individual ions does not
imply that the random energy is also non-adiabatically
increased since there is a grouping of the Larmor
phases of the ions
This grouping of phases leads to a local oscillation
of the ions In a self-consistent problem this might
also give rise to oscillations Damping can in principle
take place m the absence of collisions, e g , due to the
Landau mechanism or on account of phase mixing in
a nonumform magnetic field, and the damping length
will determine the width of the shock wave
With
the curvature of the velocity profile increasing, the
condition T ^ of1 is violated before the condition
L > RB since T~L [{В2/4ттР) + wa]-%
Therefore
the wavelength A of the oscillation may be expected
to be of the order A ~ [(Б2/4тг/>) + u^œ^r1
For

R. S. SAGDEYEV et ai.
a low pressure plasma this becomes 1
2
tupi] = CA/CÜPI, where eoPi2 = 4ттпе /М However,
it may be shown by using the exact equations for the
ion and electron motion that for vanishing plasma
pressuie, the assumption of plasma quasi-neutrahty
and electron adiabaticity is sufficient to ensure the
applicability of Riemann's solution, instead of the
condition a>T ^> 1 (the condition L >> RB IS then
fulfilled identically since pL = 0)
In ordinary gas dynamics the only type of stationary
motion is a stationary shock wave In a rarefied
plasma there exists still another solution which is a
travelling magnetosonic wave with a finite amplitude
If the thermal motion is neglected the equation
connecting the wave velocity with the amplitude of the
2
magnetic field has the form и = (Вг + £0)2/16тгр0
where the field amplitude Bx of the wave cannot
exceed 3B0
The correction to the velocity due to thermal
motion is i

2 V - У - 2«o(V -У

(36)

where

This equation shows that the transition to small
amplitude waves leads to absurd results since the
denominator vanishes This fact is probably associated with the existence of a damping m the linear
approximation analogous to Landau damping
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Stability of a Linear Pinch
By Bergen R. Suydam

It is now well known that a trapped longitudinal
magnetic field has a stabilizing influence on a linear
pinch. Once such a stabilized pinch is set up, however, diffusion will lead to mixing of the initially
crossed fields; the torsion of the field lines will diminish and the plasma may ultimately become
unstable. It is the purpose of this paper to study
continuous plasma and field distributions in order to
see at what point instability might be expected.
A variational principle has been given 1 which
applies very nicely to the problem at hand. Briefly,
one subjects the plasma to a displacement Ç and
calculates the resulting change in the total energy, SW,
of the hydromagnetic system. Stability then hinges
on whether or not some \ can produce a diminution
of the energy. If we define the vector Q =
V X [Ç X B] it turns out that the change in energy is

(1)

where
P == 3/r + 2 f'lf - 2 k2r/[m2 + (kr)2]
Q = _ [(¿Г)2 + ( Ж 2 _ Щу2 _ 2 ¿ 2 g /

(6)

When | is chosen to be a solution of Eq. (5), the integrand of Eq. (3) is a perfect differential and we have
Ж =2

L

m + (kr)

L

(7)

|(0) is finite,

where y is the specific heat ratio and p is the pressure.
The integration is taken over the complete volume.
If a displacement exists which makes SW negative,
we have instability. In the linear pinch we are
dealing with axial symmetry and the components of
the magnetic field in cylindrical coordinates are
В = (0, Вв, Bz). Moreover, it is assumed that Bd,
Bz and p are functions of r alone. It is then possible
to analyze Ç in terms of displacements of the form

.Ш

" + PC + Qt = 0,

Equation (5) must be solved subject to certain
boundary conditions which we take to be

bW = Çd*x { 0 - 0 - 4т7 J.[Q x Ç]

\ -

and have dropped the subscript r on £ for simplicity.
In order that 8W be a minimum with respect to
functions f, the displacement must be a solution of
the Euler-Lagrange equation

£{R) = 0.

(8)

In choosing the second boundary condition we have
placed a perfectly conducting wall at r = R in order
to benefit from its stabilizing influence.2> 3> 4 However, it will turn out that the wall has no stabilizing
effect on the modes we shall study.
Our previous experience with the theory of instabilities 5 leads us to be particularly wary of "fluted"
displacements which interchange magnetic field lines
without bending them. The bending of field lines
requires energy while interchanging them does not.
The purpose of the trapped axial field was to stabilize
the plasma by twisting the field lines so that any
arbitrary displacement will bend some of them.
Nevertheless, some displacements will bend some
field lines less than others and it seems reasonable
to expect that those displacements which bend the
lines the least will be the most dangerous.
Now the magnetic field lines describe a set of spirals
with a pitch
P=Be¡rBz
(9)

(2)

The integration with respect to 6 and z can be carried
out and bW can be minimized with respect to £e and
£z by purely algebraic means. When this computation
has been carried out we find
(3)

where we have set

f=kBz + mBe\r
g = kBz — mBQ\r
h=(brJzlr)B0
f = dp/dr,

which, in general, varies from layer to layer. The
lines of the Ç field (2), on the other hand, describe a
set of spirals whose pitch is constant. If these two
sets of spirals should match over a finite region of

* University of California, Los Alamos Scientific Laboratory,
Los Alamos, New Mexico.
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space then a displacement is possible which does not
bend magnetic field lines. If, on the other hand, ¡л'
is not zero anywhere, then it is nevertheless always
possible to choose k such that the two spiral systems
match at a particular radius. When this happens,
displacements are possible which bend magnetic
field lines very little in the neighborhood of this
point. Accordingly, we shall assume that the worst
choice of k, m is such that
/ = kBz + mBQ\r

(10)

vanishes at some point in (0, R). Let the point
where / = 0 be denoted by r = a.
Now we note that r = a is a regular singular point
of Eq. (5). The theory of such singularities tells us
that the solutions to Eq. (5) can be written in the
form
£ = (r — of X Power series in (r — a),
where v is a root of the indicial equation
with

Thus we have
(12)
If the roots are real we have 4M 2 < 1. Now the
boundary conditions (8) determine £ uniquely (except
for a normalization factor) in (0 — a) and in (a — r).
Therefore, on either side of r = a there will be an
admixture of the more singular of the two solutions;
i.e.
f = (r — a)v* {1 + higher order terms in (r — a)},

(13)

where уг is given by Eq. (12) with the minus sign.
For this choice of f the integral (3) diverges and f is
an improper function.
We can, however, consider the following proper
displacement: £ is the (properly normalized) solution
of Eq. (5) in the ranges 0 < r < a — e and a + e
< r < R. f is constant for a ~ e < r < a + e.
If e is chosen so small that the first term of Eq. (13)
dominates the power series, then this first term can
be substituted into Eq. (1) and it follows that Ш
is always positive.
If the roots are complex, it is convenient to write
Eq. (12) in the form
0 = (4M2—1)%.
In terms of ]8, the displacement £ is given by
=

г —a

Y —a
X [1 + higher order terms],

(15)

where ф is a constant phase angle determined by the
boundary conditions. Again £(r) i s a n improper
function at Y = a. We can circumvent this difficulty
by choosing a displacement given by Eq. (15) over
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the range 0 < Y < a — e and setting f = constant
for a — e < Y < a . The range a < Y < R is treated
in a similar fashion. The quantity e is to be chosen
so that the leading term in Eq. (15) dominates at
Y = a — e. When this choice of £ is made we obtain

a*B¿

2(1 +

1 - 2M 2

+ (1 — 2M2) cos 2ф + p sin 2ф ,

(16)

where ^ is defined by

(17)

+ Ф

and can be made anything we please (modulo 2тг) by
a suitable choice of e. But the bracketed expression
on the righthand side of Eq. (16) oscillates between the
2
2
values 1 and (1 — 4M ) as ф varies. If (1 — 4M )
is negative, it is possible to choose e so that (16) is
negative. Similarly, the integral taken from a to R
can be made negative and we have found that complex
roots imply instability.
The result of our investigation can be stated as a
theorem :
A necessary condition that the m ф 0 modes of a
linear pinch be stable is that
(r/4) (M'/M)2 +

> 0

(18)

at every point in the plasma.
The method by which we obtained this theorem
from the Euler-Lagrange equation suggests the
likelihood that the above inequality might also be a
sufficient condition for stability. However, there are
two major difficulties which will be discussed in the
following paragraphs.
The foregoing analysis, leading to our theorem,
suggests the importance of extremely localized mixing
at any point of instability since the unstable modes
we have found are those for which the radial displacement | is very small except in the immediate
neighborhood of r = a, where the В and £ fields
interlace. Therefore, it is of interest to inquire:
suppose a small region is unstable, in the sense that
the inequality stated in our theorem is violated,
what then happens?
The answer to such a question is very difficult to
give, but an estimate has been made in the following
manner : A displacement Ç of the unstable type is
chosen. This leads to new values for p, Bz, BQ and
p in the neighborhood of Y = a. Mixing is now
simulated by replacing p, p, Be, Bz by the values
obtained by averaging over в, and we ask whether
the new distribution is more or less stable using the
above theorem as a criteria.
The result seems to go qualitatively as follows:
The mixing of a small unstable region leads to a
distribution which is less unstable on the inside and
more unstable on the outside. Thus, if some interior
shell were unstable, it would mix until stable and
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this, in turn, would upset the stability of the next
shell which would proceed to mix and so on. In
this fashion such an instability would propagate
towards the surface. If, however, a layer near the
surface is given excess stability, the outward progression of the mixing should be stopped. This
excess stability of the surface layers ought to be
insured if the Bz field were so programmed that ¡л'
is made quite large in this region. The simplest
programming appears to be one which would reverse
Bz in the vacuum after the plasma has pinched.
The inequality appearing in our theorem is a
necessary condition for stability. It might also be
argued that this is a sufficient condition since it was
obtained from the Euler-Lagrange equation of (3).
There are, however, two difficulties to be overcome
before this can be asserted. The first is that we did
not truly minimize SW with respect to k, but rather
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used a heuristic principle of minimum bending. However, the principle seems physically reasonable and
the objection does not seem to be very serious. The
second difficulty is quite deep and arises because the
Euler-Lagrange equation is a necessary condition, but
in no way guarantees a minimum.
Some progress has been made in clarifying the
second difficulty. Note that the condition that f (0)
be finite determines a solution of the Euler-Lagrange
equation, and that f (JR) = 0 determines another
solution. It has been possible to prove the following
theorem :
The necessary and sufficient condition for stability is
that neither of the above-mentioned solutions to the
Euler-Lagrange equation has a zero in the open interval

(0, R).
This makes further progress possible by application
of the Sturmian theory to Eq. (5).

REFERENCES
1. I. B. Bernstein, E. A. Frieman, M. D. Kruskal and
R. M. Kulsrud, U.S. Atomic Energy Comm., Report
N.Y.O. 7315.
2.

F. D. Shafranov, Atomnaya Energiya, 5, 709 (1956).

3.

R. J. Tayler, Proc. Phys. Soc. (London), B70, 31 (1957).

4. M. N. Rosenbluth, Proceedings of the Venice Conference
on lonization Processes (1957) (also Los Alamos Scientific
Laboratory Report LA-2030).
5. M. D. Kruskal and J. L. Tuck, Proc. Royal Soc, to be
published (also Los Alamos Scientific Laboratory Report
LA-1716).

P/33

UK

The Stability of a Constricted Gas Discharge
By R. J. Tayler

Observations are, unfortunately, very easy only for
completely unstable discharges. Thus, the early
work at Harwell was done in Pyrex tubes and the
entire current channel could be photographed.3 Such
a photograph is shown in Fig. 3. Generally the most
developed instability appeared to be a helix of pitch
45°: this result is remarkably independent of the
particular apparatus used. A very detailed analysis
of instabilities has been made by Allen, using
a racetrack torus.12 When stabilisation is seriously
considered, the tube has a conducting wall and visual
observations can be made only through slits. In this
case, the presence of the slits may effect stability
locally.13 Probe and microwave measurements are
difficult to interpret, unless their time resolution is
very good, and visual measurements may be ambiguous
because the most frequent occurrence is for the light
to be given out by impurities, which may not occupy
the same volume as the main current channel.
The full problem of discharge stability, even for a
cylindrical system, is extremely complicated. In
particular, a discharge will not be in simple hydrostatic equilibrium and, even in the absence of instabilities, the finite electrical conductivity will cause
gradual changes in the magnetic field configurations.
In most of the work described in this paper, it is
assumed that steady motions and field penetration
occur so slowly that, in the stability problem, the
discharge can be supposed ideally conducting and at
rest. Two theoretical models are considered here.
The first approach is extremely naïve : plasma dynamics is completely neglected and only the forces
exerted by the electromagnetic field are considered.
The second approach is to use Maxwell's equations
combined with a simple one-fluid hydrodynamics—
classical hydromagnetics. A more sophisticated procedure would be to start from Boltzmann's equation
for the several types of particle present and to try
to derive a hydrodynamic system. As an example
of this procedure there is the work of Watson and
co-workers 14~16 and of Chew, Goldberger and Low.17
In the simplest problems that have been considered,
essentially similar results have been obtained from
the Kinetic Theory, Hydromagnetic and even the
Magnetostatic approach.
The remainder of the paper is arranged as follows.
In the next section the magnetostatic or extensible

One of the most obvious methods of attempting to
confine a hot plasma is to use the pinch effect of the
self magnetic field of an axial current. This is
illustrated in Fig. 1. A cylindrical system is most
easily studied theoretically, although it is probably necessary to close the system into a torus,
or similar shape, to avoid heat and particle losses at
electrodes. Although some consideration has been
given to toroidal geometry, most complete results
have been obtained for infinite cylindrical systems
and only these will be discussed here. This paper is
to be regarded as a progress report on an unfinished
problem and an indication is given of aspects of the
problem which, it is hoped, will be studied soon.
The original idea of using the pinch eñect was that
of constricting a gas discharge to an extremely small
radius when the only heat losses from it would be
radiation losses, principally bremsstrahlung.1 It was
hoped that power would eventually be achieved by
passing a high enough current to reach thermonuclear
temperatures, and by containing the system for a
long enough time.2 At an early stage, it became
clear that this simple idea must be modified because
of the presence of instabilities (see Fig. 2). These
were observed 3 and predicted 4'5 at about the same
time. When attempts were made to understand the
instabilities and to predict methods of stabilisation,
it was found that a high degree of constriction did not
appear to be possible if the discharge were to be
stable.6'7 Thus, study is now made of rather fat
discharges in a large tube.8
It should be noted that a linear stability theory,
such as was considered in Refs. 6 and 7, does not
immediately prove that a highly constricted discharge cannot be used. Although such a discharge is
unstable, non-linear stabilising forces may prevent it
from approaching the walls of its containing vessel.
At the same time, the mass motions of the discharge
may lead to additional heating, which would be an
advantage at high temperatures when Joule heating
becomes relatively inefficient.9 The non-linear problem has not received adequate investigation to
date. What evidence there is suggests that the nonlinear forces are not very effective unless the plasma
is fairly close to stability.10'11
U.K. Atomic Energy Authority, AERE, Harwell.
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Figure 1. Equilibrium configuration of the pinched discharge.
The discharge is pinched to a radius r0 by the inward radial
force Fr = ]z Be; the discharge may contain an axial field bobx and
be surrounded by conducting walls of radius Л г 0

wire model of the discharge is studied. The following two sections are based on the hydromagnetic
equations: in one, the gradual loss of stability of the
stabilised pinch, 7 ' 18 - 20 due to field diffusion, is discussed, and, in the other, another type of stable
discharge configuration is introduced. In the final
section there is a discussion of further problems which
must be studied. Gaussian units are used throughout
for the electrical quantities.

the amplitude to which given perturbations can
grow before the net force is inward. This is a somewhat academic calculation because as soon as nonlinear terms are considered configuration-changing
forces are introduced and all the modes of instability
interact. However, it does give a first clue to the
importance of non-linear forces and suggests that they
cannot be very effective unless the plasma is fairly
close to stability; that implies that it is not highly
constricted.
The results for one particularly simple configuration
are as follows. Suppose a discharge of radius r0 is in
a tube of radius Ar0 and carries a current / . The
perturbed discharge takes a helical form given by
the equations
(2.1)

% = A cos kz, у = A sin kz.

The outward (self) force and inward (image) force
are expanded for small values of Ak and 1/Л and take
the form:

P

= AkX0[-

lnZ 0 + In 2 - y + ¿]

- AWX0 [ - lnX0 - In 2 - y + f]
243
2
64
S
(2.2)

and
\K0(AX0) + K2(AX0)l .
Л
(АХ
° 0[)+112(АХ0 0)\\
Кг(2АХ00)1
- 2i¥I n0
L /x(2AZ0) + /3(2ЛХ(0
13 ^ 0 ( Л Х 0 ) + К 2 ( Л Х 0 )
64 I0(AX0) + I2(AX0)
Л

К

)J

Figure 2. Perturbed configuration of the pinched discharge.
When the surface of the discharge is distorted as shown, the
azimuthal field lines crowd together on the inside of the kink,
leading to a force tending to increase the perturbation. The
tension in the axial field lines and ¡mage currents in the walls
tend to resist the perturbation

THE WRIGGLING

DISCHARGE

The first model of the discharge considered is one
in which all the plasma dynamics is neglected and
only electromagnetic forces are considered. Thus the
discharge is replaced by an extensible wire carrying
a current. When this model was introduced, interest
was concentrated on the highly constricted discharge
and the discharge was treated as a very thin wire.
Given perturbed configurations of the wire were
considered and the forces acting on the configuration
were calculated in a magnetostatic approximation.
First calculations were made for the outward, instability-producing forces on a free discharge ; 4 later
calculations were made of restoring forces due to
conducting walls.10 The results obtained from this
model are much better than might be expected and
for the linear terms the stability criteria are in good
agreement with those found for a hydromagnetic
model. In addition it is quite easy to calculate nonlinear terms in the forces and to obtain an estimate of

Í^
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Л(2ЛХ ) + / (2ЛХ0) J
243 Iif2(3AX0)0 + 3К,(ЗАХ
0)]\
64 [ /2(ЗЛХ0) + /4(ЗЛХ0) J / ' [ • '

Figure 3. An unstable discharge in a pyrex torus
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where F' is the radial force, y is Euler's constant
0.5772..., In and Kn are modified Bessel functions of
the first and second kinds and Xo is a non-dimensional
wave number kr0. The correcting terms to (2.2) and
(2.3) are of order [Ak)1 and 1/Л2.
Results have been calculated from (2.1) and (2.2)
for several values of Л and they are shown for one
value of Л (Л = 20) in Fig. 4. It can be seen
from this figure that the change in wave number,
Xo> between a perturbation which is completely
stable and one for which the outward force vanishes
when it is halfway across the tube, is very small.
Values of wavelengths and amplitudes, for which the
net force vanishes, are shown in Table 1 where
Ro = Ar0 is the tube radius.
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Self force

Net force
-4.0
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/
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/

-

-

/
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1.49
0.0

1.46
0.2

1.39
0.4

1.29
0.6

1.14
0.8

Fuller details of this work are given in Ref. 10.
It would also be possible to include the effect of an
axial magnetic field inside the discharge channel, by
introducing a tension into the wire ; however, this problem has been studied only on the hydromagnetic
model. It is possible to show that an external
magnetic field cannot completely stabilise helical
perturbations of the type considered here.
In more recent work, by Curtis and Roberts,11 an
attempt has been made to follow the time development
of the wriggling discharge by using an electronic
computer. The model of this section is further
simplified, by replacing the exact static forces by an
approximation better suited to numerical work. The
equation of motion

1 5

-

2.5

2.5/
Image force

--4.0

,

33.4

Figure 4. Forces on helical discharge Л = 20. The outward self
force. The inward image force and the net force, on a helical
current channel, are shown as functions of the amplitude and
wavelength of the helix

radius. Although the fatter discharge should be
more stable than the results given in Fig. 4, it appears
to be even more stable than would be expected. The
full interpretation of these results has not yet been
made.
THE STABILISED PINCH

In this section the stability problem is studied,
with the hydromagnetic equations as starting point.
These are, for an ideally conducting fluid of pressure
p, density p, and ratio of specific heats y, carrying
electric and magnetic fields E and В and current and
charge densities j and Q,

(2.4)

dt

is then solved.
The parameters taken were: tube radius, Ro] length
of discharge, 10 RQ; and number of points along
discharge channel, either 100 or 300. The discharge
radius was not included as an explicit parameter, as
the logarithmic term in the self force was replaced by
a constant ; this is roughly equivalent to saying that
the correct value of the force is used for some mean
wavelength of instability. The value of the logarithm taken corresponded to a discharge fatter than
the one considered in the static problem above
(A ^ 1 0 ) .
Because of the finite number of points along the
discharge, there is a cut-off in possible perturbation
wavelengths. Some smoothing had also to be
introduced into the integration procedure, because of
the propagation of rounding-off errors, and this
introduced a further wavelength cut-off. This cutoff might be considered in some sense equivalent to
the introduction of an axial magnetic field which
stabilises short wavelengths. With these conditions
the discharge moved across about 50% of the tube

dp
dt

= I"self _j_ pimage

N

\

/

Table 1. Critical Values of Amplitudes for Which
Outward Force Vanishes

v 1.0

(3.1)
Ту
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V

1 dp
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4iT

с
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I

(3.4)
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1
с dt'

V X£ =

(3.5)
(3.6)

= 0,

(3.7)
and

v

x

B

-o.

(3.8)

It is supposed that an infinite cylinder of conducting
fluid, of radius r0, is surrounded by a vacuum containing a magnetic field B0(0, ro/r, be) [in (r,0, z) coordinates]. In turn, the vacuum is surrounded by a
conducting wall at radius Ar0. The stability of a
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system in which none of the equilibrium quantities
depend explicitly on в and z is investigated by considering departures from equilibrium in which any
variable q has the form
= q0

(3.9)

By solving the complete set of equations (3.1) to
(3.8) for perturbations of the form (3.9), it has been
shown by several authors 7 > 18Д9 that there exist
stable configurations of this system, if the magnetic
field inside the conductingfluidis constant and purely
axial, having the value (0, 0, Bobi). In this case
disturbances corresponding to m = 0 and m = 1
are the most difficult to stabilize but there are sets
of values of (bi, be, Л) for which complete stability is
obtained. These results are illustrated in Fig. 5.
Chandrasekhar, Kaufman and Watson have obtained
the same stability criteria, for a plasma in which
collisions are neglected and Boltzmann's equation is
taken as the starting point.20
In fact, such discontinuous magneticfieldswill not
be realised in practice. Even if they could be
obtained, the finite conductivity of the discharge
would lead to a gradual interpénétration of the
axial and azimuthal fields and to changes in the
discharge radius. As it has also been shown 7 that
the discharge is unstable if the current density in the
plasma is uniform and b\ and be are equal, it appears
that at some stage in the interpénétration stability is
lost. Thefielddiffusion proceeds at a rate determined
by a penetration time, тр = 4ттаго2/с2 where cr
is the relevant electrical conductivity. If instabi-
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lities occur, a characteristic instability time n is the
time taken by a sound wave crossing the plasma. For
high temperature plasmas тр ^> ть Because of this
inequality, it seems possible to divide the problem
into two parts; a, the penetration problem, in which
stability is assumed and the rate of field diffusion is
calculated; and b, the stability problem, in which
stability is investigated assuming that the plasma is
static and ideally conducting.
Penetration

The penetration problem has not been studied in
great detail. Neglecting the complications due to
plasma motions and anisotropic electrical conductivity, a simple calculation has been made of the
diffusion of an axial field out of a plasma and of an
azimuthal field into it. 21 With the added assumption
that the axial magnetic flux and the axial current
remain constant, the equations for the time and space
dependence of the plasma magneticfieldsbecome:

ocp[J2{ocp)]2
Вг/В0 = ôe0 + (6ю - be0)/j
X

(3.10)
ho - бво)

Jifà)J0(№)

(3.11)

where: Л(ар)=О;

(A2-l)ft

(3.12)

T = t/rv; R = r/r0; b\0 and beo are the initial values of
bi and be] and the Jn are Bessel functions.
Results have been calculated for the special case
of Л = 2 and ¿eo — ^ a n d these are shown in Figs. 6
and 7. The radial dependence of both axial and
azimuthal fields is shown for several values of the
time. It can be seen that quite considerable field
penetration can occur in time 5 X lO~3rp and, in
fact, it will be seen that times less than this are of
importance in stability problems. However, for a
very hot plasma, even lO~3rp will be greater than TÍ.
Although an actual discharge does not have a constant
scalar conductivity, the results of Figs. 6 and 7 are
probably qualitatively correct in showing that a
rather small fraction of the relevant penetration time
suffices for noticeable field diffusion. The results can
be generalised slightly; if G is time- but not spacedependent, exactly the same equations (3.10),
(3.11) hold, provided that a new time coordinate is
introduced, defined by
Figure 5. Stability diagram for surface current. For several values
of wall radius Л the regions of stability for m = 0 and m — 1 are
shown. Stability occurs in the region above the curve marked
with the given values of m and Л and below the curve 1 + be2
= bi 2 . Complete stability for given Л occurs when a point lies
in the stability region for m = 0 and m = 1

/• T

Г ' = I —£—¿Г»

Jo °V")

(3.13)

where a 0 is the initial value of the conductivity.
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Stability

The stability problem has been treated by an
energy principle method due to Bernstein, Frieman,
Kruskal, and Kulsrud.22 This has been developed
from one first used by Lundquist ; 23 similar results
have also been used by Hain, Lust and Schlúter.24
Bernstein et al. show that if a perturbation of a
plasma is considered m which the element initially at
r(0) moves to r(0) + Ç, the stability of the plasma
against this perturbation can be determined by
examining the sign of the change SW in the potential
energy of the system. If SW is minimised with
respect to all perturbations \ satisfying certain
conditions on the plasma-vacuum interface, and the
minimum SW is negative, then the system is unstable.
Otherwise it is stable. The energy principle will not
be described in detail here ; the results for the pinched
discharge, which will be briefly discussed, are given
fully in Refs. 25 and 26.

Figure 6. The diffusion of azimuthal magnetic field into a
cylindrical conductor. The field is shown as a function of the dimensionless radius R, for several values of the dimensionless time T

Figure 7. The diffusion of axial magnetic field out of a cylindrical
conductor. The field is shown as a function of the dimensionless
radius R, for several values of the dimensionless time T

Because of the absence of dependence on в and z
in the equilibrium quantities, any perturbation can be
resolved into the harmonic form (3.9) and each pair
of values of m and k can be considered separately.
It is easy to minimise SW with respect to £e and ¿.
When this is done, it is found that V#Ç vanishes,
except at a discrete set of points, unless the pitch of
the equilibrium magnetic field is constant in some
region. This does not occur in the present problem.
When V#Ç = 0 is introduced into the expression
for SW, all explicit dependence on the equilibrium
plasma pressure is removed; the pre-eminence of
incompressible perturbations is the reason why the
results obtained in the last section are valid. Another
feature that deserves mention is that for values of m
greater than zero, the perturbation giving the lowest
energy has an infinite shear at one point within the
plasma.
With the forms for the magnetic fields (3.14),
(3.15) and the £e and | z minimisations performed,
SW becomes, apart from a numerical constant:
1

It is supposed that in the central region of the
plasma there is only an axial field ВОЬЪ but that
axial and azimuthal fields are mixed in the outer
fraction e of the discharge radius. For mathematical
simplicity, the field profiles taken are not those given
by the solution of the penetration problem (Figs. 6
and 7). Instead it is supposed that both Bz and
Be/r are linear with radius in the current layer. Thus

/ —\

'

33 8

\

В = {0, Bor%lro, BQ [6, + (6e - bi)*]} , (3.14)

•1 \ f \
8

"Po/Bo

where
Г = Уо(1 — e) + Го

ex.

(3.15)

For small e, it can be seen from Figs. 6 and 7 that
this approximation to the interpenetrating fields is
probably quite good; in particular it appears justified
to take the same € for both Be and Bz. The field
and pressure profiles for one particular set of values
of Ъъ be> A and e are shown in Fig. 8.

\

/

/\\

/ / \\

1

1

[

Figure 8. Sketch of discharge configuration with partially
interpenetrated fields.The normalised magnetic fields (BelBotBzIBo)
and plasma pressure (8тгро/Во2) are shown as functions of the
radius г
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(m

SW=-

Obi

v"

Km(X0)Im'(AX0) Km'(X0)Im' (AX0) t

Im(X0)Km'(AX0
Im'(X0)Km'(AX{'•4

x Im[X0(l

- e)]

o)J

2B,
Mi-*)

+

+ k2r2 \ r
1

2

In equation (3.16), Km, Im are modified Bessel
functions, £ is the radial component of Ç and f0 and
£]_ its values at the inner and outer boundaries of the
current sheet, Xo = £f0, and the prime denotes
differentiation with respect to r in the integral and
with respect to the argument of the Bessel functions
elsewhere. The first term in SW is the vacuum
contribution, the second comes from the plasma
centre and the third from the current sheet. If
e tends to zero, it can be shown the third term approaches the value — 1. In this case, the condition
that SW vanishes reduces to the stability criterion
for the stabilised pinch given in Ref. 7.
The expression for SW is minimised for f's of the
form
(3.17)
so that

(3.18)

With the form (3.17) for £ and (3.14) for the magnetic
field, the integral in (3.16) can be evaluated either
exactly or as a power series in e.
One particular problem has first been considered.
It is assumed that initially
= 0, Л = 2, be =

(3.19)

and that field diffusion occurs subject to the following
three conditions:
(i) Bo remains constant,
(ii) Л remains constant,
(iii) The total axial flux remains constant.
Perturbations have been considered with m = 0 and
m = 1 ; these were the types of perturbations most
difficult to stabilise with surface currents. At first,
trial functions are considered with only one arbitrary
parameter; afterwards the number of parameters is
increased.
In the case of ж = 0, it is easy to see that SW is
monotonically increasing with XQ; thus we need only
determine its sign at Xo = 0. For m — 1, no such

simple result holds. For m = 0, one-parameter trial
functions have been considered for several values of
n and €. The resulting minimum values of bW are
shown in Fig. 9. It can be seen that for each
value of € considered, 8W has its minimum value for
n = 3. It is also easy to show algebraically that the
minimum SW, for one-parameter trial functions,
approaches the asymptotic value shown as n -> oo.
It is possible to find the value of e for which the
minimum point on the curve, corresponding to those
shown in Fig. 9, lies at SW = 0. This is the critical
value at which stability ceases in the one-parameter
approximation. Corresponding critical values of e
have been found for trial functions with up to four
parameters and these are shown in Table 2. It can
be seen that the value of e changes only very slightly
in going from one to four parameters. These results
suggest that the critical value of e converges well as
more parameters are added, and the trial functions £
also appear to be converging.
Table 2. Values of efor Which Stability Is Lost for One-,
Two-, Three- and Four-Parameter Trial Functions; m=0
3
0.157

3,4
0.156

2,3,4
0.150

2,3,4,5
0.150

In the case of m — 1 it is more difficult to obtain
complete results because the value of Xo which
gives the minimum SW is unknown. Results must
therefore be obtained for several values of Xo and the
minimum value deduced. For one-parameter trial
functions, it is found that SW has its minimum value
for n = 1, and for such trial functions the critical
value of e at which stability ceases has been found.
Corresponding values of с have also been found for
two- and three-parameter trial functions. These
results are shown in Table 3; they are not as accurate
as those in Table 2 because of the amount of interTable 3. Values of с for Which Stability Is Lost for One-,
Two- and Three-Parameter Trial Functions; m = 1
n
€

crit

1
0.25

2,3
0.19

1,2,3
0.19

polation involved. However, the critical values for
the two- and three-parameter cases are very close,
both being between 0.185 and 0.190. It is clear that,
in this case, the one-parameter trial function does not
give an accurate idea of the critical value of e; it is
impossible to judge whether closeness of the two- and
three-parameter values is a sign of convergence,
without also doing calculations for n = 4 and above.
It seems likely, for this special problem, that the e at
which stability is lost is close to 0.15 and that the
axisymmetric modes are the least stable.
In addition to this special problem, qualitative
stability criteria for general field configurations have
been obtained, using only one-parameter trial functions. For the case of m = 0, calculations have been
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made for e = 0.1 and 0.2 and for several values of Л.
A one-parameter trial function with n = 3 was taken
and, to this approximation, stability curves were
drawn in the bu be plane. These correspond to the
curves for e = 0 in Fig. 5 and they are themselves
shown in Figs. 10 and 11. The upper curve in these
figures is obtained from the condition that, for given
be, there is a maximum value of b\ for which a plasma
can be contained. The equation of this curve is
1 + ¿>e2 + f € - W = №

(3.20)

These stability curves should probably be a good
approximation to the actual stability curves; in any
case they always overestimate the region of stability.
Finally some calculations have been made with
one-parameter trial functions with m = 1 and Л = 2.
The results of Table 3 indicate that stability curves
obtained from these results cannot be more than
qualitatively correct. Nevertheless, we have illustrated in Fig. 12a how, on the one-parameter
approximation, the region of stability for both m = 0
and m — 1 shrinks as с increases.
Although the results obtained above indicate that
stability is lost for quite a small value of e, the temptation to consider only the terms in the energy that
i

1

33.9

Figure 10. Stability diagram for one-parameter trial functions;
m = 0.1, m = 0. In the one-parameter approximation, the region
of stability is shown for m = 0, s = 0.1 and several values of the
wall radius Л . Stability occurs in the region above the curve
marked with the given value of Л and below the curve 1 + be2 4fs — £e = bi2. The stability curve for m = 1, e = 0 and Л =
1.5 is also shown
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are linear in e must be resisted. For the special
problem, the critical value of e for axisymmetric
perturbations, obtained by linearising in e, is 0.333
compared with 0.157 obtained above.
All the results reported here have been obtained by
hand computation and it is unlikely that the problem
will be studied any further by this method. Miss S. J.
Roberts is at present coding the problem for an
electronic computor; it is hoped that when this is
done, more general field configurations and trial
functions will be able to be considered. It is also
hoped that further evidence will be obtained about
the convergence of the variational procedure.

0.20 /
-

1

Figure 9. Minimum values of $W for one-parameter trial functions; m = 0. The value of 8W/B02 £02 is plotted as a function of
n for four values of s. It can be seen that the one-parameter
trial function with n = 3 gives the lowest value of 8W

Since the previous section was written it has been
shown that the convergence problem mentioned in the
last paragraph is a real one. Rosenbluth27 and
Suydam 28 have studied the mathematical character
of the third Euler equation and have shown that,
because of a singularity in this equation, the stabilised
finch is unstable against surface instabilities for any
depth of penetration of the current. This singularity
occurs at the radius in the plasma where the magnetic
field helix coincides with the perturbation helix. It
can be asked whether this singularity is physically
real; in particular what happens to it when particle
motions and dissipative processes are considered? A
first attempt at a study of this problem has recently
been made by Hubbard 29 at Harwell.
Hubbard assumes that every particle is acted on
not by a point magneticfieldbut by the field that has

STABILITY OF A CONSTRICTED DISCHARGE

been averaged over some averaging length (8) and
he has replaced the singular term in the differential
equation by its value averaged over this distance.
He has solved the resulting differential equation on
the Mercury computer, for many values of the
averaging length and the depth of the current layer,
and has found stability diagrams corresponding to
Fig. 12a. One such stability diagram is shown
in Fig. 126. In the limit of zero averaging length
he has found results agreeing with those of Rosenbluth and Suydam. For finite values of the averaging length he has calculated the critical depth of
field penetration at which stability ceases. He has
also given arguments for choosing the averaging
length and a discussion as to whether it is determined
by the electrical conductivity, viscosity or particle
gyration. He believes that the Larmor radius of the
ions provides a suitable averaging length in many
cases and his results sometimes show greater stability
than the conventional stabilised pinch.
This work is at the moment based on physical
intuition rather than on a rigorous mathematical
foundation. He has merely modified the final second
order differential equation and has supposed that
marginal stability is still determined by the vanishing
of the disturbance growth rate. In fact, if finite
viscosity and electrical conductivity are included in
the original equations, the order of the mathematical
problem is considerably increased and complex growth
rates occur.
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o.oo
Figure 11. Stability diagram for one-parameter trial functions;
s = 0.2, m = 0. In the one-parameter approximation, the region
of stability is shown for m = 0, s = 0.2 and several values of the
wall radius, Л. Stability occurs in the region above the curve
marked with the given value of Л and below the curve 1 + be2
4- | £ —1 £ 2 — bi2. The stability curve for m = 1, s = 0,
and Л = 1.5 is also shown

balance has to be obtained. In this section the possible existence of obviously stable configurations is
investigated. These are configurations in which the
change in energy is positive in all parts of the discharge,
for all perturbations, or even more restrictively ones
in which all terms in the energy are positive everywhere. This problem has been studied at Harwell by
Laing.30
Suppose an ideally conducting plasma fills a tube
of radius Ar0. If the plasma contains a magnetic
field (0, Be, Bz), the change in its potential energy W
l
due to a perturbation \ e (mâ+kz)f after minimisation
with respect to £e and \Zi is

GENERAL STABLE DISCHARGE
CONFIGURATIONS

The conventional stabilised pinched discharge is not
an obviously stable configuration; as has already
been seen, very stringent conditions have to be satisfied
by the parameters Ъ-ъ be and Л for stability to be
obtained. In the energy-principle formulation it is seen
that the change in potential energy is positive in
the vacuum and the centre of the plasma, and negative
in the current layer and, for stability, an accurate

(mBe
bW =

kBA

- 1Be (Be/r)'-

IB

(m* + kh*)
(4.1)

where £ is the radial component of the displacement Ç
and differentiation is denoted by a prime. As the
conducting fluid fills the entire tube, the radial
perturbation £ must vanish at the radius Ar0. Using
this condition, an alternative form can be obtained for
bW by performing an integration by parts on the term
in № in (4.1).
Thus,
(4.2)

where
rA = [mBe
krBz)2 + [тВв - krBz)2/(m2 + k2r2)
2
- 2B - 2m2k2r\Be2 + B2)\(m2 + k2r2)2
- k2r*(Be2 + B2y\(m2 + k2r2),
В = r{mBe + krBz)2/(m2 + k2r2).
(4.3)
If the integrand in expression (4.1) is to be positive
at all points in the discharge, the coefficient of | 2 must
be positive. Thus,
(mBe + krBz)2 >

2B0[rBey.

(4.4)
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There remains the possibility that the pressure can
increase outwards near the centre of the discharge
and that the current and its gradient are in opposite
directions in the outer region. Thus SW is divided
up, so as to use the form (4.2) in the central region
and the form (4.1) outside. There is also an additional term in bW, from the integration by parts on
the interface r = r0. Thus

J 0

+

rdr

kBz)

-2Be(Belr)

+ kB,\r?
? XXI(m« +
1

Figure 12a. Stability diagram for one-parameter trial functions;
Л = 2. Curves are drawn for three values of s and for m = 0
and m = 1. It can be seen how the region of total stability, in
this approximation, decreases as s increases

This condition has previously been obtained from the
perturbed differential equations in Ref. 7. If Eq.
(4.4) is to be satisfied for all perturbations m, k, the
right-hand side of the equation must be negative or
zero at all values of r. Thus,

о,

(4.5)

where Iz is the total axial current within radius r.
This condition cannot be satisfied everywhere; in
particular, at the discharge centre the current and its
gradient must be in the same direction.
If the integrand in expression (4.2) is to be positive
at all points in the discharge, A must be greater than
zero. Using the hydrostatic equation yp = j хВ/4тг,
this condition becomes
8тггр'а

2bBeBz + cBz2,

Jr_r, '

(4.9)

It is now insisted that all parts of this expression are
positive. If the surface term is to be positive for all
m and k, Be must vanish on r = r 0 ; thus the total
axial current inside r = rQ vanishes. In addition,
there can be no axial current outside r = r0 ; otherwise
the inequality (4.5) would once again fail. The
final requirements are
rp' > £//6тг, for 0 < r < r 0
Be - 0, p' = - {B/y/Sn for r0 < r < Ar0.

(4.10)

A completely stable configuration satisfying the
conditions (4.10) has been found by Laing.30 The

(4.6)

where
а = т\ - 1 + 1/(ж2 + X2) + 2X2/(w2 + X2)2],
Ъ = тХ[ - 1 + 1/(ж2 + X2)],
с = Х2[ - 1 - l/(w2 + X2) + 2ж2/(ж2 + X2)2],
d = X2/(w2 + X2),
X = kr.
(4.7)
It can be shown that the worst perturbation for the
inequality (4.6) is that with k — 0 and m — 1. If
the inequality is to be satisfied for this perturbation,
rp' > Be2/6ir.

(4.8)

If the inequality (4.8) is satisfied at all values of the
radius, the plasma cannot be contained by the magnetic field. Equation (4.8) has been obtained by minimising the right-hand side of inequality (4.6) for all
possible values of Be, Bz.

O.75 -

as O.O
Figure 12b. Stability diagram with averaged fields ô = 0.05
Л = 2. The m = 1 stability curves are drawn for several values
of s and for the averaging distance (ô) 5 per cent of the discharge
radius. The m — 0 curves refer to zero averaging lenghts as
there is no singularity in this case
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Figure 13. A stable configuration with reserved current. Curves
are shown of the radial variation of B#, Bz and p for an " o b viously " stable discharge configuration

values of magnetic fields and pressure for this configuration are shown in Fig. 13. It is not necessary
for the axial magnetic field to drop to zero where the
current has its maximum, as it does in this example;
the example was obtained by assuming that Be has
a simple analytical form. It is hoped that this type
of configuration will be studied further and that
neighbouring stable configurations can be found, which
do not satisfy the very restrictive conditions of this
section.
When the theoretical results of this section were
obtained, it was not realised that Burkhardt and
Lovberg31 had obtained a configuration similar in
principle to the ones described above. In their case
the reversed axial current arose unexpectedly and the
discharge appeared to be stable.
FURTHER PROBLEMS
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unstable, because there was no magnetic field in the
plasma. In the presence of crossed magnetic fields,
which are required to stabilise the initial configuration,
many of the Rayleigh-Taylor types of instability
are also removed.
The next approach to the oscillation problem considers the plasma to be oscillating in one mode and
considers small time dependent perturbations on this.
The study of the stability of such a system leads to
differential equations of a generalised Hill's type.
Some progress has been made on one simple problem
along these lines. The problem of the stability of a
plane plasma, which is executing rigid body oscillations
between plane conducting walls, can be reduced, in
a certain approximation, to the solution of two
simultaneous Mathieu equations. This is still only
a very poor approximation to the real problem, in
which there may be interaction between very many
modes on equal terms and the oscillation energy may
be passing back and forth between them.
Finite Dissipation

It has been stated that, on qualitative grounds, it is
plausible to treat the electrical conductivity as infinite
in stability calculations. Similar arguments can be
made in support of the neglect of viscosity and thermal
conduction in some problems. However, even if
numerically the importance of dissipative processes
looks small, it must be realised that their introduction
completely alters the mathematical character of the
stability problem. One particular problem, in which
viscosity may be important, has already been mentioned; in the energy principle method the lowest
energy, for non-symmetrical perturbations, is obtained
for a perturbation \ with an infinite velocity shear.
As the energy can be made arbitrarily close to this
minimum, with a perturbation with large but finite
shear velocity, the result is probably virtually un-

Plasma Motions

The only problem in which plasma motions have
been considered in detail is that of the wriggling
discharge. However, there is no reason to suppose
that plasma motions are absent, even in an essentially
stabilised discharge. Three such motions are: the
initial contraction ; motion of expansion or contraction
during field diffusion; and steady oscillations, which
may occur even for a stable discharge. The presence
of these motions may lead to new types of instabilities.
Many problems arising from the presence of equilibrium motions are essentially non-linear in the
velocity; certainly, perturbations no longer grow or
decay harmonically with time.
The oscillation problem can be studied in a linear
way, as a first approximation. If it is imagined that
a force is instantaneously applied to counteract the
plasma acceleration, at the time in its motion when
it is momentarily at rest, then effectively the problem
is the same as that of a plasma supported against
gravity by a magnetic field. A simple problem of
this type has been studied by Kruskal and Schwarzschild.5 In their problem the plasma was very

VV

^ A s y m p t o t i c v a lue

\ \
\ \ S
/
/
/

/
I

к

Invisc d
solutio n

x->\
Viscous
solution

value
Asymptotic

Figure 14. Influence of viscosity on discharge stability. A qualitative plot is given of the relationship between growth rate со and
wavelength X for the m = 1 instability of a plasma carrying a
surface current. This shows the ¡nviscid solution and the effect
of the introduction of viscosity. The asymptotic solutions at
small wavelength intersect at a point which gives a first approximation to the wavelength of maximum instability
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altered for small enough viscosity; but this requires
further investigation. For axisymmetric perturbations the trouble does not arise and, for sufficiently
symmetrical systems and perturbations, a generalised
form of energy principle still appears to be valid. A
solution has been given to one problem involving
viscosity in Ref. 6. For the earliest problem of the
instability of the pinch effect studied by Kruskal and
5
Schwarzschild there is an infinite instability growth
rate at zero wavelength. The introduction of any
viscosity, however small, reduces this growth rate to
zero. This is illustrated in Fig. 14. An attempt is
also being made to study the stability of a plasma,
with finite electrical conductivity carrying a uniform
axial current and a uniform axial magnetic field.
With no axial field, the problem is simple; with an

R. J. TAYLER

axial field, it is only easy to obtain asymptotic results
and, at present, no general results on the effect of
finite electrical conductivity have been deduced.
Two other factors are likely to become much more
important to us in the future: the geometrical factor,
which arises both through toroidal shape and through
incomplete symmetry produced by gaps in conducting
walls; and the problem of the range of validity of the
hydromagnetic equations. It is true to say that the
problem of gas discharge stability is still in its early
stages and much remains to be done.
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Cusped Geometries
By J. Berkowitz, K. O. Friedrichs, H. Goertzel, H. Grad, J. Killeen and E. Rubin

utility as a thermonuclear device are its stability,
rate of loss of particles and of energy, and experimental feasibility. To answer all but the first question, the original idealization must be modified to
take into account a continuous transition from plasma
to vacuum. The picture we have in mind is still
that of a thin transition zone of minimum thickness
separating a vacuum (or near vacuum) from an
almost field-free plasma; but, whenever possible, we
shall try to relate this simplified model to the more
general case of completely intermixed plasma and
field. Of special interest for comparison purposes is
the opposite extreme to the free boundary case, viz.,
a plasma of such low density that the plasma currents
have no effect at all on the magnetic field of the external coils. One such case is the picket fence 3 (Fig. 3a)
which has the free boundary analogue shown in Fig.
3b. This interface is also explicitly computable using
conformai mapping.

INTRODUCTION
We are interested in the containment and thermonuclear possibilities of a large family of stable magnetohydrodynamic free-boundary equilibrium configurations. The free boundary is a mathematical idealization in which there is a perfectly conducting plasma
containing no magnetic field, separated at an interface (surface current) from a vacuum magnetic field.1
The plasma pressure p is balanced by the magnetic
pressure H2/STT. Although the original motivation
for studying this model was its mathematical simplicity, the sharp separation was soon found to oñer
practical advantages in performance provided that
it can be realized experimentally.
It can be shown that any finite plasma configuration
of the free boundary type, bounded by a smooth
interface, is unstable.2 However, there do exist a
large number of absolutely stable configurations
bounded by cusped surfaces. These have been
shown to be stable for arbitrary perturbations, even
of finite amplitude, regardless of which equations are
assumed to govern the plasma motion.2 The basic
two-dimensional prototype is shown in Fig. 1. The
magnetic field is generated by four line currents
alternating in direction, coupled with the plasma sheet
currents whichflowin alternate directions on adjacent
segments. There is a one-parameter family of plasmas
of increasing size (Fig. 2) for a given coil configuration.
The shapes can be computed by conformai mapping.
The limiting shape for small dimensions is a hypocycloid, %2/з -f- у/» = constant, and the largest configuration which completely contains the plasma is
given by the equation

The major advantage of the cusped configuration is
its stability. The chief disadvantage, at least of the
basic geometry of Fig. 1, is the large rate of loss of
particles. One can generalize the magnetic mirror
concept and apply it to the motion of a particle approaching a cusp even though the magnitude of the
magnetic field does not increase towards the cusp,
but is a constant on the interface. Nevertheless,
because of the extremely large effective mirror ratio
(see the Appendix), it is found that the particle losses
increase rapidly with temperature instead of decreasing as do the conventional mirror losses. For preliminary experiments with relatively low temperature
plasmas the cusps are advantageous. At (eventual)
thermonuclear temperatures a crossedfieldinserted
in the plasma would be very effective in reducing
losses. The prototype, shown in Fig. 4, has a uniform
longitudinal field inside the plasma and a cusped
field outside.

- l)K(16/9 - f)where a == [(16/9) cos TTS]2, tan в is the slope and s is
the arclength. This equation holds for the portion
of the curve in the upper part of the first quadrant ;
the complete shape is found by symmetry. The shapes
can also be computed numerically for current arrangements more realistic than line currents.
Among the theoretical questions that should be
asked about a given configuration relative to its

Another possible disadvantage of a cusped geometry is the uneconomical use of the magnetic field
if the plasma is to be compressed. A possibility for
ameliorating this situation is to compress the plasma
from within, cf. Fig. 5. The tunnel created by such
an internal conductor is stable against all deformations.2
More conventionally, field shaping by the use of
appropriately designed conductors and by the use of

* Institute of Mathematical Sciences, New York University.
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iron in the magnetic circuit can be eñective. This
question of magnetic efficiency is not entirely onesided since most of the other proposed configurations
require significant internal magnetic fields in the
plasma to obtain stability.
1538

SUMMARY OF GEOMETRIES

There exists a large variety of three-dimensional
stable cusped configurations suggested by the prototypes depicted in Figs. 1,36,4 and 5. The spindle shape
of Fig. 6a is obtained by rotating the two-dimensional
shape of Fig. 1 around an axis through two cusps.
The resulting figure has a circular line cusp and two
point cusps. The coil arrangement consists of two
oppositely oriented Helmholtz coils. This threedimensional free boundary has been computed
numerically and does not deviate much from the
rotated two-dimensional shape.
By placing a number of spindles (of the type
shown in Fig. 6a) end to end, joining and widening

2 (a)

Figure 2.

( b)

Plasma-field configuration

(C)

in some limiting cases

external coil) becomes narrower. This can become
unstable for a sufficiently large axial current. Specifically, since the interface has negative curvature there
are two asymptotic directions separating directions of
positive and negative curvature.
Instability is reached when the axial current rises
sufficiently to make the total current cross an asymptotic direction (see Fig. 7). An axial, pinch-type
current can be introduced in Fig. 1, i.e., a current on
the interface directed into the plane of the figure.
The asymmetric Fig. Sa results. As the axial current
is increased it is likely that a transition will occur
to the configuration shown in Fig. Sb.
PARTICLE LOSSES

Figure

1.

Field-plasma configuration in
cusped geometry

a

two-dimensional

the point cusps, we obtain the configuration shown in
Fig. 6b. The infinite periodic limiting case can also
be described as a rotation of Fig. 3b about its longitudinal axis. Fig. 6c is obtained from Fig. 6b by
bending it into a torus. The toroidal shape, Fig. 6d,
is similarly obtained by rotating Fig. 1 about a horizontal axis in its plane; the coil system consists of
four ring currents.
Figure 6e shows how a crossed field might be introduced into systems of the type shown in Figs. 6a or
6b] the field due to the axial wire is allowed to penetrate into the plasma. The addition of an axial
surface current (as in a pinch discharge) to Fig. 6b
modifies the shape somewhat; the cross-section midway between two circular cusps (i.e., under the

Particles can be lost from a system by diffusion
across the magnetic field and, in open-ended systems,
lost along the magnetic field (end losses). The latter
is our concern here. It is illuminating to compare
two extreme cases, collision-dominated mirror losses
and nonadiabatic-dominated cusp losses. We shall
find that there is a continuous transition from one to
the other.
First consider the elementary containment argument4
for the axially symmetric geometries shown in Figs.
9a and 9b. One assumes that the motion is adiabatic,
i.e., the magnetic moment /x is a constant. This is
the ratio of the gyration energy, W±, corresponding
to the component of velocity perpendicular to B, to
the magnitude of B. To good approximation it is
constant if the magnetic field seen by the particle
changes only by a small amount in one gyro oscillation. The gyration energy increases as the particle
moves toward larger B, but it cannot exceed the
constant values, W, of the total kinetic energy.

В
Figure 3.

Picket fence geometry
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with the simplest model, viz., with a sharp discontinuity separating field-free plasma from vacuum.
At thermonuclear temperatures the mean free path
is essentially infinite compared to the dimensions of
the apparatus. A particle trajectory consists of
straight lines joined by cycloidal arcs (Fig. 10я);
the limiting case of zero gyro radius is the billiard ball
model, Fig. 10b. In the latter case there are no losses;
Figure 5
Figure 4
every particle is turned back before it reaches the
cusp unless it is on the axis and aimed directly at the
Consequently, reflection occurs when В reaches the
cusp. In the former case, we (tentatively) suppose a
value W/fjL. Furthermore, the guiding center of the
particle to be lost if it reaches the cusp. It is found
particle is constrained to lie on a fixed flux tube.
that those particles which are aimed close enough
This allows us to conclude that successive reflections
to the cusp axis are lost ; the others are reflected back.
will occur at exactly the same value of z (Fig. 9).
But it is easy to see that the aspect with which a
All particles with WJW less than a certain critical
reflected particle approaches the cusp at the opposite
value (this defines the loss cone) are instantly lost,
end of the machine has very little correlation with its
and the others are contained indefinitely. Under the
behavior in the first cusp. To good approximation
assumption that the configuration is exactly axially
we may assume that the velocity distribution is
symmetric, there are two mechanisms which can shift
isotropic, i.e., the loss cone is refilled as fast as particles
a particle into the loss cone. These two mechanisms
are removed. This is in fact a general property of any
are caused by collisions and alteration of the magnetic
configuration with a very large mirror ratio. It is
moment and are independent of each other. Either
possible to treat the motion of a particle when it is
mechanism can be dominant; it is even possible for
near a cusp by studying a suitable adiabatic invariant
each one to be dominant for different classes of par/x* instead of the magnetic moment ¡л (see the Apticles in a single system. For example, in Fig. 9b,
pendix). The mirror ratio appropriate to the adiaan orbit can be quite accurately adiabatic for a
batic invariant ¡л* has the order of the square root of
particle whose gyro radius is small compared to its
the ratio of the gyro radius to the apparatus dimendistance from the axis ; the loss mechanism is collisions.
sion. Although ^* is approximately constant while
On the other hand, the motion will be strongly
the particle is near the cusp, it loses almost all memory
nonadiabatic if the orbit passes close to the origin,
of its initial value in crossing from one cusp to the
and, for these orbits, collisions can be neglected.
next.
This effect can also be present in Fig. 9a (and it is
The loss rate computed on the basis of an isotropic
always present in Fig. 9b) if the plasma pressure is
velocity distribution 5 is an upper estimate. It is a
comparable to the magnetic pressure near the center
good estimate in a strongly nonadiabatic device. In
of the machine, thereby reducing the magnetic field
other cases, the loss rate is governed by the rate at
in the center to a relatively low value. More precisely,
which particles diffuse into the loss cone by collisions
we suppose that on the axis the mirror ratio (ratio of
and by nonadiabaticity.
the maximum to minimum value of B) is large. A
particle whose turning point is close to the position
The precise computation of particle losses is a very
of maximum В will have a very small value of WJW
complex problem involving the solution of a selfwhen it reaches the center of the machine. It can
consistent field problem for the transition zone bemove a large axial distance in one gyro-period and
tween the plasma and field, the merging of two such
therefore be strongly nonadiabatic.
zones at the cusp, and the interaction between these
boundary layers and the space charge surrounding
An extreme case of nonadiabaticity is encountered
the plasma. We shall present a sequence of models
in the cusped geometry. However, we shall first
of increasing complexity to estimate the loss rate.
describe it in entirely different terms. We start

Figure 6
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=E/B=

r + > = (9,г/8)(7+/7_) Я+
v+ = (9тг/32) (nV+2/V_)
Figure 7

The boundary layer is formed of particles which
belong to the plasma, i.e., which follow orbits as shown
in Fig. 10a, and free particles which spiral nearby
without entering the plasma proper. This combination produces a certain electromagnetic field which
we must find, at least to some approximation. It can
be shown that the loss rate per unit length of the cusp
is given by
v= I

rufdudvdw = <V) I

ufdudvdw

\4

where f(u,v,w) is the particle velocity distribution
(u is directed toward the cusp) and r(u,v,w) is the
range of a particle (see Fig. 10a), i.e., the distance
travelled in the direction of the cusp in one encounter
with the boundary layer. The length </> can be
interpreted as the width of a " hole " near the cusp
through which particles stream freely.
To start, we ignore the electric field and assume
that the magnetic field jumps discontinuously. The
trajectories can be evaluated explicitly. For an
isotropic, monoenergetic (i.e.,fixedspeed u2 + v2 + w2
= V2) distribution we compute
<r> = \п\> v = \nnVk, I = mV/eB;

(3)

=

For deuterons, M/m = (V-/V+)2 ~ 3600, the ion
loss rate is cut down by a factor 35 and the electron
rate increases by only a few per cent. The boundary
layer is now approximately self-consistent, but the
difference in loss rates must be equalized by external
space charge effects. The precise mechanism is vital
since a possible factor 35 is at stake. If the space
charge field does not penetrate into the plasma it
merely accelerates the lost ions but returns electrons
to the plasma, thereby equalizing the net loss rate at
the lower value, v+. The possibility of space charge
penetration into the plasma can only be discussed
realistically if the magnetic field is allowed to permeate the plasma. A rough analysis of this problem
yields the result (mainly as a consequence of the very
large mirror ratio) that the equalization occurs almost
entirely by reducing the electron loss rate without
appreciably altering the ion loss rate.

(2)

where n is the number density. At a given temperature, electrons and ions are lost at the same rate; the
electrons move faster, but the "hole" <V> is smaller by
the same factor. This picture must be made selfconsistent with respect to the current and the charge.
The latter is far more important and its effects can
be approximated by recomputing the orbits in the
presence of a constant electric field E whose value is
then adjusted to make the mean penetration depth
of ions and electrons equal (the Debye length is assumed to be small compared to the boundary layer
thickness). The result is, approximately,

Figure 8

V_

Figure 9

A more serious consideration is the possibility that
some of the electrons which are turned back to the
cusp may miss the cusp and become " free " electrons
as previously described. These electrons will be
trapped in the external space charge field and will
oscillate between cusps in the outer reaches of the
boundary layer, allowing the ion penetration to increase and thereby increasing <V>+ and v+. This
situation can be analyzed to some extent and arguments can be given which indicate that the effect is
not large. However, we merely summarize by
stating that the correct loss rate is somewhere between the two values, v+ and v_, quoted in (3), with a
fair chance that it will turn out to be closer to the
smaller value. An alternative description is that
the loss rate is proportional to the thickness of the
boundary layer which is somewhere between the
electron and ion gyro radii, but may very well be
closer to the former. The boundary layer thickness
can possibly be controlled experimentally, e.g., as
shown in Fig. 11. An arrangement is shown in which
electrons might be stripped from the outer edges of
the boundary layer.
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(a)
Figure 10

The Maxwell-averaged loss rate, using the more
optimistic value v+ of Eq. (3) is,
O> = (977/640) (nkT/eB).

(4)

From this we find the containment time of the spindle
shape in Fig. 6a to be
т = 10-7 {R2H/T)

(5)

where т is in seconds, H is in gauss, R is the radius in
cm and T is the temperature in electron volts.
The density is determined by the temperature when
the magnetic pressure equals the gas pressure. For
example, if H = 10,000 gauss, R = 100 cm, T = 10
ev, we have a containment time of one second. In
the thermonuclear range, H = 100,000 gauss, R =
100 cm, T = 10,000 ev yields т = 10 milliseconds.
The general case in which the field and plasma are
intermingled (as in Fig. 9b) is extremely complicated.
The outer layers have a relatively small mirror ratio
and are collision dominated so that the loss rate is
relatively low and electron losses are preferred. There
is possibly an intermediate layer in which the electrons
are adiabatic and the ions are not, since the latter
have larger gyro radii. The loss rate in this layer
could show a preference for either ions or electrons
depending on the parameters. An inner layer might
be nonadiabatically dominated for both ions and
electrons with the electron losses predominating.
The space charge problem is formidable. Whereas
rough estimates of loss rates can still be made, it
would be advisable to look to experiment for guidance.
Next we briefly consider the effect of a crossed
field (see Fig. 4) and first take the case of a sharp
discontinuity in the magnetic field. Computations
involving generalized adiabatic invariants such as
those described in the Appendix have been made to
compute the loss rate through a cusp. The important
point to realize is that this computation (which
yields a lower loss rate than without the crossed
field) applies only to the plasma layer which is within
one gyro radius of the vacuum. The inner particles
potential

difference

Figure 11

suffer no losses at all. More precisely, the losses from
the outer layer can only be replaced by diffusion
across the magnetic field. This considerably lower
loss rate then becomes the dominant one. In the
case of a gradual transition, instead of a discontinuity
of the magnetic field, the situation is, of course, very
complex but the general qualitative features can easily
be ascertained. The mirror reflection argument can
be carried out largely as in the case without the
crossed field. Moreover, the magnetic field never
vanishes and nonadiabatic effects are considerably
reduced.
We can summarize the effect of the crossed field as
follows. In the general case it reduces nonadiabatic
losses to the generally lower level of collisional losses
and, in the sharp boundary case, to the still lower
level of diffusional losses across the magnetic field.
THERMONUCLEAR POSSIBILITIES
For simplicity we consider only the geometry of
Fig. 6a. The state of the plasma is given by three
parameters, e.g., volume, pressure and temperature.
Actually we use the radius R of the circular cusp
section in cm, the magnetic field H in gauss, and the
temperature T in electron volts. The energy loss
through the cusp in watts is then (from Eq. (4))
Pc = 0.08 RTH.

(6)

An estimate of the ohmic losses is
Pu = Ю-4 RH*

(7)

and the thermonuclear output (energy of charged
particles only) for a deuterium-tritium mixture at
20,000 ev is 6
P T = 10- 15 RW\

(8)

Clearly, P T can be made to dominate PQ + P& by
making R and Я large (the ratio of bremsstrahlung
losses to thermonuclear power depends on temperature alone).
X

x

У
x
B(in)

x

X

44
X

x

x X
y—> y

У' t
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x
x
Figure 12

Let us define " breakeven " by the condition Рт =
3(Pc + Pu)- A possible set of breakeven figures is
H = 105, R = 40, Pc = 6 X 109, n ~ 1016 ions/cm3.
The power output would be comparable in size to a
conventional large generating station. We envision
a cycle somewhat as follows. Let S represent the
original energy of the plasma. At some later time (in
this example, about one millisecond) when S has been
reduced by one-half due to cusp losses, the thermonuclear input has reached 3<?/2 bringing the total
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plasma energy to 2 S and the plasma pressure to double
its original value. An adiabatic expansion against the
magnetic field then transfers the amount ¿ into the
generator which supplies the field. The remaining energy, including the considerably greater energy carried
by the neutrons, could be removed by a heat cycle
of lower efficiency. Of course, these numerical results
should be considered only as representing the correct
order of magnitude.
Л number of points should be mentioned here. One
property of cusp losses is that, in a given device, high
speed particles are lost more quickly and this tends to
deplete the Maxwell tail. In particular, this applies
to the charged reaction products. On the other hand,
the hot reaction products, in modifying the boundary
layer, serve to reduce the loss rate of the original
" cold " plasma and, in particular, of its Maxwell tail.
The use of the optimistic loss rate formula (4) is
probably much more than onset by the gain that
would arise from the use of crossed fields.
Essentially all of the methods of initiating and
heating a plasma can be used in a cusped geometry.
Four parallel discharges alternating in direction might
be set up in a longitudinal magnetic field to initiate
the field configuration shown in Fig. 4; or the coils
in any of the cusped configurations could be pulsed
after preionization or after creation of the plasma by
a shockwave; or the plasma could be inserted in an
already existing vacuum magnetic field of an appropriate type by an arrangement of plasma guns. A
particularly intriguing possibility is to pulse the
magnetic field with enough energy to bring the plasma
to thermonuclear temperature. The plasma will
undergo damped oscillations. Although the initial
acceleration would probably be too high to maintain
stability,2 the acceleration would very likely drop to
a stable value within a cycle or so. Other confinement geometries, e.g., the stabilized Дг-pinch, are not
sufficiently stable to allow such violent treatment.
Roughly speaking, in exchange for a high degree of
stability we compromise somewhat in particle losses.

J. BERKOWITZ et al.
APPENDIX.

THE CUSP AS A MIRROR

The theory of adiabatic invariants of a Hamiltonian
which is slowly varying in time can be modified so as
to apply to a Hamiltonian which has an " approximately ignorable " coordinate. This allows the
containment arguments which have been discussed
to be extended to an axially symmetric system of the
type shown in Fig. 9a, even when the gyro radius is
comparable to the radial dimensions, provided only
that it is small compared to the axial length (z is the
approximately ignorable coordinate). In this case,
the adiabatic invariant /z* is WJa>*, where со* is
the frequency of oscillation of the particle in the
" frozen " or cylindrically symmetric Hamiltonian
(with a truly ignorable coordinate corresponding to
the instantaneous value of z), instead of the magnetic
moment which is WJœ (the gyro frequency a> equals
В except for the constant factor e/m).
Exactly the same remarks apply to two-dimensional
problems. For a particle approaching a line cusp the
frozen Hamiltonian is that of two parallel plates, Fig.
12. With no electric field, a>* has the value
1/ш* = l/œ + dJTT \vL\ ,

(9)
d is the separation between the plates (which varies
slowly with z) and WL = \mv^. With the adiabatic invariant /x* = WJœ*, we can analyze the
motion of a particle in either a cusp or a conventional
mirror. The mirror ratio would be the ratio of a>*
at the cusp (viz. œ) to its value elsewhere; for large
d, this ratio is essentially the ratio of the gyro
radius to d/тт. A mirror ratio can be assigned to the
cusp as a whole by estimating at what value d the
particle makes its last encounter with the magnetic
field before crossing over to the next cusp. This
mirror ratio turns out to be of the order of M = \ \la,
where a is the ratio of the mean range <r> to the
length of the apparatus. The corresponding correction to the loss computation, i.e., the measure of anisotropy of the velocity distribution, is the small number
(1 + In 8M)/8M.
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Magnetoh/drodynamic Stability
By J. Berkowitz, H. Grad and H. Rubin

Our primary concern is the hydromagnetic stability
of free-boundary equilibria.1 These are configurations
in which a perfectly conducting field-free fluid is
separated at an interface (surface charge and current)
from a vacuum electromagnetic field (E,B) (Fig. 1).
Two examples were treated by Kruskal and Schwarzschild: 2 one, a conducting fluid supported against
gravity at a plane interface by a uniform magnetic
field (Taylor instability) ; the other, an infinite cylindrical conducting fluid surrounded by an azimuthal
magnetic field (pinch instability). In full generality,
we consider a free-boundary equilibrium with an
interface of arbitrary shape in the presence of an
arbitrary conservative force field. The configuration
of external fixed conductors is arbitrary. The
external magnetic constraints may be either constant
fluxes or constant currents. The conducting fluid
may be taken incompressible or compressible with any
equation of state, dissipative (viscous or heat conducting), non-dissipative, or even governed by the
Boltzmann equation. Stability is considered both
with respect to small amplitude and finite amplitude
perturbations.
It is possible to solve the problem in such general
terms because the stability problem separates into
an electromagnetic problem which can be treated as
essentially static if displacement current is ignored,
and a fluid problem for which stability is treated by
conventional thermodynamic considerations. The
stability criterion is expressed in terms of geometric
properties of the interface alone and is independent
of the constraints or of the equations which govern
the fluid. A number of absolutely stable equilibria
are given (Section 5).
* This work has been extended to the case of conducting fluid and magnetic field which are intermingled,
instead of separated at an interface.3 Certain aspects
of this more general problem are treated here (Section
9), and a class of stable axially symmetric configurations is described. The more difficult problem of
stability in the presence of periodically varying
magnetic fields is solved for a special geometry
(Section 10).
For a Hamiltonian system with finitely many degrees
of freedom, the type of argument used in this stability
Institute of Mathematical Sciences, New York University.

analysis yields categorical answers. For such a
system, an absolute minimum of a monotone potential represents a stable equilibrium in the sense that
a small perturbation will never cause more than a
small deviation from equilibrium, and a finite perturbation, a correspondingly finite deviation. If the
equilibrium state corresponds to a relative minimum
of the potential, there exists a maximum perturbation
of the energy below which the system remains in some
neighborhood of the equilibrium. The existence of
the relative minimum (but no estimate of the maximum
stable perturbation) can be ascertained by examining
the second variation of the potential function. From
the second variation, we may obtain more than a
stability criterion: the eigenvalues computed with
the kinetic energy as unit form are the frequencies
(stable) or the growth constants (unstable) of small
amplitude disturbances.
For a fluid, the infinity of degrees of freedom introduces complexities. Consider the example of a
container of water under gravity (Fig. 2). There
exists a potential and an energy integral К + P
(kinetic plus potential). In Fig. 2a, Po is the absolute
minimum of P. For an energy perturbation e, we
have К + P = Po + e. We conclude without further
reference to the equations of motion that for all time

0 < К < e; Po < P < Po + e.

(1)

The first inequality states that the kinetic energy is
never large. The second states that, in some sense,
the configuration never deviates very much from
equilibrium; for example, that no more than a certain
small amount of water can exceed a given height. It
is intuitive that the same conclusion applies to Fig. 2b,
viz. that for a given s only a certain amount of water
can be lost over the rim. This conclusion does not
follow from energy considerations alone and the
inequalities (1) cannot be proved even for restricted
values of s. In principle, it may be possible for a
fluid particle to gain large kinetic energy after passing
over the rim and to pass this energy back to the water
in the container. Because of this almost unsurmountable mathematical difficulty, the stability of a fluid
system with respect to finite amplitude perturbations
is treated in two parts: the first, mathematically
precise, will show that a given equilibrium minimizes
177
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an appropriate potential among all neighboring
states; the second will be a heuristic evaluation of
this result in the light of some " practical " criterion
for stability.
The point of this variational approach is to eliminate
almost all reference to the equations of motion or
their solutions. We use only the integrals and
constants of the motion, energy and others. Although
we would like to compare the potential of the equilibrium state with the potentials attainable by possible motions of the system, we compare it with the
potentials of all mathematical configurations compatible with the constraints (i.e., the constants of the
motion). The method could fail to indicate stability
when it in fact exists; one possibility is that the
class of admissible configurations is too large and no
minimum exists (as for an incompressible fluid if the
fluid volume is forgotten as a constant of the problem) ;
vacuum
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turbations, analysis of the second variation and
normal mode analysis. For brevity we touch only
upon the major points. A detailed presentation will
be given elsewhere.
1.

CONSTANTS OF THE MOTION

For the electromagnetic field we use Maxwell's
equations (in rationalized MKS units) without displacement current:
V-B = 0,
V X В = ¡x J = 0 "

At the interface, moving with fluid velocity U, we
have the boundary conditions

„ = 0, (E +uxB)i =

Figure 1

or it can be too conservative if neighboring configurations exist which are not dynamically accessible as
solutions of the equations of motion.
A positive second variation of the potential for all
admissible infinitesimal perturbations is evidence for
stability. This finding makes plausible the existence
of a relative minimum but does not ensure it and
is therefore a less conservative criterion.
An entirely different kind of stability analysis is to
linearize the equations of motion and separate an
exponential time factor (normal-mode analysis).
It is often possible to relate the second-variation formulation of the stability problem to the normal-mode
analysis as in the case of finitely many degrees of
freedom. The existence of an unstable mode is
better evidence of instability than the mere existence
of a perturbation which makes the second variation
negative, but the normal mode analysis is no better
in predicting stability than the second variation.
The stability of fluid magnetic equilibria will be
considered from all three viewpoints: minimization
of an appropriate potential with regard to finite per-

(3)

the subscripts n, t denote normal and tangential
components, respectively. Only un actually enters
in (3). At a fixed conducting boundary, we have
Bn = constant in time, Et = 0.

E*0, B*0
fluid

(2)

(4)

The electromagnetic force J x B is normal to the
interface and exerts a pressure of magnitude B2/2¡u.
The electric force qE and also the displacement current are relativistically small; moreover the two must
be dropped or kept together to keep the electromagnetic momentum equation in conservation form.
The system (2) and the boundary conditions (3), (4)
are Galilean invariant and are even preferred to the
Lorentz invariant Maxwell system for use here
with non-relativistic fluid equations.
Under the boundary conditions (3), (4) the solution
of the system (2) is determined at each instant by
the position of the interface without regard to its
velocity.4
If Bn = 0 at all boundaries, fixed or fluid, the magnetic field is determined by a finite number of parameters, either fluxes or mmfs (currents)
orIr = fArx Г B-dx.

f B.^S,

Фг=

JSr

(5)

JCr

The magnetic energy is then given by

= 2 К Л - Л = 2 4ФЛ«Ф., (6)
r,s

r,s

where the inductance matrix Lrs and the susceptance
lrs are defined by
From the integrated form of the first equation of (2),

^ = 4;

dt

B.áS
(t)

(E
Figure 2

jCr(t)

(8)
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where Cr is the boundary of Sr. We conclude that
the fluxes are constants of the motion. An example
is a toroidal plasma surrounded by a vacuum magnetic
field contained within a concentric copper torus.
Two fluxes (or mmfs) completely determine the
instantaneous magnetic field. In any deformation
of the plasma, the two fluxes are constant.
More generally, when magnetic lines intercept a
part of the boundary (Bn ф 0), the magnetic field is
determined by the given stationary values of Bn and
by such fluxes Фг as may arise from particular closed
circuits which do not link a boundary; these fluxes
again are constants of the motion.
Constant current generators may be introduced by
violating the conditions (4). For example, we may
introduce slits in the fixed conductors and apply
suitable potentials across them. With Et = 0 elsewhere, the potential across the slit will be equal to
the line integral in (8), destroying Фг = constant but
permitting Ir = constant. More generally, we could
distribute the voltage arbitrarily around the conductor
so long as the total emf is sufficient to keep the current constant. Such a distributed emf can be consistent with the boundary condition Bn = constant and,
as before, the magnetic field is uniquely determined by
the given values of Bn and the fixed currents Ir
(instead of Ф г ). 4 This result holds even for a mixture
of constant-current and constant-flux constraints.
In most of the subsequent analysis, we shall take the
general case : there exist n independent fixed circuits,
the first m of constant-current type and the remainder
of constant-flux type:
Ir = constant, (r = 1,2..., m)\ Фг = constant,
(r = m + 1, ..., n).
(9)
The rate of change of magnetic energy in a moving
domain V(t) as computed from (2), (3), (4) is
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If we set
(12)

м* = м we have in the general case (9)

(13)
In the special case Bn — 0 on all boundaries we have
from (6)
(14)

\

If the fluid is incompressible, we have the equations
du
V-u = 0 ; — + (u*V)n+Q-1Vp

+ V(f>=0
(15)

from which we obtain the rate of change of energy,
=

-

C{fi+Q(f>)U-dS,
Js(t)

(16)

where Q is the mass density, u the fluid velocity, p the
pressure, and ф an external potential energy per
unit mass. For any other kind of fluid, taking heat
flow to be zero across the interface (radiation is
neglected), we have

- Í Qie + W+Ф)
Jv(t)

' = — I UiPijdSj,

(17)

where e is the internal energy per unit mass, Рц the
stress tensor. The electromagnetic stress is normal
to the interface and must be counterbalanced by the
fluid stress (otherwise the acceleration would be
infinite) ; hence, the fluid stress reduces to its normal
component pn and

pn = B*/2M (on Si),

(18)

whence
dK

I

S(t)

г-1 £ 2 u• ¿S -

dS

sx(t)

(10)

where 5X denotes the interface and 5 2 the fixed boundary; the Poynting vector contribution on 5X reverses
the sign of this integral. It can be shown that only
the constant current circuits of (9) contribute to the
second integral; namely,

i,

/л

ExB-dS = -

where

.

de*
dt

"I

d&

(19)

1

К = J \ QU4V, ë* = Ç Q{e + ф)аУ.

(20)

From (13), observing that the normal to 5 X is oppositely oriented from the magnetic and fluid sides, we
obtain the energy integral
К + S* + M* = constant.

(21)

In the incompressible case we have

m

Ir

df

К + M* == constant,

(И)

(22)

and as an additional integral, the total volume of the
fluid,

j

dV =V = constant.

(23)
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SEPARATION OF THE POTENTIALS
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3.

VARIATION OF THE FLUID

POTENTIAL

The stability of the fluid is treated by purely
thermodynamic arguments. We show for a fluid
satisfying any conventional equation, dissipative or
not, that motion proceeding from an initial thermo1
q- Vp + Уф = 0.
(24)
dynamic equilibrium state can only increase the
potential
P/. Also, for a non-dissipative fluid with
This implies that p and q (and hence all other thermono
external
potential ф, a motion proceeding from a
dynamic quantities) are constant on the surfaces of
state of dynamic equilibrium (p is constant but T is
constant ф. If the fluid is in thermodynamic equilinot necessarily constant), can only increase P/.
brium, the temperature is constant as well. EmWe recall that the total entropy S($, V, m) is a
ploying the Gibbs free energy per unit mass, F = e
— Tr¡ + p/q, we obtain dF — — Y) dT + q-1 dp (Y) is homogeneous first order function of the three arguments, total energy, volume and mass. We denote
the entropy per unit mass), and from (24),
the conventional densities (per unit mass) of entropy
F + ф = constant.
(25)
and internal energy by rj, e, respectively, and introduce the densities per unit volume of entropy r¡ = pr¡
For an incompressible fluid, we have
— т]/т, and energy ê = pe = e/r, where т = 1/p is
p -j- рф = constant.
(26)
the specific volume. The second law of thermodynamics is equivalent to the statement that the functions
In equilibrium (scalar pressure), the boundary cone(rj, p) and e(rj, r) are convex functions of their argudition (18) takes the form
ments and satisfy
(27)
p = £2/2/¿.
In a non-dissipative fluid, equilibrium is characterized by the pressure balance

Tdrj = de + pdr)

For an arbitrarily given interface there exists a
unique equilibrium fluid configuration on one side
and a unique magnetic field on the other. The
boundary condition (27) singles out a special class of
equilibrium shapes. In the simplest case, ф= 0, we
have p = constant in the fluid and B2 = constant at
the interface. The problem of determining such
equilibria is identical to the free-boundary problem
for irrotational incompressible fluid flow (B corresponds to fluid velocity) where the condition is that
the absolute velocity is constant at the unknown
surface.
We now define the potentials P in a way which
separates magnetic and fluid effects. In a specific
equilibrium state, the fluid pressure is a function of
position % defined by the implicit relation (25) :
F(p(x), T) + ф (x) = constant. We suppose ф (х) to
be defined in all space. The definition of p(x) may
then be extended into the vacuum domain using
(25) ; the extended function is called po{x). Referring
to (21) we put
Pi

podV

=

=

po)dV
(28)

podV=
Jvm

,2
(29)
where F/ and Vm denote the fluid and vacuum domains, respectively. The integral of p0 has been added
to both the fluid and vacuum potentials. Since
Vf + Vm is constant during the motion, we have
merely changed the value of the constant in
К + Pi + Pm = constant.

(31)

At a given point x, consider the function
<x(i p) = ¿ ( i p) + ФР - T^,

(32)

where To is the equilibrium value of T. From
ё

* _

да

8ê

г -T

T

8ê

(33)

we see that a is stationary at T — To, F + ф = 0.
The function a is convex in r\ and q since it diners
from ê by a linear function. We conclude that a has
a unique minimum at values of r¡ and q corresponding
to T = To and F + ф = 0. The minimum property
is not altered by adding the constant p0 to a, and we
have
ê + фс — Тог] + p0 > ê0 + ^ e 0 — Г0т50 + p0

= Qo(Fo + Ф)=0.

(34)

Integrating over the fluid volume we obtain

Vf

vm

Tdij = de — F dp.

(30)

S* - T0S + Г podV > 0 = if0* - T0S9 + Г podV
Jv
Jva
(35)
where ¿>* is defined by (20). Since the total entropy
S cannot decrease in any motion, S > So, we conclude
that motion proceeding from an initial equilibrium
can only increase the fluid potential P/.
In the special case ф = 0 it is possible to relax the
condition T — constant of thermodynamic equilibrium
and by integrating with respect to mass in the inequality
PoT — TQV ^

e

o + PoTo —

MAGNETOHYDRODYNAMIC STABILITY
we obtain the same result for adiabatic variations at
dynamical equilibrium (constant pressure).
If the fluid equations of motion are replaced by the
Boltzmann equation, we use the Boltzmann Я-function instead of 5,
(37)

ÔB

=

0

7?—1 A

= — К

TJQ

/QQ\

(ÓO)

where R is the gas constant. For any other function
/ we have
Я > -R-^rj
(39)
where rj (ê, Q) is the usual thermodynamic function
of the energy and mass density associated with f,
(40)

From the Boltzmann equation, with appropriate
boundary conditions at the interface, we obtain
\H{x, t)dV < (H{x,0)dV.

(41)

For an initial state of equilibrium, we have from (38),
(39),

bx=~x(S,e),
where 5 denotes a coordinate fixed to the surface as
it varies.
Since V»$B = 0, a vector potential exists with 8B =
V X Д. The condition Bn = 0 further restricts 8B,
but the restriction on 8B (which is complicated if the
boundary is varied) is most easily written in terms
of the potential: the condition (A + Bx&x)¿ = 0,
for example, will guarantee that Bn = 0. In the
light of these remarks we see that the pre-Maxwell
equations (2) may be interpreted as variational
equations for a harmonic (i.e., irrotational and
incompressible) vector field where t corresponds to e,
В = дВ/dt to SB, u to Sx, E to -A, etc. We shall
find it convenient to use time derivatives interchangeably with " variations. " In particular, we shall use
the " variational " formulas
--

|\j(x, t)dV > ~JRH{x, t)dV

/HO

(42)

From the Boltzmann equation we obtain the same
constraint on г) used in proving the previous inequality.
Only the primitive variables Q and ê are obtained
directly from /; all other thermodynamic quantities
are defined as the conventional functions of Q and ê.
The fact that these definitions are arbitrary and
generally without significance for large deviations
from equilibrium does not affect the validity of the
final inequality containing the unambiguous quantities S and V. The parameter p0 is also unambiguous
as the pressure in a state of equilibrium.
We have shown that the fluid potential, P/, is an
absolute minimum at equilibrium. For completeness,
we give the second variation of P/. If the variation
is adiabatic, computation yields
(43)

where c2 = dp (г),о)/дд and the result is formally
independent of ф. The second variation vanishes for
any incompressible variation V • (Sx) = 0. When
ф = 0, it is easy to see that P/ is unaltered by incompressible variations even if finite.
4. VARIATION OF THE MAGNETIC POTENTIAL
In variational analysis it is conventional to define
the variation ÔB of an independent function B(x) as

3

where B(x) is imbedded in the family of functions
B(x,e) so that B(x) = B(x,0). We extend this
notation in not insisting that s = 0 in (5.1). For the
variation Sx of the interface, we set

where the molecular distribution function /(£, x, t) is
a function of velocity \ as well as x and /. In equilibrium, / is Maxwellian and
Я
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V

(x, t)dV =
V(t)

Г A(x,/).^S= Г

dt jS(t)

JS(t

S(t)

j
\

(44)

+ uV*A I'dS

+ фC(t) Axu.i/x;

(45)

in (44) S(t) is the boundary of V(t), and in (45) C(t)
is the boundary of S(t).
First let us consider the magnetic energy M of (6)
as a domain functional. Applying (44), we have

(46)

The relevant potential is M* defined by (12), for
which we obtain after some manipulation the first
variation
(47)

The same formula is obtained for all variations of
current, fluxes, and interface subject to the constraints (9). To complete the first variation of the
vacuum potential (28), we obtain
S Г

podV=

poU.dS.

(48)
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In equilibrium, В2/2/л = ftQ on the interface, cf. (27),
and on adding (47), (48) we conclude that §Р Ш = О
and the potential is stationary. To calculate the
second variation, we apply (45) to obtain

— Ф ijLt-1 B2(u + u V • u) • dS
(49)
Under the constraint conditions (9) we can show that
(50)

B4V.

Taking the unperturbed boundary (e = 0) in (49)
we obtain
dn (Po -

* dS

n

(51)
where we have interpreted the operator u • V on
p0 — B2\2¡x as a normal derivative since p0 — B2j2[x
is constant on the equilibrium interface. The constraints are not visible in (51) but are implicit in the
class of vector fields В which are to be inserted in the
formula.
The first term in § 2 P m is always positive, hence
stabilizing. The second term is stabilizing if (В2/2{л)
— pQ increases going into the vacuum domain (the
positive normal in (51) is directed outwards). This
result may also be stated in terms of ф\ we set

(52)
Since the fluid variation S2P/ is non-negative, we have
stability if Q is positive on the whole interface. If Q
is anywhere negative, the question seems open to
doubt because the other terms compete. However,
the vitally significant fact about the second variation is that the sign of Q(S) alone determines the
question of stability. This follows from the fact
that one can always find a localized special variation,
i.e., a special deformation of the interface, un(S), confined to an arbitrarily small part of the surface and
zero elsewhere, which assigns a value to the first
term of (51) smaller than the absolute magnitude of
the second term. Consequently, if Q(S) is anywhere
negative a variation exists which makes 82Pm negative.
Furthermore, the special variation can be chosen to
make fundS = 0, so that an incompressible fluid
variation can be fitted to it and, hence, 82P/ = 0.
Summarizing, we have

Figure 3

Theorem 1 : A sufficient condition for stability,
by the criterion of the second variation, is that Q(S) >
0 for all S. A necessary condition is Q(S) > 0 for all
S; i.e., a sufficient condition for instability is Q(S) < 0
anywhere on S.
The explicit construction of the special variation
mentioned above is too lengthy to be given here.
However, it is easily described intuitively. In some
instances there exists a special variation in which В
is unchanged at every point and hence ¡B2dV — 0.
This can be accomplished by a perturbation of the
interface which follows a flux tube of the original
magnetic field (hence leaves В = 0) and leaves the
volume unchanged (see Fig. 3). This possibility
makes use of the fact that the interface is known to
be analytic and В can be continued across the surface. In such a perturbation all terms except Q(S)
are zero. Such a variation does not always exist.
The perturbation must follow a flux tube and to
specify it at one point of a magnetic line determines
it for the entire line. In an axially symmetric geometry where the lines extend infinitely in both
directions the construction is possible. On a closed
surface such as a torus the variation cannot be extended
indefinitely along a magnetic line unless the geometry
is so special that the lines close. We may take such
a variation and " taper " it gradually to zero along
the length of the line. This will not make the first
term of § 2 Р Ш zero, but will make it arbitrarily small
compared to the second term.
The local nature of this stability criterion is a
property of the free-boundary equilibrium alone
(see Section 10).
5. STABLE AND UNSTABLE CONFIGURATIONS
The second variation condition for stability has a
simple geometrical interpretation. For a vacuum
magnetic field, V(iB 2 ) = (B • V)B. Consequently,
at a point on the interface,

A
on
where x is the curvature of the magnetic line in the
interface which passes through the point in question.
In the case ф = 0, we note that the principal normal
to a magnetic line on the interface is normal to the
surface, hence the magnetic line is a geodesic. The
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sign of x is positive if the center of curvature of the
magnetic line is toward the fluid, and negative otherwise. When ф = 0 we can restate Theorem 1 as
Theorem 2 : When ф = 0, a sufficient condition
for stability (positive second variation) is that the
center of curvature of the magnetic lines on the
interface lies always toward the vacuum; sufficient
for instability is a reverse curvature anywhere.
An immediate consequence of Theorem 2 is
Theorem 3 : When ф — 0, there exists no bounded
stable fluid configuration separated from a magnetic
field by an everywhere smooth interface.
The proof is simple. Consider a " support plane "
which is tangential to the boundary and leaves the
entire fluid to one side. The magnetic line which
passes through the point of tangency has its center of
curvature on the fluid side assuring instability.
This theorem is relevant only for a fluid domain
bounded by a topological torus. A non-singular
tangential directionfieldcan exist on no other kind of
surface, and a singularity of the tangential magnetic
field would violate the boundary condition В2 = 2,/лр0
= constant.
The term ддф/дп in (52) is the normal component
of the external force (per unit volume) at the interface. If we allow an external force field to act under
the conditions of Theorem 3, then stability can be
obtained only if this force is directed inward at every
point where the tangent plane is a plane of support.
However, if one could find such an inward directed
force, there would be no need for the magneticfieldas
a containing mechanism.
The curvature criterion shows the inherent instability of the pinch geometry, in which a plasma cylinder
and surrounding field are enveloped in a concentric
cylindrical conductor (Fig. 4a).
The curvature of the magnetic lines is clearly in the
unstable direction for any helical or azimuthal field.
The only exception is the limiting case of a purely
axial field (Fig. 46) for which the curvature is zero.
The axial configuration is neutral since there do
exist perturbations not affecting the magnetic potential. Such a situation is unstable by the criterion
that large deviations from equilibrium can arise in
the course of time. However, such neutral perturbations must be cylindrical, i.e., infinite in extent
with straight magnetic lines. For any finite perturbation, the magnetic potential can be shown to
increase. We therefore consider this configuration
to be stable.
The inversion of the pinch configuration consisting
of a cylindrical tunnel in thefluidcreated by a current-

conductor
к

Figure 4

fluid

Figure 5

carrying wire is stable (Fig. 4c). Evidently the hole
created within a conducting fluid by a wire of almost
any shape will be stable. In the presence of a gravity
potential ф the equilibrium shape of the hole will be
altered. The stability criterion is now that the radius
of curvature R of the magnetic line at each point of the
interspace be less than the depth h below the surface.
If the wire is brought too close to the surface, the top
of the hole becomes unstable and the configuration
presumably shifts to the one of Fig. 56.
If accelerations are present, we should expect the
interpretation of the local and instantaneous acceleration as an external force field to give qualitatively
correct insights. For example, in a radially oscillating pinched discharge one would expect an inward
acceleration to be destabilizing, an outward one stabilizing. Roughly, the effect would be destabilizing
while the plasma is largest and most stabilizing when
the compression is greatest.
Interesting configurations arise if more than one
wire is inserted in the fluid. Two neighboring parallel
wires carrying opposite currents are depicted in Fig. 6a.
A very interesting configuration arises from four such
wires, alternating in current direction (Fig. 66). A
separated cusped configuration appears in the center.
By removing the surrounding unconnected fluid we
obtain a stable configuration of finite extent (twodimensionally). This does not contradict Theorem 3
because the boundary is not smooth ; no tangent plane
is a plane of support. From the direction of the
magnetic field it is clear that the " destabilizing curvature " is not merely concentrated at the cusps.
This and similar two-dimensional configurations can
be found by conformai mapping; a special case is the
familiar hypocycloid x*l*+y*l* = i. A diverse family
of related two- and three-dimensional stable cusped
geometries is treated in an accompanying paper.5
6. MAGNETIC VARIATION IN THE LARGE
From Theorem 1, one would venture to guess that
the total potential P = Pm + P¿ is a minimum in
the large if the quantity B2/2f¿ — pQ is positive in the
entire vacuum region; the quantity is zero on the
interface and the second variation condition is that
it increase toward the vacuum. We shall now present
a precise formulation of this condition. Here, for
simplicity, we treat only the case Bn = 0.
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гр can be extended continuously and differentially
into F + in such a way that, setting X = Vy^ w e have
X2/2ju -ръ<Ъ,ш

F+.

(54)

The definition of X is extended into Fm° by setting
X = B0
Since
2

12[л - po]dV < 0

Figure 6

and

Let V = Vm + Vf denote the entire fixed domain.
An admissible configuration is any domain F/ given
with the entire fluid state Q(X), p(x), etc., where the
fluid state is arbitrary except that it is assumed to be
compatible with the original equilibrium: the same
total mass, a total entropy which is no smaller, or, for
an incompressible fluid, the same volume. The
magnetic field corresponding to this configuration is
uniquely defined by the domain Vm and the magnetic
constraints Bn = 0 and (9). We further restrict
admissible configurations to deformations which do
not change the topology of the equilibrium configuration. Within this class we further restrict our
attention to the accessible configurations defined
below. Remembering that p0 is extended into the
vacuum domain by (25), we state
Theorem 4 : For an equilibrium configuration with
the property that B2/2/u — p0 is positive in some
domain V which encloses the equilibrium fluid domain
Fy°, the equilibrium potential P° = Pm° + Pf* is a
minimum compared to the potential of any accessible
configuration for which the fluid domain F / is contained within V. If, on the contrary, there exists a
domain contiguous to F/° for which B2\2¡x — p0 is
negative, then p° is not a minimum.
The intuitive significance of the Theorem is exemplified by the cusp geometry (Fig. 6b). The value of
B2\2¡i rises from the value p0 on the central fluid
domain, reaches a maximum, and drops back to p0
at the outer fluid boundary. The question of stability
with respect to finite displacements is very similar
to that for the container of water depicted in Fig. 2b.
We shall only outline the proof. The second part
of the Theorem (necessity) is almost identical to that
for the like part of Theorem 2. The first part (sufficiency) is inherently more difficult, since, as is clear
in the cusped example, there may be 2states neighboring the equilibrium for which д(В /2/и — ро)/дп
<0.
We effect the comparison between F/° and Vf' by
introducing intermediate stages. Let F + denote that
part of F/° not covered by Vf', and F_ that part of
Vf' not covered by F/°:
F + = Vm' П F;°; F_ = Fm° П V/.

we have
- p0] dV
vm°

- p0] dV.
(55)

If this construction of X is possible, the configuration
Vf' + Vmf is said to be accessible. This inequality
is valid for accessible configurations. It is conjectured
that in three dimensions all admissible configurations
with Vf in V are accessible. The conjecture has
been completely proved only for two-dimensional or
axially symmetric equilibrium configurations. In
three dimensions, a certain domain between F°/ and F
has been shown to be accessible.
Let a denote an index of range 1, ..., m\ (3 an index
m + 1, ..., п. The constant constraints (9) are the
currents Ia and fluxes Ф^. From (6), (12), (29) we
obtain (55) in the form

(56)

The magnetic fields B° and B' satisfy the same
constraints /a° = Ip' Фр° = Фу. By its construction, X has the same constant current constraints
7a° as B° ; fluxes are not defined for X since it satisfies V XX = 0 but not V • X = 0. Consider the
functional
\p-4L4V - Ф/ I. [X],

(57)

where
X-dx,

(58)

to be defined on the class of all irrotational vectors
X on Vm' which have the given currents 4/a°; it is
minimized on this class by the vector B'. Noting
that Ф/ = фу, and that M* = S \ Ifi<bfi - £ \ Ia
Фа, we conclude for the particular X constructed
above,

(53)

Let S + denote that part of the equilibrium interface
in common with F+. On S+> B° = V y> is a tangential direction field. We assume and later verify that

[\^X2

- S Ф/ I/
- Ф/J/ = - М*[В].

>
vm'

(59)
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Comparison with (56) yields the desired result,
M*[B']+

Г podV = Pm[B'] > Pm[B°]. (60)

7. VARIATION IN TERMS OF INDUCTANCE
There is one class of equilibrium configurations for
which stability analysis in the large is particularly
easy and even reducible to finite dimensional terms.
A first restriction is that Bn = 0, ф = 0. For simplicity, we assume also that the fluid is incompressible
The potential M* is an explicit function of fluxes,
currents and inductance; the dependence on the
domain is reduced to a dependence on the finite
number of variables Lrs. Varying (7) and (6), we
obtain
Ф, =

LJS),

ir =

(61)

and
M = S (IrLjs + ilr
Д«Ф,).
Taking 2/ г Ф г ± S-^гФг
with (62), we obtain

f r o m

(61) a

n d

(62)
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This configuration is stable for any pitch of the helical
magnetic field.
For the analysis of stability in the large, we introduce a partial ordering in the space of symmetric
matrices. If the matrix L'r8 — Lrs is positive definite
we write Lrs < Lrrs.
In this context the meaning of
a maximum on a given set of matrices is clear. Associated with the class of admissible domains Vm'
there is a class of inductance matrices Lrs' which is
represented by a point set in the n(n + 1 ^-dimensional space of matrix elements. We prove two
theorems :
Theorem 5 : If a universal equilibrium is stable for
one species of constraints, it is stable for all.
Theorem 6: A necessary and sufficient condition
that a universal equilibrium be stable is that the
inductance be a maximum.
The first theorem is an instance of the results of
Section 7, but a direct proof in this special case is
much simpler. Suppose, for example, that stability
holds for constant flux constraints; i.e., for all Ф.
М'(Ф) = 2 1 ФА'„Ф.

=s\

combining

(65)

We wish to prove stability under other constraints, i.e.,

- 2 i/r¿r./. =

M*' = S (i V o / - * W ) > M*°
(63)

From (65), we have
where the last equality derives from (9), (13), (14).
All these expressions must then equal the first variaМ*'(Ф', /') = ЛГ(Ф') — 1а'Фа'
tion of M* under the constraints (9). If a given
W . (66)
configuration has the property that each component
Lrs of the inductance matrix is stationary for an
With iors fixed, М°(Ф) is convex in the variables Фг.
arbitrary incompressible variation of the domain, it
Convexity follows also for М°(Фа, Ф0^) — 2 4°Ф а ,
follows that M* is stationary and the configuration is
where the equilibrium values /а°, Ф^° are fixed; this
in equilibrium. This is a special type of equilibrium
implies a unique minimum at Ф а — Ф°а; i.e.
configuration which remains so independent of the
values of the fluxes and currents; the boundary
condition, B2 = constant, is satisfied in every case.
One such vacuum domain is the region between two
concentric cylinders. For a purely axial field, an
With (66), this completes the demonstration. The
azimuthal field, or any helical combination of the
converse is easily demonstrated by constructing the
2
two, B is constant on each boundary component.
appropriate inequality for stability under the mixed
Each of the entries of the inductance matrix is stationconstraints condition and proving stability for conary for incompressible variation of either boundary.
stant fluxes.
Equilibrium for such domains is a purely geometrical
In Theorem 6, a maximum inductance yields stabiproperty and we shall find that stability also is purely
lity
for constant current constraints directly from M*
geometrical. We call such equilibria universal.
= — M == — 2 \ IfLrsIs and, hence, for all other
The second variation of M* for a universal equilir,s
brium is simply calculated,
constraints by Theorem 5. Conversely, stability for
any species of constraints implies the same for con§2j^* __ Vi/Д, I.
(64)
stant currents and, from the form of M*, that Lr8 is
a maximum.
If L is negative definite, then not only is the equilirs

brium stable, but it is stable no matter how the
magnetic field is inserted into the domain. For
example, take the domain between two concentric
cylinders with the inner cylinder a fixed conductor
and the outer cylinder the fluid interface (Fig. 4c).

8. VIBRATIONAL

STABILITY

Here we consider only an irrotational incompressible fluid flow and stipulate that all the circulations
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(which are constants of the motion) are zero. No
external potential is superposed. This problem is
mathematically elegant because both the fluid velocity
and magnetic field are harmonic vectors and the
analysis involves only the interface. The fluid
equations are given in terms of a velocity potential ф,

J. BERKOWITZ et al.
Again, it can be shown that Lm is symmetric positive
definite. We consider К and £7* in (70) and (71) as
quadratic functionals of the surface function un(S)
and vary the ratio U*/K or, equivalently, introduce
a Lagrangian multiplier and take the variation
Ô(U* - Ж) =

=0.

B e .B
dB2

At the boundary, setting p = B2¡2f¿, we have
(67)
In (67) we take the Lagrangian derivative d/dt — djdt
+ v • V following the fluid and linearize conventionally
to obtain

1
— к>Ф àundS.

Since j ôundS = 0, it follows that U* — ÀK is stationary if the bracket is constant. This constant can
be absorbed in ф as an additive time function to make
the bracket vanish. This is exactly the boundary
condition (69) provided that

(68)
where B o is the magnetic field at the unperturbed
interface and the condition (68) is assumed to hold
on the unperturbed boundary. Separating time in
the form f(x,t) = ei(Ot f(x) we then drop the bar and
obtain in (9.2),
(69)
We choose not to write dBjdt as шВ since it is related
to vn by a time-independent boundary condition.
The boundary condition (69) expressed in terms of ф
and дф/дп = vn presumably serves to determine the
harmonic function ф (х).
For the variational formulation, we write, integrating by parts

К - Г \QV4V = Г Ы^Ф)2 àV = \Q
JVf

JVf

"

Г <l>vndS.

JSf

There exists a symmetric positive definite integral
operator relating ф and vn — дф/дп on the surface,
ф{Б) = Г L}{S,S') vn{S') dS'
and, hence,
К = ÍQ j 1 vn{S)Lf{S)S')vn{Sf)dSdS'.

(70)

From (50) and (51) the second variation of M* is
U* = §2 M *

=

Г /г-1В0.В undS
JSf

In that event, U* = XK. The eigenvalues of C7*,
with respect to К as unit form, are essentially the
vibration frequencies. If £7* is positive then the
lowest frequency is given by the minimum of U*/K.
If U* can be made negative at all, then it can be
shown that U*/K can be made arbitrarily large negative and no minimum exists. This formal analysis,
of course, needs to be supplemented by an investigation of the the spectrum of the operator.
Some analysis of this kind has been made in the
compressible case.3
9.

A STABILITY CRITERION WITH VOLUME
CURRENTS

One of the main features of equilibrium configurations in which a sheet current separates a field-free
fluid from a vacuum magnetic field is the entirely
local character of the stability criterion (Theorem 1).
The violation anywhere of a certain inequality makes
the whole system unstable.
The situation is quite different for a configuration of
mixed fluid and magnetic field with distributed
volume current. In this case, we shall show that
a sufficiently localized disturbance is always stable.
This means that instabilities can develop only because
of cooperative behavior involving an appreciable part
of the system.
The criterion is formulated in terms of the quanti-

ties L =

В line В

a n d — (> 0) where

dx

is the

/дВ дВ\

largest eigenvalue of the matrix —— • -—- . The pro\dxi dxjj
where the fluid normal is taken positive and the
variation un may be identified with the velocity vn.
In (71) we introduce the linear operator,
Bo-B =

(Lm(S,S')un(S>)dS.

duct of L with a representative value of В represents
a weighted length of the В line where the weighting
factor may be thought of as the volume per unit
length of a flux tube following the line. Both the
quantity dB/dx and the current density J contribute
to the rate of change of B. We prove

MAGNETOHYDRODYNAMIC
Theorem 7 : For an incompressible fluid, an equilibrium configuration is stable against all disturbances
confined to a region R which contains no closed В line,
if / does not vanish identically in any subregion of
positive volume, and if along each В line within R the
inequality

L max { ¡x] + dB/dx } < n

(72)

is satisfied.
The criterion is sufficient for stability but of course
stability may well occur when the criterion is violated.
A similar theorem holds for compressible fluids.
The inequality (72) can be interpreted as a requirement that the weighted length of each В line in the
disturbance region is to be less than the distance in
which the fractional change in В is appreciable.
We establish Theorem 7 by deriving positive
definiteness of the second variation from (72) ; namely,
that
Г В W + ¡i
JR

Г ([В X J ] . VL)dV > 0

(73)

JR

for arbitrary continuous perturbations u which vanish
identically outside R and which diner from zero in at
least one point of the region.
Using the electromagnetic equations (2) (omitting
the restriction J = 0) and the relations

Г [BxJ].u¿F

2/И

< Г B4V
В

JR

2

г f (uxJ)W,
JR
3

fЪЪ

u-VB]2 =
СЬ

Ja

7T2

дВ
Cb

** - «* Ja

XL4S,

(74)

we obtain the general inequality which yields the
theorem; namely,
Г
JR

>

nù

B4V + JU f

\BxJ]*u)dV

JR
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flux tubes like those depicted in Fig. 7. A class of
equilibrium configurations having this form is given
by the equations

. nz
(inr\
Br = г k sin — /-, —
a
\
a }
a
J 1

2ШВ

[R*{2
(Í7iR\
T (inr\
\ RJi(
— rJJ—

nz]
cos— ,

76

containing t h e parameters Bo, À, k, a, R.
Three physical parameters m a y be varied: (3 (the
ratio of plasma energy to magnetic energy), t h e
average mirror ratio (the ratio of m a x i m u m to minim u m of В on а В line averaged over t h e machine)
and t h e aspect ratio (the ratio of t h e midplane diameter t o axial length). We have prepared a table of
stable configurations on t h e IBM 704 a t t h e I n s t i t u t e
of Mathematical Sciences according t o t h e criterion
(72) applied t o t h e equilibria (76). T h e table shows
t h a t , for a fixed aspect ratio, a n increase in t h e
average mirror ratio will decrease t h e m a x i m u m ft for
which t h e stability criterion is satisfied. However, if
the mirror ratio is held fixed, then there is an o p t i m u m
aspect ratio for achieving t h e highest /3 compatible
with t h e stability criterion; these values are plotted
in Fig. 8 where t h e m a x i m u m values of /5 are indicated.
10.

JR
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STABILIZATION WITH ALTERNATING FIELDS

We consider the problem of stabilizing a pinched
plasma by applying alternating external magnetic
fields. We suppose that the external circuits are so
arranged that at each point of the plasma boundary
surface, the magnetic field is of constant magnitude
and rotating with constant angular velocity. The
specific case we treat is the simplest configuration
which displays significant features of the problem
and yet is susceptible to analysis. It is the case of a
perfectly conducting fluid supported against gravity
at a horizontal plane interface by a vacuum magnetic
field parallel to the interface. If the field is constant,
this equilibrium position is unstable.2 When the
magnetic field is uniform in space and has constant

dB

+

dB
doc

uHV.

(75)
If ( « I |L

The stability criterion of Theorem 7 can be applied
to a n y sort of device in which all В lines begin a n d
end on conducting plates. If inequality (72) is
satisfied, t h e n t h e device is stable.
As an application we t r e a t the stability of magnetic
mirror configurations with conducting end-plates, t h a t
is, such axially symmetric configurations as have

.
.
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into the linearized pressure equation at the mean
interface у = 0, yield a differential equation for r(t)
= 0,

(77)

where 0(t) is the angle B0(t) makes with the x axis.
This includes the static case where 6(t) is constant.
For 6(t) = ж¡2 we have the well-known result that
the growth constant of these waves is {gk)%.
In the dynamic case, we take constant angular
velocity в = cot. Equation (77) then takes the form
of Mathieu's equation
where
I.6

1.8

2.0

1 /B\k2

\

Y

= 0,
1 B\k*

2.2

Figure 8

magnitude, we shall see that rotation about a vertical
axis with constant angular velocity has a stabilizing
effect.
We introduce rectangular coordinates with the
y axis vertical and the horizontal x, z plane representing
tjie plane of the interface. In equilibrium, the fluid is
at rest in the half-space y > 0, the hydrostatic pressure due to the gravity potential gy is counterbalanced
at the interface by the magnetic pressure from below.
For the sake of mathematical simplicity, we assume
the fluid is incompressible.
We make the assumptions customary in this kind
of infinitesimal stability analysis. We imagine the
perturbed interface y — f{x,z,t) given at time t = 0 ;
the problem is to determine the subsequent motion.
In the fluid, the velocity и is derivable from a
velocity potential <j)(xyy,z,t) by the relation и = V^.
At у = + oo we assume that both и and the perturbation in the pressure ft vanish. The pressure ft is
determined from Bernoulli's law

t

+ (a + b cos 20)

(76)

Q

At у — — oo we assume the magnetic field is equal
to the unperturbed field B0(t). The direction of
B0(t) as a function of time will be prescribed later.
At the interface, we have Bn — 0 and B2/2/Lt = ft.
The determination of В can be reduced to a scalar
potential problem by observing that В can be written
as В = B0(t) + V V>> where Д^ = 0.
The problem is linearized by neglecting the u2 term
in Bernoulli's law and the boundary conditions are imposed not at the actual interface but at the unperturbed
surface у = 0. Recall that the interface у = f(x,z,t)
should not be prescribed, for that would fix the
potentials ф and гр at once.
Consider a component of the Fourier expansion of
у = f [x,z,t), say у = r(t) sin kx. For this component
we may use the method of separation of variables to
find explicit formulas for ф and tp; these, when put

(78)
(79)

To investigate stability for a particular value of со,
one must study all values of k\ i.e., all points of the
curve (79) in the (а,Ъ) plane. The values of the
parameters (a,b) which yield stability have been
charted in part. Meixner and Schâfke6 give a
stability chart for \a\, \b\ < 50; for large values of a
and b the solutions of (78) have been studied in very
complete form by Langer.7 By using their results and
methods we find that the application of periodic
fields does not produce stability. However, the rate
at which instabilities grow is controlled in the sense
that the growth constant has an upper bound inde-

i

У
fluid

4
Figure 9

pendent of k. In contrast to the static case, where
for large k the growth constant is proportional to ЬУ*
and may be arbitrarily large, in the dynamic case for
a small angular velocity со, the growth constant for
large k is at most g(@/¿)1/2/2 Bo. This may yet be too
large for some practical purposes, but the application
of alternating fields does produce a stabilizing tendency in the presence of acceleration.
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Hydromagnetic Equilibria and Force-Free Fields
By H. Grad and H. Rubin*

INTRODUCTION — ELEMENTARY PROPERTIES

The equations governing the equilibrium of a
perfectly conductingfluidin the presence of a magnetic
field are

magnetic pressure; either p or В can be given arbitrarily and the other one " filled in ".
The integral form of (1) is
= 0,

Vp = JxB

(2)

V.B - О
or V{p + B2\2¡x) = (B-V)B/^
V.B = 0,

(1)

where p is the fluid pressure, В the magnetic field,
and J the current density. These equations admit
a large variety of solutions, i.e., of equilibrium configurations in which a conducting fluid is balanced by
a magnetic field. It is our purpose to survey these
possibilities with the expectation that, if a solution
has been found to exist mathematically (and is, in
addition, stable) it can actually be constructed by
sufficient exercise of experimental ingenuity. In this
context, it is extremely important to discover exactly
what data should be specified in order to determine
a solution uniquely.
In addition to certain general properties of these
equations, we shall consider their solution in terms
of arbitrary functions, the solution of well-posed
boundary value problems, and several alternative
formulations of the problem in terms of the calculus
of variations. In principle, either the differential
equations or the variational characterization can be
taken as the definition of equilibrium; the two are
only approximately equivalent. Moreover, a certain
type of variational formulation (slightly different
from that treated in this paper) can be instrumental
in a stability analysis, which is essential to give
physical meaning to an equilibrium configuration.1
By inspection of (1), since В and J are perpendicular
to V, p, we see that p is constant on В lines and on
J lines; equivalently, the В lines and J lines lie on
constant p surfaces.
In the case of a unidirectional magnetic field
(e.g., Bz(x,y)) the general solution is p + B2/2¡u
= constant. The fluid pressure is balanced by the

These equations are more fundamental than the
differential equations (1). They are equivalent to (1)
when the functions are smooth. In addition, at a
discontinuity surface, the integral relations (2) imply
that Bn vanishes and that p + B2\2¡x is continuous.
A discontinuity surface must be a flux surface;
otherwise the Maxwell magnetic stress tensor would
not be compatible with a scalar pressure.
A FLUID-DYNAMICAL ANALOGUE

Using an appropriate identification of variables,
equations (1) become identical to the equations of
steady incompressible inviscid flow. Setting the
fluid density equal to unity, these equations are
(u.V)u + VP*
V.u - 0

0

(3)

where p* denotes the fluid pressure. The identifications are u ~ B/V/¿ and — p* ~ p + B2\2¡x ; the
negative of the pressure p in the magnetic case then
corresponds to the Bernoulli constant p* + u2/2.
The interesting case is rotationalflow,for which the
vorticity V x u ^ O corresponding to J Ф 0.
It is interesting to consider the analogue of the
fluid-dynamical free boundary or cavitation problem in
which an irrotational flow is separated at a discontinuity surface (vortex sheet) from stagnant fluid
or a cavity. The separation surface is determined
by the extra boundary condition |u| = constant.
This is mathematically equivalent to a vacuum
magnetic field (J = 0) separated at an interface
(current sheet) from a field-free conducting fluid.
Since p is constant in the conducting fluid, we obtain
the free boundary condition |B| — constant.
Although the two problems are mathematically
identical, it is perfectly possible for a significant fluiddynamical problem to be uninteresting in the magnetic
analogue (e.g., a jet from an orifice, Fig. la) and vice
versa (e.g., the cusped equilibrium,2 Fig. lb).

* Institute of Mathematical Sciences, New York University.
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HYDROMAGNETIC EQUILIBRIA AND FORCE-FREE FIELDS
SOLUTION OF BOUNDARY VALUE PROBLEMS

The characteristics of a system of partial differential
equations 3 give immediate qualitative and possibly
quantitative information concerning relevant initial
value or boundary value problems. An elementary
calculation yields four characteristics for the system (1). Two of the characteristics are purely imaginary as for the potential equation. Corresponding
to these two characteristics, one would expect to
prescribe a single scalar boundary value on the entire
boundary of the domain, e.g., the normal component
Bn of the magnetic field.
The remaining two characteristics are real; viz., the
В lines counted twice. Corresponding to each real
characteristic, one would expect to be able to specify
a single scalar quantity at one end of each В line.
In a geometry as in Fig. 2 in which every В line

Figure la

Figure 1b

intersects each end of the tube, one would expect to
give both additional quantities at one end or one
at each end. For example, one may conjecture that
the following specification of boundary values (in
addition to Bn on the whole surface) would be appropriate where t, n designate tangential and normal
components :
Problem Ax: p given on Slf p given on S 2 (compatibly) ;
Problem A2: p given on Sv Jn given on S1;
Problem A3: p given on Slt Jn given on 5 2 ;
Problem A4: Bt given on Sx (as well as Bn: the
vector В is thus given).
In these problems, we prescribe p on boundary
surfaces in such a way that the p lines are " simple "
(not closed) as shown in Fig. 3. Moreover, in Problem Alf since p is constant on В lines, matching
magnetic flux on both ends imposes a simple compatibility requirement on p. For example, if p is
given on Sx and the lines of constant p are specified
on S2, this condition fixes the values of p on these
given lines.
An iteration scheme for Problems A2 and A3
offering likelihood of convergence is as follows:

Figure 2

Figure 3
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suppose that, at a certain stage of the iterations, we
have a vector field В satisfying V»B = 0 and the
boundary condition for Ъп- We find p everywhere
in the domain by carrying the boundary values of p
along these В lines. The component J ± perpendicular
to В is then obtained in the domain from the equation
V.p = J x B . We write J,, = oB for the parallel
component and employ the requirement V»J = 0
to obtain along each В line the ordinary differential
equation
B.Vcx + V-J± = 0
(4)
for a. The given " initial " condition for Jn at one
end allows this equation to be solved uniquely on
each line so that J is determined everywhere. We
now solve for a new В from V-B = 0, V X В = J
and the boundary condition for Bn, and then we
continue the iterations.
We next consider two-dimensional problems; i.e.,
problems in which no quantity depends on z. There
are several possibilities: (1) В can have the single
component Bz and J the two components Jx and ]y\
(2) В can have the two components Bx and By and J
the single component / z ; (3) both В and J can be
general (three-component) vectors depending on
x and у alone.
The general solution in thefirstcase has already been
given explicitly, p + B2¡2[Á — constant. In the
second case, the number of characteristics is three
rather than four; the В lines are counted only once.
The two-dimensional analogue to Problem Ax will be
considered later. Corresponding to Problems A2, A3
and A4 we have (see Fig. 4)

Figure 4

Problem B x : p given on Сг or C2;
Problem B 2 : В given on Сг or C2.
In the third (general two-dimensional) case, the
characteristics are counted as in the full three-dimensional case. Correspondingly we list:
Problem C2: p given on Ylt Jn given on I\;
Problem C3: p given on I\, Jn given on Г 2 ;
Problem C4 : В given on I\ (as above, the analogue
to Problem Аг is left to later).
The two-dimensional Problems C2 and C3 are
equivalent.
With axial symmetry, the в coordinate corresponds
to the z coordinate of the two-dimensional case. We
have the same three subdivisions: (1) Be, Jr, ]z\
(2) Br> BZy Je\ (3) В and J general (three-component)
vectors depending on r and z alone. In the first
case, Be and p must be functions of r alone such that
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In the second and third cases, we identify Problems
D-L, D 2 and E2, E3, E 4 in correspondence with Bv B2,
and C2, C3, C4, respectively.
Additional justification of the above conjectures
will be given later; here they are suggested merely
by the counting of characteristics.
The problem of force-free fields, viz., solution of the
system
(VxB)xB = 0
V.B = 0
(6)
is a special case of the equilibrium problem obtained
by specializing boundary values of pressure to p
= constant. We identify Problem F 2 as the special
case of A2 or A3, F 2 as the special case of C2 or C3,
and F 3 as the special case of E 2 or E3. Problems F 2
and F 3 are the two-dimensional and axially symmetric
versions of ¥г.
CHARACTERIZATION OF THE MAGNETIC FIELD
IN A PRESSURE SURFACE
We first introduce the concept of a surface harmonic
vector field on a surface S (e.g., a constant p surface).
A tangential vector field X(2) = V (2) ^ is said to be
a surface gradient (or irrotational vector field) if it is
the projection of a three-dimensional gradient or if
= 0
for every closed curve С which bounds a portion of 5.
The conjugate vector field nxX^ 2 ) = Y<2) (where n
is the normal to 5) is said to be a surface curl (or
solenoidal vector field); we have

H. GRAD and H. RUBIN
here ф and гр are conjugate harmonic with respect
to a positive weight function a.
Since J has no component normal to a pressure
surface Sp, we conclude that В is a surface gradient
on Sp] i.e.,
= Щ- п(дф/дп).
(8)
В
In Appendix I, it is shown that, since V«B = 0 and p
is constant on В lines, there exists a function w such
that
В = Vp X Voo = \Vp\n X V(2)co.
(9)
We see that В is a weighted surface harmonic with
weight \Vp\ on any Sp. The weight \Vp\ arises in
converting from an actual three-dimensional solenoidal vector with V*B = 0 to a two-dimensional
area-weighted solenoidal vector. We note that В
will be an actual three-dimensional gradient instead
of a surface gradient only if J = 0 and, hence, p is
constant.
These remarks allow us to extend the previously
conjectured existence theorems to cases in which the
p lines on the boundary are closed curves (see Fig. 6).
On a surface Sp, the magnetic field is determined only
when, in addition to the normal component of В at
each end, we give a period, e.g., the mmf

= Ф В-йс

(10)

on a curve С circling Sp. This argument suggests
the following modification of Problem A x :
Problem Gx : p given on Slt p given on Slf т given
for each p.
X<2).dx

YvWds = 0
where v denotes the normal in S to the curve C.
If X ( 2 ) = V ( V = n x V ( > (that is, if X<2) is
both irrotational and solenoidal), we call it harmonic
and say that ф and гр are conjugate surface harmonics.
In the special case where S is a plane, ф and гр satisfy
the Cauchy-Riemann equations.
In a simply-connected plane domain, a harmonic
vector X<2) is uniquely determined by the boundary
values of the normal or tangential components of
X(2). Specifying either at the boundary is equivalent (except for a trivial additive constant) to
specifying гр or ф at the boundary. Exactly the
same facts hold on an arbitrary surface 5.
In a multiply-connected domain, the solution to
such a boundary-value problem is uniquely determined
only when certain additional data called periods are
prescribed. These may be specified values of the
circulations <fX(2Wx on each independent closed
circuit or of the fluxes ¡XvWds on arcs which cut
these circuits (see Fig. 5). If these periods are nonzero, the functions ф and гр are multiple-valued.
The above theory can be generalized to include
weighted surface harmonics which satisfy the equation
X

(2)

=

(7)

Figure 5

We are now also able to insert the two-dimensional
(G2) and axially symmetric (G3) analogues of Ax:
Problem G 2 : p given on I\, т given for each p\
Problem G 3 : p given on Slt r given for each p.
In Problem G2, т is defined as the line integral of В
over a finite distance z, interpreting the figure to be
periodic in the z direction. In Problem G3, r = 2nBer.
In general, the value of r(p) can be interpreted as the
degree of " twist " of the magnetic lines on each
tubular p surface. It should be noted that Jn is an
alternative way of specifying this twist.
SOLUTION IN TERMS OF ARBITRARY FUNCTIONS
First we consider the general two-dimensional case
in which Bx, By, Bz depend only on x, y. Since
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and
(20)

Figure 6

Figure 7

V»B = 0, we can introduce a stream function
гр(х, у) for t h e Bx, By components of the field; we then
have
дгр
__дгр
(11)
у
ду
дх

so that
B=nxV^+n52
(12)
where n=(0, 0, 1). It can be seen that p and Bz
are constant on the curves of constant гр in the x,y
plane. However, p and Bz may be multiple-valued
functions of гр. The stream function гр(х,у) satisfies
the non-linear potential equation
/0=0

where

(13)
(14)

p' and /' refer to derivatives with respect t o гр. I n
(13), р(гр) a n d ¡(гр) are arbitrary functions of гр.
Hence, our system of four first-order equations has
been reduced t o a single second-order equation
containing two arbitrary functions. One can expect
a solution to be determined b y specifying the arbitrary functions and boundary values for гр as for
t h e s t a n d a r d two-dimensional potential equation.
For solutions depending on x only, t h e equation

In the case of cylindrical symmetry, in which there
is dependence on r alone, we may give any two of
p, гр and Be as functions of r and immediately compute the other.
Interesting special solutions of Eq. (15)andEq. (18)
can be found by separation of variables after taking
/' and p' to be linear in гр. In some cases eigenvalue
problems arise. It is thus clear that uniqueness
cannot be expected in general. However, it is
possible to prove uniqueness as well as existence even
with quite arbitrary ¡(гр) and р(гр) for domains which
are not too large.
The force-free special cases are obtained by the
simple expedient of setting p' (гр) — 0. 4
The reduction in terms of arbitrary functions offers
support for the conjectured existence of solutions to
Problems ~BV C2 or C3, D l f E 2 or E3, F 2 , and F 3 . In
each case, the boundary data over and above Bn
serve to determine the functions р(гр) and ¡(гр).
VARIATIONAL ANALYSIS.
ADDITIONAL BOUNDARY VALUE PROBLEMS
I t is well known t h a t solutions of the fluid freesurface problem can be described as those vector
functions n(x) which make stationary t h e functional
\\u2dV when t h e fluid volume is held fixed. Analogously, in t h e magnetic case we vary
\B2\2¡idV
holding the volume of the magnetic domain fixed.
Or we can drop the restriction to constant volume
and, as suggested b y the Lagrange multiplier rule,
vary

JVm 2/л

JVm

(15)

—
can be integrated explicitly giving m a n y interesting
equilibrium configurations.
I n t h e case of axial s y m m e t r y in which Br, Be, Bz
depend only on r, z, we introduce a stream function
ip(r, z) such t h a t

1 дгр
r Tz

(16)

and, hence

В

+ nBd

where n = (nr, n0, nz) = (0, 1, 0).
satisfies t h e equation

(17)
Here

=0

гр (r, z)

(18)

where

(19)

I PodV-{- constant
JVf

=

2

I
Jvf+vm

2

V

(-7—B —p)dV+constant.

Here Vm represents the vacuum (magnetic) domain
and Vf t h e conducting fluid domain; the sum Vm
+ Vf is fixed. The pressure p takes t h e value zero
in t h e vacuum a n d the constant value p0 in t h e
fluid. We shall see t h a t , if interpreted properly, the
same functional,
r

i

(22)
serves for t h e general equilibrium problem with fluid
and magnetic field mixed; here p as well as В will be
a function of x, y, z. The class of admissible pairs
(B, p) allowed t o compete in t h e variation of t h e
given functional is restricted b y the conditions t h a t
В be solenoidal a n d p be constant on the В lines of the
associated B,
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as well as by boundary conditions that will vary from
problem to problem.
A simple way of incorporating both constraints (23)
is to represent В in the form
В

(24)

(see Appendix I). The function со may be multiplevalued if the p surfaces are not simple.
We perform the variation, obtaining

= jv{B. {VôpxVco+VpxVôœ) - ôp}dV
=

{v{ôp(J-Vœ-l)-dœ(J.Vp)}dV

-(j) {dp{BxVco)-dœ{BxVp)}*ndS = 0. (25)
For arbitrary variations of dp and ôco in the volume
integral, we conclude
J . Vco = 1
(26)

J-Vp =0
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S x to S2 on a given pressure surface. In order to
have Q stationary we must either fix this twist beforehand so that ôco2~ ôco1 = 0 or else specify that
r(p) == 0; the latter is a natural boundary condition
in this problem. To specify the twist for a class of
admissible vector fields B, we require the magnetic
lines which originate on a ray С on Бг to end on
another given ray C" on S2 (Fig. 8). We have:
Theorem 2: With tubular p surfaces, p given compatibly at the ends S± and S2 and two given rays С
and C" identified, Q is stationary if В and p satisfy (1).
If the twist is not specified, Q is stationary for a solution of (1) which satisfies r(p) = 0. There are
really two ways of specifying twist, since the specification of r(p) or the identification of two rays
С and C" are, in an intuitive sense, equivalent.
It is easy to alter the problem by the use of the
Lagrange multiplier rule so as to be able to specify r
instead of the twist. This variational formulation
corresponds to Problems Glf G2 and G3.
Some modifications of these variational problems
are necessary to obtain force-free fields. We drop
the term p in the variational functional, and obtain

M= í —B4V.

from which we easily obtain \Jp = J x В as the
Euler equation.
Next we turn to the boundary variation and first
consider the case of simple p surfaces (Fig. 3), with
p given at both ends Si and S2. It can easily be
verified that there is no contribution to the variation
(25) from S 3 on which Bn = 0. On 5j and S2, from
ôBn = 0we conclude that ôco is a function of p ; however, we are certainly free to fix the value of со at
one end of each p line on S1} and this makes coô = 0
everywhere. We then have :
Theorem 1 : In the tubular geometry of Fig. 2, if p
is given (compatibly) at the ends S± and S2 in such
a way that the p lines are simple, then Q is made
stationary by any solution of the system (1) which
satisfies these boundary conditions. This theorem
corresponds to the conditions of Problem Av
Next consider tubular p surfaces (Fig. 6). Since
со and ф (see Eq. (8)) may be multiple-valued, we
cut the domain on a surface S which extends from the
axis of the nested surfaces Sp to the outer boundary
S 3 (Fig. 7), The boundary integral in (25) must now
be taken over both sides of S as well as Slf S2 and
S 3 . As in the previous case, the contribution from
S 3 vanishes. A little manipulation shows that the
contribution from the cut S also vanishes. On S x or
S2, since ôBn = 0, we must have а со = f(p). We
obtain for this part of the variation,

Instead of the representation B=VpXVoj
take

we now
(29)

where n is no longer identified with the pressure.
is now easy to verify the following theorems:

It

Theorem 3: For admissible sets (B, n) with simple
TI surfaces and n given compatibly on S1 and S2, M is
stationary when В is force-free.
Theorem 4: For admissible sets (В,л) with tubular
n surfaces and n given compatibly on S x and S2 as
well as the twist from S x to S2, M is stationary when
В is force-free.
If one is willing to place a large burden on the
verification of the compatibility of given boundary
data, then it is possible to formulate problems in
which p (or n) is given at both ends Sx and S 2 without
regard to the simplicity of p lines. We have:
Theorem 5 : Consider admissible classes {B,p) [or
(В, л)] which satisfy V «B = 0 and p [or л] constant
on В lines, p [or jr] given compatibly at both ends, and
a fixed (compatible) identification of the ends of
each В line. Then Q [or M] is rendered stationary
when (B, p) satisfies V£ = J x B [ J x B = 0].

(27)

using Eq. (11.11) of Appendix II. The difference
дсо2—dcox represents the variation of the twist from

(28)

2/л

Figure 8
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This theorem follows when we note that assignment
of Bn and p [or 7t\ at both ends uniquely fixes the
correspondence between В lines if the p surface
\_n surfaces] are simple, and if they are not simple, the
additional specification of twist serves the same
purpose. Physically, the boundary condition that
the ends of each В line be fixed corresponds to a
perfectly conducting fluid in contact with perfectly
conducting end walls Sx and S2. In the force-free
case, the reference is to a so-called " pressureless
plasma " in which the gas pressure is negligible compared to the magnetic pressure, but which is, nevertheless a good conductor; that is physically realizable
since the conductivity of a plasma is independent of
its density.
It is interesting to compare the variational problem
for the force-free field with the classical Dirichlet's
principle which states that M is minimized subject
to given Bn (and V-B = 0) when VxB = 0.
The additional requirement that the ends of each
В line be fixed prevents this minimum from being
attained and yields (VxB)xB = 0 as the Euler
equation instead of VxB = 0.
As a final example, we take as our domain the
interior of a topological torus and look for solutions
which have the outer boundary of the torus as a
constant pressure surface. No boundary values can
be given since no В lines are accessible. However,
the variational formulation itself suggests what data
are required to obtain a well-posed problem. As
before, we take admissible sets (B, p) which satisfy
В = VpxVœ, where the p surfaces now are nested
toruses about some closed curve Co as axis. For
simplicity we take p to be monotone, p0 > p > plf
where p0 is the value taken on the axis Co and px
is the value taken on the outer boundary. To make со
single valued, it is necessary to introduce two surfaces Sx and S2 as cuts; Sx is a transverse cut across
the torus (leaving ends similar to Бг and S2 of Fig. 2),
and S2 extends from the axis Co to the outer boundary.
The only contribution to the variation (25) is on the
cuts; we have
ÔQ = [

[ôp~]{VcoxB).ndS

(30)

- Г __[ôœ]VpxB)-ndS.
Since p (therefore ôp) is single valued, [dp] = 0.
The periods [co] are given by

(31)
Ci

where C¿ are the independent closed curves on the
torus Sv. In Appendix II it is shown that

(32)

where Фг(а) represents the magnetic flux across that
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part of Si for which рг < p < a. From Eq. (11.11)
of Appendix II, we obtain the form
(33)

where p0 and рг are the values taken by p on the
axis Co and on the outer boundary of the torus,
respectively. We now state:
Theorem 6 : In the class of admissible (B, p) defined
by V.B = 0, B*Vp = 0 and given Фг(р), Ф2{р)
(or аг(р), o2(p)) for po>p>p!,
Q is stationary
when Vp=JxB.5
We can obtain a formulation with given ri(p)
rather than Фг(р) by modifying Q according to the
conventional Lagrange multiplier rule.
For force-free fields, exactly the same analysis
yields the result that Q is stationary if Фг is a given
function of Ф2 and Ф2 attains the fixed values Ф2 and
0 on Co and on the outer boundary; in parametric
form we give Фг(п) and Ф2{п).
As a special case of a toroidal geometry, we can
take a problem with cylindrical symmetry (dependence on r alone) and introduce periodicity to
provide the toroidal topology. In this case, the above
conjectures are trivially proved.
We summarize various sets of data which are believed to define definite equilibrium configurations.
In the tubular domain of Fig. 2, we specify Bn as
shown and we also specify p and Jn at one end or p
at one end and Jn at the other. The justification lies
in the counting of characteristics, in a heuristically
appealing iteration scheme and in a direct verification
by integrating in terms of arbitrary functions in
certain special cases. Or we can specify p at one
end and the corresponding terminal points of each
В line in a manner compatible with the given values
of Bn. This is confirmed by counting of characteristics supplemented by the known properties of
surface harmonics, by variational analysis and by
integration in terms of arbitrary functions in certain
special cases. In the toroidal geometry, we conclude
that the two fluxes Ф%{р) or mmfs r%(p) can be
specified arbitrarily; the justification is proved by
variational analysis and by explicit solution in special
cases.
APPENDIX I

REPRESENTATION OF AN INCOMPRESSIBLE
VECTOR FIELD IN TERMS OF T W O STREAM
FUNCTIONS

We note, for arbitrary <f>(x,y,z), ip{x,y,z) and
arbitrary ос(ф, ip) (which means that oc is constant
on the intersection of ф = constant and ip = constant), that
V-(aV^xV^)—0.
(I.I)
We remark further that, if (I.I) holds for o¿{x)y,z)J
ф(х,у, z), y)(x,y, z) in a domain where ф and ip are
independent functions (i.e., V^xV^^O), then it
follows t h a t <x = <х(ф, y>).
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Next consider a solenoidal vector field B and a
small region of space which is simply covered by the
В lines which intersect a transverse surface S. We
have:
Theorem I . I : There exist functions ф, гр, а(ф, гр) such

H. GRAD and H. RUBIN
here S is an arbitrary surface in three-space with С
as its boundary. 7 The surface S may have to be cut
to make ф and гр single valued. If S is a torus, on
which there are the two independent closed curves
Сг and C 2 , this formula reduces to

fs

t h a t В = осХ7фхХ7гр.

To prove Theorem LI we choose any independent
ф and гр on S (i.e., ф = constant and гр = constant
form a coordinate system). We then carry the values
of ф and гр off S on the В lines. Since Х?ф X V^
is parallel to B, we conclude that В = осУфхЧгр and,
hence, OL = ос(ф, гр) by the above remark.
We note that the flux through S,
== BndS = афагр,

(LIA)

where

are the periods of ф and гр, respectively.
We apply these formulas to obtain the identity

(1.2)

which justifies the terminology " stream functions ".
We again take an arbitrary vector field В with
V • В = 0 and a small region and assert :
Theorem 2 : There exist ф, гр such that В = V^
xVf
In fact, if ф is any given function which is
constant on В lines, then there exists гр such that

for an equilibrium B, i.e., for В satisfying

В = У№ф == VpxVœ.
Using (II.2) and then (II.3) we verify

В = ЧфхУгр.

Choose ф arbitrarily on S
simple. Introduce s as the
v as the normal to the ф
if В = ЧфхЧгр then Bn
suggests that we construct

so that the ф curves are
arc length on а ф curve,
curve in S. Note that
= (дф/дгЦдф/дБ). This
гр as

JB

f(s)=\~^dS,

(1.3)

integrated along each ф line (the value of гр at one
end of each ф line can be arbitrarily assigned). As
before, we carry the values of ф and гр off S as
constants on В lines. From the previous theorem,
В = с№фхХ7гр. By the construction of гр} a = 1
on S; since a is constant on each В line, a = 1
throughout.
If the ф lines are taken as closed curves, then the
construction yields а гр which is not single valued,
and a cut should be introduced.

dS

(B2~}v — I

\vp\

Js9

JSt

С

~JsP

2
C0X

Г

INTEGRATION FORMULAS
We shall use two basic formulas. First, given two
functions f(x) and g(x) defined in a space x — (%>...,
xn), we have

~J

j
B4V
Ja<b<p

= I {гг{р)а2{р) — r2{p)i
J
(II.9)

where
Oi(p) =

n(P)

с,

(11.10)
B-dx.

On a transverse surface S, we compute

(II.2)

The integral (II. 1) over the shell a < g < b is written
as an iterated integral first on the surface Sg, then
with respect to g. 6 The second identity is,

Js

=JS афагр =Jc фагр = ~jc граф;
(II.3)

(11.11)

We have n as the normal to S, and introduce v as the
normal in S to a p curve, and S as arc length along a
p curve (Fig. 9). The proof is

where

„ = [ f{dS/\Vg\).

(11.8)

In the special case of a torus, we have

1<Р<ь (BxV/>.n)¿S = -j\(p)dp.

APPENDIX I I

(И.7)

Figure 9

HYDROMAGNETIC EQUILIBRIA A N D FORCE-FREE FIELDS

<В х V^>.n>v= Í

(В x V^.n)

REFERENCES

ds
1

Jcp

= 1 (BxV.n)^S = — ф
•s Cp

B*dx = -

*J Cp

Again, on a transverse surface S,
<Bn)p = f [Vp X Vco-n)
Jcp

2

ds

3

= o(j>).

(11.13)
4

Consequently,

(11.14)
or

(т(/.) = Ф'(#).
(11.15)
Taking signs into account, we can rewrite (II.9) as

L P < b B4v=fb

( т 1 ф 1 # +*«*«
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Some Stable Hydromagnetic Equilibria
By J. L. Johnson,* C. R. Oberman^ R. M. Kulsrud and E. A. Frieman

The problem of hydromagnetic instability in connection with the controlled thermonuclear program was
first raised in 1951 by Spitzer, who gave arguments
that the pinch discharge should be unstable. A
detailed analysis by Kruskal and Schwarzschildx
showed that this configuration should, in fact, be
unstable. This problem was raised again in 1954 by
Teller2 who gave strong intuitive reasons for suspecting all the devices to be unstable.
An energy principle 3 for the treatment of hydromagnetic instabilities was developed and from it a
criterion for the stability of general axisymmetric
equilibria was obtained by the summer of 1955. It
was seen by this criterion that the stellarator is unstable with respect to the " interchange " instability.
This " interchange " can be visualized by considering
an axisymmetric equilibrium in which the plasma and
the magnetic field are imbedded in each other, and
in which the magnetic lines of force lie entirely in r, z
planes (in the usual cylindrical coordinate system).
A displacement of the plasma, which interchanges
lines of force in such a way that the magnetic field
and its magnetic energy are unchanged, can be
carried out by first specifying, on a cross section with
z = constant, a mapping of the magnetic lines of force
into themselves, and then extending this displacement
throughout the volume by making each line of force
continue to go into the same line as that assigned on
this cross section. Since the magnetic field strength
is given by the density of lines, the magnetic energy
is clearly unchanged. However the material energy
may increase or decrease. Consider a displacement in
which two flux shells with equal amounts of flux dip
are interchanged. If the volumes in these flux shells
are not equal the plasma in one shell will expand and
that in the other will compress. Thus the resulting
change in the total compressional energy of the
plasma will depend on the pressure profile and is
given,3 up to a positive constant factor, by (V"/V)
[V"/V + fi'lyp]* where primes denote differentiation
with respect to \p, V(tp) is the volume in a flux tube
with flux y) and y is the ratio of the specific heats of
the gas. If the magnetic field lines are not straight

and if the material pressure is sufficiently small, then
V" is positive and non-zero while the factor in parenthesis goes to negative infinity at the boundary of the
confined plasma so that the system is unstable. If
the magnetic lines of force are perfectly straight as
in an infinite cylinder and p' is negative, V" is negative and the system is stable with respect to this
interchange. However, displacements can be found
with respect to which the infinite cylinder is neutral.
Since in the stellarator there will be small ripples in
the magnetic lines of force due to the discreteness
of the coils which produce the field, we expect the
stellarator to be unstable.
This argument (for instability) applies in general
to more complicated situations such as stellarators,
since nothing would prevent us from carrying out
the " interchange " displacement unless the system is
such that the magnetic lines of force return on themselves. In the latter case, our original assignment of
the mapping of lines into lines would not match when
we bring the lines around on to themselves. Nevertheless, one might ask whether even in re-entrant
systems, interchanges can be constructed which
lower the energy of the plasma and leave the magnetic
field unchanged. The answer can be given in terms
of the rotational transform angle i,á which can be
defined on each magnetic surface as 2n times the
average number of turns about the magnetic axis
which a line of force makes as it is followed once
around the system. (The magnetic axis is that line
of force which closes on itself.)
We consider first a system in which i is constant
over the cross section; i.e., independent of theflux%p
within each magnetic surface. If in some such system
every magnetic line of force returns on itself after n
times around the system (i = 2яш/п for every ip),
an interchange can be selected so localized that it need
not match until the wth time around, when it matches
perfectly. If i is not a rational multiple of 2л; the
matching can never be achieved exactly, but it can
be so closely approximated by a rational multiple of
2n that the matching comes arbitrarily close. One
can choose the displacement sufficiently close to an
interchange to make the change in the magnetic
energy negligible. Thus for any t, constant on all
flux tubes, an effective interchange can be carried out
with respect to which the system is unstable.

* On loan from Westinghouse Electric Corporation.
t Project Matterhorn, Princeton University, Princeton, N. J.
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The situation is different if i changes with changing
ip. In this case if we try to construct an interchange,
the matching becomes worse and worse as we carry
the mapping around the system. The first diagram
in Fig. 1 indicates an attempt at assigning on a
cross section, a mapping of the magnetic lines of
force into each other indicated by the flow pattern.
After carrying this mapping along the lines once
around the system, the flow diagram becomes that
of the second diagram. Here it is assumed that i is
larger on the outer surfaces than on the inner ones,
and since the lines are the same in the flow pattern,
the outer lines move farther, shearing theflowpattern.
After a second time around the system, the flow
pattern (for the mapping) becomes that illustrated
in the third diagram. It is clear that the possibility
of matching becomes more and more hopeless as we
carry the mapping around more and more times.
Further, even by carrying out displacements differing
from the interchange which manage to produce
matching, the magnetic energy cannot be made
negligible. Thus an i which depends on ip inhibits the
unstable interchanges.
Achievement of stabilization by use of " shear "
magnetic fields, whose direction rotates out of the
r,B plane with increasing separation r from the
magnetic axis, was suggested by Spitzer 5 in 1955. A
preliminary calculation,6 in which the twisting of the
magnetic field lines is produced by an axial current on
the surface of the plasma, was encouraging.
Stabilization by means of plasma currents is not
applicable for a steady state machine (such as a
stellarator) since an emf is necessary to drive the
stabilization current. For this reason Spitzer 5 proposed that the stabilizing field be produced by pole
pieces placed at right angles to the plasma. These
pole pieces would be rotated in space in order to
make the magneticfielddepend on z as well as r and в,
where r, 0, and z are cylindrical coordinates with
axes parallel to the main magnetic field. (A dependence on z is necessary in order to obtain an equilibrium situation.) These fields are to lowest order
(in themselves) helically invariant and proportional
to sin(0 — hz) or cos(0 — hz). It can be seen that
stabilizingfieldsthat are the same as these to lowest
order can equally well be produced by wrapping two
wires helically around the system, with currents flowing in opposite directions in the wires. It had been
pointed out earlier (in February 1955) by Koenig 7
that a helical magnetic field of this type would produce a rotational transform, but it was not realized
until later that this configuration would have a
stabilizing effect because of the variation of transform

Figure 1.

Distortion of the flow pattern if di/c/ф > 0
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angle with radial distance. We examined the nature
of these equilibria and obtained necessary and sufficient conditions 8 for the system to be stable to all
perturbations \ which are periodic over the helical
period 2njh. In the calculation, the equilibria and
the perturbations were expanded in the parameters
P and a, where /? characterizes the magnitude of the
material pressure and ô characterizes the magnitude of
the crossed fields. If /5 is of order ô the system is
unstable. If f} ~ ô2 a critical condition for stability
is obtained, while if /? is proportional to a higher
power of ô the system is stable.
Spitzer9 pointed out in 1956 that the rate of
change of the pitch of the magnetic lines of force,
with increasing distance from the axis, could be
increased by considering more general helically invariant fields which vary as sin(Z0 — hz) orcos(/0 — hz),
since if their pitch is small they vary to lowest order
as r1-1. Clearly larger values of I produce steeper
dependences of i on r for the same i, but the advantage
for stability of this steeper dependence is off-set by
the steeper dependence of the fields on r, so that if
the fields are applied by wrapping wires helically
around the system some distance from the surface of
the plasma, the fields in the plasma will be correspondingly smaller. In consideration of these factors it
seems reasonable to suppose that either the I = 3 or
1 = 4 fields (i >—' rl~2) are most favorable for stability,
although the 1 = 2 fields produce a large rotational
transform which may have advantages in the equilibrium situation.
Since the imposition of externally produced helically invariant fields makes the magnetic lines of
force into small helices about their original position,
an " interchange " perturbation will cause a larger decrease in the plasma energy with them present.
There is, therefore, a critical value of /? associated
with a given helical field above which the system is
inherently unstable. It is found in the minimization
of ÔW that if one expresses the perturbation Ç of the
equilibrium in terms of its Fourier components in
expi(md + nkz), where k is 2n over the length once
around the system, the worst \ takes on its maximum
near the radius for which i = — 2nn\m. Such a radius
exists for finite n and m only if i is finite or, for infinitesimal i, only if m is infinite. Since we wish to
treat the stability of a system with infinitely small
helically invariant fields superimposed on a finite axial
field and avoid infinitely large values of ж, it is necessary to consider the tube identified over an infinite
length L in the lowest order (L ~ I/o2), so that
i can remain finite. We therefore obtained the stability criterion for systems in which there is a superposition of helically invariant fields imposed on a
large axial field, with the Ç's Fourier analysed over
the length of the infinitely long machine.30 At the
same time we determined the effect of these helical
fields on the long-wavelength kink instability caused
by the presence of a small axial current.
We therefore were able to show 10 that by wrapping
wires helically around the tube and passing current
through them in opposite directions in alternate
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wires, we can produce fields which stabilize the interchange instability. The same fields can also raise the
limiting axial current which can be present without
setting up a long-wavelength kink instability.
Equilibrium situations which would exist in a
stabilized stellarator are discussed in the next section.
In the following section, the integral ÔW, which arises
in the treatment of stability by the energy principle,3
is minimized with respect to all components of the
perturbation Ç except the lowest order radial component, | r ° . Finally, the " interchange " instability
and the " kink " instability are treated separately and
critical conditions for stability are obtained.î
EQUILIBRIUM

In the last section we suggested that certain classes
of equilibria might be stable. In this section we
calculate these equilibria and investigate those properties, such as the rotational transform angle ¿,4
which are related to stability.
We use the usual hydromagnetic equations,12 assuming that the plasma is infinitely conducting, so
that
Vp= j x B ,
(1)
as well as the usual Maxwell equations,
and

V.B = 0

(2)

VxB = i>

(3)

must be satisfied.
In order to avoid the complications which are
involved in the treatment of closed curved systems
such as a torus, we imagine the system to be straightened out with the ends identified.
In the stellarator, a large axial magnetic field is
employed to confine the plasma. The system is
made unstable with respect to " interchanges " by
bulges which, for instance, may be due to the finite
spacing between the coils which produce the main
field. In order to obtain stability we superimpose
on this field a helically invariant field by wrapping
wires in a helical fashion around the tube and passing
currents of alternate sign through them. Clearly an
integral number of periods of thisfieldmust fit between
the identified ends of the tube. Since it is difficult to
solve (1), (2), and (3) for this system if plasma is
present (V/> ф 0), we will assume that the amplitude
of this helically invariant field is small compared to
the main axial field. Further it will be shown that
a small helical field can stabilize the system only if
little plasma is present. We therefore expand all
field quantities as power series in the small parameters
ô and p which give a measure to the magnitude of the
helical fields and the amount of plasma present,
respectively. We define ô and p as follows:
The zero-order situation consists of a perfectly
conducting right circular cylinder of radius S in which
* Rationalized Gaussian units with с = 1 are used throughout this paper. A more detailed treatment of this problem
may be found in the Project Matterhorn report PM-S-34.11
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there is a uniform axial magnetic field 5° and in which
no plasma is present.
For the purpose of this calculation, the fields produced by the helically invariant wires are considered
to be produced by deforming this cylindrical boundary
with the condition that the normal component of the
magnetic field must remain zero. In particular, we
consider the simple deformation
,z) = S -\- as cos u,
where
and define

и = 16 — hz,
ô = as/S.

(4)
(5)
(6)

We will later generalize to the case where many
helically invariant deformations are superimposed.
For simplicity, no two different values of I are associated with the same helical wavelength, 2n/h.
Note that " bulges " in the magnetic field correspond
to the choice I — 0.
We define the quantity /? as

p = що)/в<",

(7)
where ^>(0) is the material pressure at the axis of
the tube. (Note that we are using rationalized
Gaussian units with с = 1 so that the usual factor An
in the numerator of the right-hand side of (7) is
omitted. Also, as we increase the value of the pressure at the axis, keeping д fixed, we cannot expect
the pressure to scale linearly since the magnetic
surfaces are changing. Thus p8 is not directly
proportional to/3 and we expect фР , фРР8,... to exist. The
pressure must be zero at the surface of the plasma
since it is contained by the magnetic field.) Since we
do not take diffusion into account, the pressure distribution is arbitrary, subject only to the condition
= 0,

(8)

which easily follows from (1).
One other parameter must be specified to determine
the system, the net axial current. For 1steady
state
operation it is necessary to require that 3

J fjzrdrde = 0,
the integral being taken over any cross section contained
within a magnetic surface ; that is, there shall be no
net axial current in the volume contained by any
magnetic suri ace. During the initial time of operation
of the stellarator, before it has been heated to its
steady-state condition, an axial current
is set up in
the plasma to heat it ohmically.14 Since during
ohmic heating all inertial terms are small, we may
calculate the quantities by the equilibrium equations
(1), (2), and (3). Further, since these change slowly
in time, we may in treating stability regard the situation as an equilibrium one. We introduce the parameter r\ to represent the magnitude of this ohmic
heating current. Due to the nature of our zero-order
situation, the \£ can be made independent of the
pressure.

STABLE EQUILIBRIA
We assume in this work that two distinct regions
are present. All material pressure and currents in the
equilibrium situation are confined inside an inner
region bounded by the surface
r = R + Q*

+ Q** + QP* +

V*

Q

-f ...

(11)

on both the outer surface and the interface (10), and

;p+

= о

= 0, p° = 0;
(0 < r < S),

B¿ = 0, }P = 0, pfi = 0;

(13)

(R<r<S)

(14)

where / (r/R) is arbitrary, such that / (0) = 0, / (1) = 1,
\f[r/R) | < 1. The quantity /3 is given by Eq. (7).
To order rj,

(12)

across the interface. Note that (11) determines the
interface (10). Here n is the normal to the surface
and [ ] indicates the jump in the direction of n.
In the discussions of stability which follow we shall
consider two physically different situations which
have the same equilibrium quantities. In the first
we assume that there are enough particles present in
the exterior region so that it is infinitely conducting
and therefore can support a current when it is perturbed. However, no currents are assumed in
the external region in the equilibrium. Since not
enough particles are present to represent a significant
material pressure, we denote the exterior region a
" pressureless plasma". In the second situation, the
external region is assumed to be a vacuum and the
magnetic field is determined by the usual boundary
conditions.3
For equilibria to exist, p and j must be constant on
magnetic surfaces. However, in this expansion
technique magnetic surfaces first appear in the equations in the ô2 order where a rotational transform is
present, and hence the first-order quantities pP and
j7? must be influenced by second-order considerations.
Mathematically,
the higher-order equations are
incompatible unless the first order quantities satisfy
certain relationships. In the expansion of the
equilibria we find that in calculating the first-order
quantities, pP and jv are arbitrary functions of r and в.
However, if pP and j9? are chosen as functions of r
alone, the higher-order quantities can be calculated
satisfactorily except in the case in which two helically
invariant fields with different values of I have the
same period, in which case pP and p must depend
on в (in a well-determined way) 15 in order that the
second-order quantities satisfy the periodicity conditions. This removal of a degeneracy is similar to
that in the expansion of the case where a helically
invariant field is applied to a toroidal system.16 For
simplicity, we exclude in this paper the case where
two helically invariant fields with different values of
/ have the same period. We use a prime to denote
differentiation with respect to the argument and use
the usual cylindrical coordinate system. Analytic
continuation of the fields to the perturbed surface is
assumed. The fields are thus to order zero:
B° = ezB° (a constant),

and to order /? :

(10)

In the outer region bounded by this surface and the
one given by (4), only vacuum fields exist. The
boundary conditions which must be imposed are
B.n = 0
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R Г
=

e

z

7]B°[ i r\
\
'
\a'l
R
[^
R
R [^ \R

R
J

l], ¿* = 0;

_tf
g

{0<r<R)

rjB°R
(R<r

<S)

(15)

where g (r/R) is arbitrary, such that g(0) =0, g (I) = 1.
The quantity rj = Bv(R)/B°.
To order ô,

B»=
Цх.)

COS Us

%s

T^Y-COS u9] ;
I X
l\ s)
J
(0 < Y < S)
= 0;

p' = 0.

(16)
d

The perturbed surface is 5 + 2s <?s cos u§, the ôs = cr89/S
are all of the same order, ô u8 = 186 — hsz, xs = hs r,
Xs~hsS,
Ij(x) is the modified Bessel function of
the first kind,17 Il(x) = Ii(x)/xlï(x),
and the subscript 5 has been dropped from the Г s when they are
themselves used as subscripts or superscripts.
For the purpose of the following stability analysis
only these lowest-order fields need be written down
since all the properties of the higher-order fields which
must be used can be obtained easily from these
by (1), (2) and (3). Nevertheless, higher-order
fields must be obtained to understand the equilibrium
situation. These are given in Appendix I.
We now proceed to find the rotational transform
angle i in the blunt, but straightforward and pictorial,
way by finding the average angle of rotation 1 3 of a
magnetic line of force about the magnetic axis as one
proceeds along the z axis. Since the length over
which we specify the average angle of rotation is
arbitrary we shall choose it to be the period of the helically invariant field 2n/h, and denote this average angle
by ih. (The rotational transform angle i is usually
defined over the identification length of the system.)
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We first compute the angle of rotation Ав for a length
5 such that a tube of force passing through a fixed
constant-^ cross section of a magnetic surface shall
have sampled once every point in this cross section
when it is screw-projected along the z axis at the
helical rate, so that
(h/l)z - Ad = In.

(17)

The magnetic surfaces have cross sections perpendicular to the z axis which rotate about this axis at
the constant rate,
dd/dz = h/l,

(18)

as we proceed along this axis, whereas the lines of
force rotate around the z axis at a much slower average
rate
(19)

dd/dz ~ <52.

Hence we must proceed in the z direction until a line
of force first comes back to the same relative position
in a cross section that it originally occupied. We
are now assured that the average angle of rotation
for all lines in a magnetic surface is the same as that
of any one line. We thus have 1 3
ih = (Ад/z) (2n/h) + 2nn,

(w = 0, ± 1, ± 2,...) (20)

J. L JOHNSON et al.

We note from (22) and (23) that V"(ip) is finite even
for / = 0.
If only one helically invariant field is present, an
important and elegant formulation of the problem of
obtaining equilibria, which is especially valuable when
solutions for finite /? and ô are desired, can be given by
utilizing the two-dimensional nature 18 of the problem.
We introduce the scalar functions Y and /, such that
B.VY = 0
=
f 1ВгЛ- hrBe.

(25)
(26)

We find from (25) that
Ydldu = drBr, dY/dr == - d(iBe - hrBz), (27)
where и is given by (5) and д is an arbitrary function.
It follows from (2) that д is a function of Y only.
For simplicity we choose д Ç¥) = 1, any other choice
merely constituting a relabeling of the constant Y
surfaces. It follows from (1), (3) and (27) that / and
the pressure ft are functions of Y only. The fields
and currents are then given by
В

1

or, making use of (17) and adopting the convention
n = 0,
= 2n/l.
(21)

hrf-l(3Y/dr)
P + [hrf
(28)

Z2 +
/'

We can use (17) and (21) to compute ¿¿. Since
the fields are known as a power series in the expansion
parameters, the equations of lines of force and thus ¿¿
will be given as power series in the expansion parameters. We find to the lowest significant order

2h2rlf

X

2

[Z +(Ar)2]2J

2

¿ +

2hl2f

(29)

where
2hlf

+ (P + x*)I'(x)*] (22)
I2 + (hr)2

and

_
=

[3 - 2(2 + Z2 + %2)ll(x) + (3Z2 + 2x2)f(x)2]. (23)
For convenience, Lh88 and Rdi^88 /dr are tabulated
for the limit л ; < 1 < 1 in Table 1 for several
values of Z. We now see from Table 1 that the
rotational transform angle ¿¿ actually does depend on
radius and therefore the helical wires do produce a
varying rotational transform as surmised in the
introduction.
Higher orders in the power series representation of
ih as well as relations between ¿¿ and other important
equilibrium quantities 13 have been obtained.11 In
particular, if V(y)) is the volume enclosed by a surface
of longitudinal flux tp,
d
krB™ '

(24)

Here k = 2л/L, where L is the length of the machine.

[I2 + ( ^ ) 2 ] 2

1 д

г
2

2

д
2

Id
+

2

T â 7 Z + (hr) l)r "~r du2

(31)

and the prime denotes differentiation with respect
to Y. Clearly Y and /, and therefore thefields,are
determined by (30) if ^>(Y) and a condition on the
axial current such as (9) are given.
We can show u that Y is a flux related to ip, the
flux the long way, and %, the flux the short way over
one helical period around the system 13 by
2n

(32)

MINIMIZATION OF ÔW
We determine whether or not our magnetostatic
equilibria are stable by means of the energy principle,3
which reduces the question of stability to the problem :
Can the quadratic functional of Ç,

STABLE EQUILIBRIA
Table 1.

Limiting Values o f t and di/dr for Small hR
ih88 (per length 2n¡h)

Rdih88jdr

(per length 2n¡h)

1
2
3
4

2ÔW =

,

(33)

where
(34)

be made negative for any choice of Ç(r)? Here B, j ,
and p represent the equilibrium values, Ç is an arbitrary virtual displacement from the equilibrium,
subject only to the condition
Ç •n = 0

(35)
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transform angle t, defined over the whole machine,
finite as X goes to zero.
It should be observed that any finite situation may
be approached by a system expanded in X in any
number of ways. For instance, if k ~ X2, k will be
finite when X becomes finite. Alternatively, the same
finite situation could have been approached by keeping
k fixed (independent of X), as X is increased from
zero. The best expansion is the one that leads to
the most rapidly converging scheme. Since we do
not examine the situation beyond the lowest significant
order, we cannot apply this criterion to our scheme.
However, our choice of orders leads to an expansion
which remains " uniformly " valid as we arbitrarily
shift our choice of orders, while another choice does
not. In particular, we have shown u that the
results remain valid when hR is made transcendentally
small compared to X.
Further, our expansion
readily yields itself to physical interpretation so in
some sense it is the " best " expansion.
We cannot expand our Ç's at a fixed point since
they will have wave lengths of order L and the expansion would not be uniform over L. To get around
this difficulty we first Fourier analyze Ç in z. Thus

on a rigid boundary and ô W is the resulting second order
(in Ç) change in the potential energy. If ôW can be
made negative for some Ç, it can be made negative
for a normal mode Ç, some potential energy can be conn,s
verted into kinetic energy and the system is unstable.
We shall first order our equilibrium parameters in
with s and n finite integers. We have shown n that
such a way that we can carry through the stability
the assumption that Ç can have no other Fourier
analysis in terms of a single parameter X. We shall
components cannot affect the question of stability
then expand áíf as a power series in X and carry
since the non-vanishing of such components always
through the minimization order by order. We shall
makes ÔW positive. Now 2*(s, n) can be expanded
find that the zero order ÔW is non-negative and can
uniformly in X. It should be noted that the operator
be made to vanish, the first order is then automatically
д/dz acting on \ can change its order.
zero, the second order is again non-negative and can
We now expand ô W as a power series in X and
be made to vanish, and the third order is again
examine the lowest order term which gives a decisive
automatically zero. The fourth order ÔW contains
answer as to stability.
the desired critical condition. We minimize it here
The zero-order term, ôW°, is positive definite, and
over all components of \ except |>°. In the next
can be made zero by restricting %°(s,n), so that
section we carry through this final minimization for
Ç ± °(s,»)=O, ( s ^ O )
(37)
specific cases.
We obtained equilibria in the last section as power
V.Ç±° = 0.
(38)
series in several independent parameters. It is much
Here we have introduced the notation
easier, however, to solve the stability problem for a
one-parameter equilibrium, and we express our equiR± = erAr +евАв;
A „ = ezAz.
(39)
librium in terms of the single expansion parameter X
by assuming the ordering f) ~ r\ ~ ô2<—> X2. The We temporarily relax the restriction given by (35).
reason for this particular choice can be seen later.
It will be shown that if ÔW can be made negative, the
It is clear that different values of X characterize a
2* which does this can be chosen to satisfy this condifamily of equilibria. A Ç which makes ÔW negative
tion to all orders.
for one value of X need not make it negative for
The next order term, ôWA, vanishes trivially. By
another. Since we wish to determine the stability
performing an integration by parts we show that dWxx
conditions for this entire class of equilibria, we must
is positive definite. It can be made zero by choosing
allow % to depend arbitrarily on X as well as r. We
therefore expand Ç as a power series in X.
C ll °(s,w)=0, ( s ^ O )
(40)
In this treatment of the stability of the stellarator,
in the region where the pressure is not zero, and
we neglect any effect of the curvature of the tube.
ishB0^
(s,n) = — [Vx (Ç°xBA)]±(s,w), (41)
However, to keep partially the effect of the closed
machine we demand that our equilibrium and our
B° V.Ç_LA = [V x (Ç° X В л )] „.
(42)
perturbation \ be periodic over a length L = 2n/k
equal to the length of the machine. We must choose
That (41) and (42) are compatible can be seen by
kR ~ X* (R is taken finite) to keep the rotational
taking the divergence of the first and the derivative
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with respect to z of the second, and subtracting. We
îiave shown u that at this point to the order we are
interested, we can set Ç2° (0, n) equal to zero everywhere with no loss in generality. We show that
àWxxx is zero by two straightforward integrations by
parts.
In the next order we can now write
=

ff {(QAA)2 ___ jfi ff0 Q/A

2ÔWm;n =

Sm-n

/Mm;» = »"m;»|£»-0(»i;w)| .

nkrB

Г {

-^)}dT,

X [1 - 27z(sAf) + (Z2 + s*h*r*)Il{shr)*\

(43)

AU

(s,n) =

(s,n)

-

(52)

and

where U is the volume in the unperturbed cylinder
and AU" is the perturbed volume. This can be
minimized with respect to fz* and Ç±AA by setting
ish

(51)

T

°

(V.Ç)] AAAA } dr
J

;n)* , (50)

where

j V ( ^ 0 Q^AA

+

dr

am-,n = m 2 +

(44)

and

= [Vx (Ç° x B

AA

X{1 - 2[/ 2 + {shr)*]Il{shr) + I4l{shr)*} . (53)

(45)

= - [Vx(Ç°xBAA
A

х

+ I x B )] ! —

The desired expression for ÔW in terms of an arbitrary
£rQ(m',n) is given by Eq. (50). Here, as usual, the
prime denotes differentiation with respect to the
argument and Il(x) is given in Eq. (16). The letter I
should be written as l8 to denote that for a given
helical field period it is arbitrary. We have shown u
that Ç's which satisfy our minimization condition also
satisfy (35) if | r A A (s Ф 0, n) is accordingly restricted.

(46)

As before, (45) and (46) can be shown to be compatible.
We can now use (41) to express ÔW (henceforth we
delete the superscripts) in terms of Çx° only. At
this point it is convenient to Fourier analyze in
terms of в. We write
Ç±(0'w) = 2 %± {m\n) егт

We are frequently interested in equilibria in which
there is a sharp discontinuity at some surface in the
plasma. We can treat the stability of such equilibria
by including surface terms in Eq. (33),3 or by regarding the surface of discontinuity as a volume region
in which physical quantities vary very rapidly and
then letting the thickness shrink to zero. It is necessary to make the jump in J^n across the discontinuity zero to prevent cavitation or interpénétration.
We have considered n an equilibrium which has a
discontinuity in the pressure, a surface longitudinal
current and a discontinuity in the volume longitudinal
current. We find that, denoting the radius at which
the discontinuity occurs by R, Eq. (50) is replaced by
the more general result

(47)

m

and note that ÔW breaks up into a sum over m and n
with the m\nth term involving only %±(m;n). We
can use (38), so that except for those terms for which
m — 0, ôWm.fn is a function of | r ° {m\n) alone.
Further ôW0;n is positive definite, and can be made
zero by setting
feo(O;«) = 0.

(48)

We therefore obtain
2ÔW =

1àWm.,n

(49)

m>0 n

S

а/Лт;п

rdrll

i

{/um;n)
r=R.

V

X [1 - 2[Z2 + {shR)*} P{shR) + l4l{shR)2]
X { 3 - 2[2 + Z2 +
[3Z2 + 2{shR)*] P{shR)*} -

(54)
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where /um;n, vm;n and am]n are again given by (51),
(52) and (53).
In (50) and (54) we can treat ¡um;n as the arbitrary
function in ôWm.n instead of f (m,n) with the provisions :
jn (S) is zero, ¡i vanishes at all points where v does and
¡x' is continuous where v vanishes. With this in mind,
we can minimize ÔW in the region R < r < S over ¡x
such that ¡Lt(R) is prescribed. If v does not vanish
in this region, we get for this part of 2dW

We can rewrite Eq. (54) in terms of the rotational
transform angle, i, di/dr, and V", as
where
_ krB°
ltn;n —

Ô

Since jur is continuous at aR, the contribution to
ÔW from the region between aR and S is not zero.
Since it is positive it can be made as small as desired,
for instance by taking
(57)
(58)

¡x=0
and letting к approach infinity.

In the preceding work we have assumed that the
external region R < r < S is filled with a pressureless
plasma, capable of supporting a current. The energy
principle 3 can be generalized to consider equilibria in
which this region is a true vacuum. Instead of
minimizing Q 2 in this region, we minimize (VxA) 2 ,
subject to the conditions
n x A = (i

(59)

at the plasma interface and
nxA = 0

(60)

at the external boundary. When we carry through
the minimization we find that the contribution to
ôWm;n from this region is again given by Eq. (55).
The difference between the two cases is that the
pressureless plasma can develop a sheet current at
CLR, while the vacuum cannot. The vacuum is
always unstable if the corresponding pressureless
plasma case is, but the converse need not be valid.

2ÔWm.n =

(62)

«**

(63)

v

(64)

d

rv*

(55)

m

£r°{tn;n)

v*m;n = 2лп/т •
1

If v does vanish in this region let aR be the smallest
value of r at which it does. The contribution to
2ÔW from the integral between R and aR has the
minimum value

^ *я

¿71

"I

kv*

and Am;n is the contribution to 26W from the external
region, given by Eq. (55) if the external region is a
vacuum, or by (55) or (56) if it is a pressureless plasma
depending on whether v*m.yn is zero in that region or
not, respectively. Here the rotational transform
angles, i888 from the helically invariant field which
depends on us and fl from the axial current, and the
term F"Vac are computed over the length of the
machine (2л/k). The terms in jP and {ВЦ are similar
to those which in the axially symmetric case 3 represent the energy released by the expansion of the
gas. The terms (dju/dr)2 and (¡unt/r)2 represent the
energy increase due to the charge in the magnetic
field, (ôB)2/2. The terms in fl represent the work
done by the force term j X ÔB (computed at a fixed
point).
The field energy terms can be made somewhat more
transparent as follows: The quantity r* represents
the average rate at which the magnetic lines of force
turn compared to the displacement Ç, and thus it
represents an effective field across the displacement.
For simplicity we consider as a model a straight tube
of length L, with a large uniform BZi with a Be independent of в and z, just sufficient to produce a rotational transform angle equal to v*, but with no axial
current (so that one of Maxwell's equations is violated).
We find that with a displacement fr independent of
z but depending on в as exp intO and g0 such that
V*ÇX = 0, the fields are changed by
(65)

дВ0=-д (v*rÇrLB0)/dr.

(66)

Squaring (65) and (66) and adding, we have the
stabilizing terms of Eq. (61). The origin of the
terms is made pictorial by considering ôBr as being due
to compression of the lines of force by the displacement
and 6Be as being due to shearing of the lines. The

8л2

d(rhv)

/лт;п2

R

+—

dis"

2

4л В»

(61)
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actual situation and this model are analogous in the
sense that the model is obtained by smoothing out
the ripples in the lines of force (which the displacements in the actual situation automatically take care
of) and untwisting the system so that the displacement
is " untwisted ".
One can see, by examining (61), (62), (63) and
(64), the reason for the particular ordering of the
parameters which we made. If c88 or iv were not
finite over the length of the machine, one or more of
the terms in v*myn would have entered ÔW in a different order. Similarly if we had not chosen /? ~ ô2,
the terms in /? would have entered in a different
order. In any case, any other choice of the ordering
would have yielded a critical condition in which one
of the parameters does not enter, or would have
made the system stable or unstable with no critical
condition.
STABILITY CRITERIA

In the last section we carried out the minimization
of ÔW with respect to all components of \ except
|y°(w;w) ехрг(тв + nkz). Since the final minimization is too difficult to do in general, we shall in
this section discuss several special cases. We treat
" interchange " instabilities and their stabilization in
the first part of this section and kink instabilities and
their stabilization in the second part.
Interchange Instability
We wish to determine the critical /3 for stability
against interchanges when helically invariant fields
are present. We assume p = 0, a condition clearly
satisfied for steady state operation of the stellarator
and assume only helically invariant fields with 1 = 0
or 3 and small hR. We consider in detail only the
case where the plasma fills the entire tube (R = 5),
so that ¡bt(R) is zero.
In Appendix II we carry out the final minimization
for this situation with an arbitrary pressure distribution which we then select to maximize the critical /5.
One would expect any other distribution to quickly
attain this optimum distribution if sufficient material
is injected. We find that the critical /9 is
X [1 - (Зф/4) ln(l + 4/Зф)] (67)
for the optimum pressure distribution

m = 1 - (30/4) ln[l + (4/Зф)] '
where

(69)
= r/R, di =

8

(68)

(70)

Qi and Qf are respectively the amplitudes of the
Fourier components of the distortions of the plasma
surface with wavelengths such that pi helical and
qi bulge fields can fit into the machine, and f(t) is
related to the pressure by Eq. (14). If no bulges

J. L JOHNSON et al.

(1 = 0) are present the optimum pressure distribution
is parabolic. If, in addition, only one helically
invariant field is present the inherent stability is
given (for 1 = 3) by
fie = И # ) 2 .
(71)
Since the maximum value of Q8/R in a system with
I = 3 is about | , on the basis of the present theory,
pc would not exceed about 0.1. However, the theory
is presumably not valid for so large a value of either
8
Q

¡R or of p.

We have shown previously u that if a pressureless
plasma exists between the plasma boundary and the
perfectly conducting walls of the system, the same
results are obtained. If, however, this region is a
vacuum, the system is unstable for interchanges in a
very thin surface layer if /'(1) is not zero. We therefore expect that the pressure distribution will adjust
itself so that /'(1) is zero and the critical fi will be
somewhat lower than the /?c given by Eq. (68), which
would obtain if the external region were a pressureless
plasma.
The problem can be carried through in the same
way î for the case where hR is finite, any combination
of helically invariant fields (with any I's) are present
(subject to the condition that no two fields with
different values of I have the same wavelength), and
the next axial current jv is zero. We find that the
optimum pressure distribution is

and

f

(Zsthtu{t)ldt)*tdt

(73)

where ts88 and V" areJogiven by Eq. (22), Eq. (24),
respectively, but here evaluated over the length of the
machine.
We note that as the machine is made longer by
adding long straight sections which contribute nothing
to V" for the entire machine, one might suppose that
if dijdr per unit length is kept fixed, the stability
would be unchanged. On the contrary, it is necessary
to increase dc/dr in proportion to the length of the
machine, V" always being the same, to preserve the
same critical /?. This is also clear from our intuitive
picture of the interchange instability, since the interchanges can unwrap themselves in the long straight
section after being curled up by the dt/dr and can
thus match themselves with less increase in the
change in magnetic energy. With this caution in
mind, we can produce the di/dr shear by wrapping
helical wires only over part of the tube and still obtain
stability.
In minimizing ô W we found for /?>/? c that, as
/?-/?c is made smaller, the minimizing Ç's become more
nearly singular in the neighborhood of the radius at
which i = — 2nn/m and eventually change ap* We have not yet completed the argument in connection
with (93) that
ju does not vanish between a and 1 in this
general case.11
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perpendicular directions. If i = 2n, lines of force
rotate through n/2 between these cross sections.
That is, any line of force through a point S in a
passes through a point T in ¡3 such that QT makes an
angle л/2 with QS (see Fig. 2). In these circumstances,
it is clear that any line of force passing through A in
a and В in f} is displaced to a line of force passing
through A' in a and B' in /3 where О A' and QB' make
a right angle with each other. But this means that
the line of force through А, В is displaced into the
position of a line of force which passed through A', B'
in the un displaced equilibrium. Further, since the
density of lines is unchanged because the displacement
of each cross section is rigid, the field is unchanged
by the displacement. Thus the situation characterized
by с = 2л is neutral with respect to perturbation (76).
Let us now consider the case in which (t — 2n) is
positive but small, subject the plasma to the same
perturbation (76) and examine the same cross sections
ос and /5, L/4 apart. Then any line of force of the
Kink Instability
equilibrium passing through a point S in a will pass
through a point T in /? such that QT makes an angle
The instabilities associated with a longitudinal
19
L/4 > л/2 with OS (see Fig. 3). A line of force
current have been extensively studied.
It is found
through A in oc and В in /3, where ОA and QB make
that if the axial field is much larger than the azian angle of ¿/4 with each other, will then be displaced
muthal field, the system is, for a uniform axial current
to a position passing through A' and B', where О A'
distribution, unstable with respect to minimizing
and QB' no longer make an angle of i/4 but make a
Ç's which vary as expi(mO + nkz), if
slightly smaller angle. Thus the displaced line of
11
— n/m < iV/2n < — n/(m — I).
(74) force is rotating about the axis OQ at a slower rate
7
Here if i ! (the rotational transform over the identifica- (in z) than the line of force which passed through B'
in the undisplaced equilibrium. Hence we see that
tion length, evaluated at the plasma radius R and due
BQ is weakened by an amount proportional to
to the axial current) is positive, n must be negative
(L/4 — n/2)g. If we consider other points in the
for instability. If the external region is a pressureless
cross section, we find that ÔB is constant in each cross
plasma the system is stable for m > 1.
section. Since the cylinder is long, ôj = V X ÔB is
These " kink " instabilities are not so well undernegligible
and OF = j X SB + ôj X В ^ j X SB. We
stood physically as interchange instabilities. We
see, therefore, that OF is in the same direction as \
shall first make plausible the existence of the kink
and tends to enhance the perturbation. Thus for
instability for m = 1 by a simple force picture based
i
> 2n the system is unstable with respect to peron the fact that the lines of force are tied to the matter.
turbation (76).
We shall then consider the stabilizing effect that
We now consider the effect of a helicalfieldon these
stabilizing fields can have on this instability.
instabilities.
In the stellarator the axial current is
We consider a long cylinder of pressureless plasma
applied only when /3 is small. We therefore set /?n
of radius R and length L embedded in a large axial
equal to zero in this discussion. We have shown
uniform magnetic field Bo and in which a small
that the results are continuous as /3 goes to zero.
axial current of uniform density / is flowing. As
For simplicity, we assume that the conducting walls
usual, the ends are to be identified. The current
are infinitely far away, the axial current is uniform
density / produces a field Be and an t, given in the
in
the plasma region and only one helically invariant
plasma by
field, with 1 = 3 and a small hR, is present.

preciably over a region small compared to an ion
Larmor radius. The minimizing Ç thus represents a
motion to which the theory no longer applies since it
is based on equations which assume that the ion
Larmor radius is the smallest length in the system
under description. Thus we cannot assert that
these systems (/? > j8c), which are only unstable to
such sharp Ç's, are definitely unstable. It is therefore of interest to ask how large /3 can become before
instability sets in, when we apply the added constraint
that \ varies slowly over an ion Larmor radius. This
question can be answered by minimizing dW over all
Ír° subject to the restriction that d£r°/dr < (|r°)maxM,
where 1 is a length of the order of the Larmor radius.
We find11 that the critical /3 under this restriction is,
under certain circumstances, as much as twice
the critical (3 derived allowing unrestricted gr°. The
question of the validity of this constraint on \ must
be settled by a more refined theory.

Be = 2jr,

i = Be/krB0,

k = 2TT/L.

(75)

Note that i is constant in the plasma.
Let us subject this plasma to a displacement \
given by
f, = | cos {0 - kz),
f, = | sin(0 - fe), f* =

\B'

(76)

which moves each constant-^ cross section rigidly
a constant distance f perpendicular to the axis, so
that the tube of plasma is distorted into a helix whose
pitch is L. Consider two cross sections oc and /3 a
distance L/4 apart which are therefore displaced in

1875

Figure 2.

Kink displacement if L = 2TT
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Figure 3. Kink displacement if i > 2n

In Appendix III we carry through the calculation
for the case where the external region is a vacuum.
The results are exhibited in Fig. 4. The unshaded
region is stable for m = 1. The regions in the first
and third quadrants in which |¿M, > \iv\ are stable
for all m. The other regions have not been completely investigated for higher m's.
We have also carried through the calculation n for
the case where the external region is a pressureless
plasma. The results are exhibited in Fig. 5. The
unshaded region is stable for m = 1. Instabilities
for higher values of w can occur only in the parts of
the first and third quadrants for which \ibb\ < |¿^|.
It can be easily seen n that if the axial current is a
sheet current at the surface of the plasma, the system
is stable for all m if \fl\ < 4\L88\ and if both have the
same sign.

J. L JOHNSON et a/.

(2) the helically invariant fields affect the stability
by introducing a shear (dt/dr) in i inside the plasma
and by increasing or decreasing the shear outside the
plasma according to the sign of di/dr. This effect is
most prominent for the higher values of m\ finally,
(3) the helically invariant fields may cause a surface
to exist on which the effective i == t88 + iv is 2лп/т.
On this surface the electric field E, due to the perturbation, is parallel to В and along a line of force
is always in the same direction. Therefore, this
electric field leads to large currents on the surface so
that the surface acts like a rigid perfectly conducting
wall to the displacement. This effect can lead to
increased stability. For m = 1 the first effect outweighs the latter two and the critical current is
decreased. For higher m's the latter effects dominate
and the stability is improved.
SUMMARY

We have thus been able to find and investigate the
properties of equilibria which are hydromagnetically
stable. These equilibria can be obtained, for example,
by wrapping conductors helically around the stellarator tube. Systems with I = 3 or 4 are indicated
to be optimum for stability purposes. In some
cases an admixture of I = 2fieldscan be advantageous
for achieving equilibrium.
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Figure 4. Stabilization of the kink instability if external region
is a vacuum. The unshaded region is stable for m = 1

We note that the helical fields have three effects
on the kink instability which might lead to an understanding of these i88 vs. 0 diagrams. The first
effect (1) is to increase the effective i by t88 (which
may be negative) so that for m = 1 the kink is made
more unstable if i88 is positive (or less if i88 is negative) ;

Figure 5. Stabilization of the kink instability if external region
is a pressureless plasma. The unshaded region is stable for
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APPENDIX I

HIGHER ORDER EQUILIBRIUM QUANTITIES
For simplicity, we give the higher-order quantities for the case where f(v¡R) = {r/R)2 (a parabolic pressure
distribution), g{r/R) = r/R (uniform axial current) and only one helically invariant field is present.
To order jSjff:

0;

= 0 . (Л < r < S).

jW = 0;

^

B^ = e ^ a B ° r i - ^ Y l ;

jw = e g 2 ^ f ° r ;

# " =0. (0 < r < R)

B^ = 0;

j^=0;

(77)

To order щ :

^

=0. (i?<r<S).

(78)

To order 0(5 :

B» = e , - ^ ^ [1 - 2 (P + X*) P(X)11^Шг sb 2«
1

, 04 ~ ВЧ» (2X)[1 - 2 (P + X») I (X)] ~щу cos 2u
À2 Ш

[l

2(P + X») /'(X)] [1 + 2 ^

2

/

2

1

(%)

4 2 ^ ) ^

2

j * * = 0; p** = 0.

{0<r<S)

(79)

B ^ = 0; j ^ = 0; p^ = 0.

{0<r<S)

(80)

To order /fy :
To order /?<5 :

Щ + Cfi'I'i(x)\sinu
^

^

/' (X) - ^

cos

M

/z (%)j cos M - ez аПЦх)

cos W ;

;

4W^cosu-

(0<r<R + e + Q)

L\ (A)

x)] sin w + ee — [С?Щх) + О^Щх)] cos и
x
8

8

- e 2 [CP Ii{x) + DP Ki(x)~\ cos w ; j ^ = 0; ^ = 0.
where

7; (Л)

II (A)

Ah'{hR)l

DÍ* = - AR [СЩЩ

and ^(л;) is the modified Bessel function of the second kind as defined by Watson.17

{R < r < S),

(81)
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To order r]ô :
Г
B

e

sm и

- '{-

•
cos«;

j " = e, r,ô 2 Bo 4 - - ^ Й т sin « + egVd2B4XIl (X) 4~ ^TVV cos •
(0 < r < R)
' (ж) + К^^г' (ж)] sin м + е„ — [С
[С'*1г (я) + D^7f; (л:)] cos и

В"

(х) + Ô7»*^ (л;)] cos и; ji* = 0; рч* = 0.

2¡ B.il, m fg>r

'

ЩЩ

INTERCHANGE INSTABILITY
If yv = 0, only helically invariant fields with 1 = 0
or 3 and small hR are present, and the plasma fills
the entire tube (R = S), (50), (51), (52), and (53)
can be written as
87Г

ЩХ)

/

APPENDIX II

2ÔWm;n =

(7? < г < S)

2

= 0.

!

(88)

The contributions to SW from the two regions t < а
and t > a can be considered separately.
For ¿ > a, the solutions of (88) are
/л = (t - Q)\ exp [ ± £ (1 - A)i]n(t - a)]

(89)

where
A = Pf'(a)T(u)la<.

and
(84)

(Lftiôi2) (t2 — a 2

where

J

i

a2 = - п1\Ъ

(85)

T(t) =

(86)

and the other quantities are defined by (70). Clearly
/л(0) and /u(l) are zero, ju(t) must go to zero at a at
least as fast as t — a, and /л' (a) must be continuous.
We shall determine the critical /? for each value of
m and n for which a is in the range 0 < a < 1. We
shall show later that other values of m and n do not
make the situation worse so that the true critical /? is
the least of these. The Euler equation which is
obtained by varying (83) with respect to ¡x is
= 0.

(87)

(We need not carry a normalization condition explicitly in this discussion.) In the vicinity of the
singularity at a, (87) behaves like

(90)

We now show that for values of m and n under consideration, the critical /3 is determined by setting A
equal to 1.
If A > 1, the solution ¡л of (87) which vanishes
at t = 1, is
p={t-

a)* cos {£(4 - 1)* In (t - a) + y}, (91)

for ¿ sufficiently near a. It therefore must possess at
least one zero for t > a. For a particular value of
A, A-y> \, we let tx be the largest zero below 1, and
consider for this Ax a function /xlf which we define
to be identically zero for t < t± and to be a solution
of (87) for t > t±. It follows from (83) and (87) that
for this plt ÔW = 0 if A = Аг and (5TF < 0 if A > Л х .
Therefore, we have shown that the critical /5 corresponds to a value of Л < 1.
In cases where A < 1, we first consider any ¡x which
is identically zero for all t less than some tx > a and
vanishes at t = 1. We now show that for ^'s associated with this tlf an Л х > 1 exists such thai
ÔW > 0 for all A < A1} and therefore for A < 1
We consider the pressure distribution given by (10Г
which we later shall find leads to the largest true
critical p. For this distribution with m and A = /?//?
set equal to 1, the general solution of (87)
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¡i = [1 - (а/О2] ПС + D Ы{Р - а2)],

(92)

cannot vanish between a and 1 since C/D must be
chosen to make it vanish at t — 1. Since dW is a
continuous function of /?, the position tv at which
the minimizing ¡x must first vanish for a given ^ > 1 ,
must approach tt as ^ approaches 1. Since the
solution of the Euler equation with no zeros between
tx and 1 yields the minimum value of àW over all ¡u's
which vanish identically for а < t < tx and for
A = Ax this value is zero, all such ju's make dW > 0
for A — Аг. We therefore have shown that, for this
pressure distribution, for any tx > a, an Аг > 1
exists below which ÔW > 0 for any ¡x which is identically zero for t < t± and vanishes at t = 1.
We must still show that for A < 1 no other /¿ which
vanishes at t = a and 1 (i.e., tx = a) can lead to
instability. To do this, we assume that such a ¡x
exists which makes dW < 0, say dW = — s. We
first show that for any sufficiently small ô, the contribution to ÔW from the region between a and
а + ô is positive, so that the integral from t = a
4- ô to t = 1 must be more negative than — s. We
shall then show that this integral from t = a -f- ô
to t = 1 diners from a positive definite integral by
an amount which can be made as small as we desire
by taking ô sufficiently small. This contradiction
will complete the proof of stability for A < 1.
The contribution to ÔW from the region between
a and а + ô is, from (83),

therefore, if only the region t > û is considered, the
critical p is determined by setting A = 1 in (90).
We can replace (89) by
p=(a0* exp [ ± i (1 Л )* In (а - /)] (97)
in the region t < a and repeat the entire argument
to show that A = 1 again determines the critical /3.
If a is zero or one, the argument can still be carried
through. 2 Before considering values of
m and n for
which a is not in the range 0 < a2 < 1, we shall
determine the pressure distribution which maximizes
the critical /3 with a2 in this range. We shall then
show that for this optimum pressure distribution,
instabilities for which a2 is not in this range lead to
higher critical values of /?.
If 0 < a2 < 1, the critical /? is
^ с = тт а [а 4 //Ча)Г(а)].

We now determine the pressure distribution, i.e., f(t),
so that for the worst volume of a, the critical fi is as
large as possible. For any particular/ (t), (98) requires
that
(99)

Рс/'(а)<а4/Г(а).

We consider large enough values of m and n that we
can treat a as a continuous variable. Integrating
both sides of (99) with respect to a and using the
boundary conditions (14) on /(/), we find that for
any /,
pûû4/r(a).

— (y**)'\xdx,

(93)

(98)

(100)

However, for

(loi)

where
x = t — a,

(94)

y* = [г*1^х,

(95)

and the prime indicates differentiation with respect
to x. The first two terms are positive since A < 1.
Since jy* (x) must go to zero as x goes to zero, we see
that the last term is also positive for any y*.
We now consider the value of SW which corresponds
to a particular ¡u, that is /2, which is zero for i <
а + \ ô, increases linearly over the region between
а + \ ô and а + ô, and from there to t = 1 is the
same as the previous ju*, which was assumed to
make ÔW < 0. Since A is less than the Ax which
determines the solution of (87) which first vanishes
at tx = а + \ ô, this value of ÔW must be positive.
It differs from the one for ¿¿*, which had to be less
than — e, by the amount

= mina

dt t*/T(t) =^

dt t*/r(t),

(102)

and this / is the optimum distribution. Since F(t) is
given by (86) the optimum pressure and critical /3 are
given by (67), (68) and (69).
We must still show that instabilities for which a2
is not in the range 0 < a2 < 1 do not lead to lower
critical values of /?. It can be seen at once, by
inserting the pressure distribution (101) into (83),
that ÔW > 0 if a2 < 0 and /? < /?c. Similarly, if
we set
t)i,
(103)
y =
it is immediately apparent that ÔW > 0 if a2 > 0
and p <pc for this pressure distribution.
APPENDIX III

STABILIZATION OF THE KINK INSTABILITY
)]iLiZ}dx. (96)
This integral is less than a fixed positive quantity
times a, so that we can make it smaller than e by a
suitable choice of ô. This completes the proof that
no ¡x exists which can make ÔW negative if A < 1 and,

If p = 0, if S = oo, if jv is constant in the plasma
region, if the external region is a vacuum, and if
only one helically invariant field with 1 = 3 and
small hR is present, we find by minimizing (61) over
the volume regions that
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simplicity we shall not consider higher values of m.
If fl < q < ¿5<* + ¿^ then a is not zero and

(m;n)

m

X

— a2m

(104)
where
q = — 2яп/т,

aa=(î-^)/£w,

(0<a2<l)

(105)
(106)

and a is the value of r/i? where /¿ must vanish because
<7 + ^( y ) + ¿5<*(f) does, and all quantities are evaluated at the plasma boundary, R. If a does not
satisfy the inequality in (106), we set it equal to zero.
We first consider cases where 0 < ¿^ < t88. If
q < i88, the last term in (104) is less than the first so
that ÔW > 0. If t88 <q< i88 + i\ й is not zero
and we can show that dW > 0 for all m.

If q > i88

+ ¿^, both terms of (104) are positive. We have
thus shown that the system is stable for all values of
m if 0 < e < L88.
We next consider cases where 0 < t88 < fl. As
before ÔW > 0 unless q is in the range t88 < q < i88
+ iv. If i88 <q < i7!, then a = 0, and
ÔW

q
X[ — ? + ** + ***] (107)

s negative for m = 1 for all ^'s in the range. For

X [ - ? + iM +

(108)

is again negative for w = 1 for these g's. We have
therefore shown that if 0 < ¿** < ¿^, the system is
unstable for m = 1 if and only if i88 <C q <C t88 + *Л
Conditions for instability have not been obtained for
higher m.
We finally consider cases where ¿^ < 0 < i88.

Again àW > 0 unless q is in the range i88 + № < q
< i88 (сч is negative). For these qs, a 2 > 1 and must
therefore be set equal to zero in (104), so that (107)

holds. For m = 1, ÔW is negative for all these q's.
Again we do not here obtain stability conditions for
higher m.
If we replace t88 by — i88, № by — ¿^, and q by
#, (104) is unchanged. We have therefore shown
that the system is stable for all m if \i88\ > |i^| and
i88 and û have the same sign. Otherwise it is unstable for m = 1 for values of q which lie between
i88 and i88 + ¿^. Higher w's have not been considered
in these regions. It should be remembered that these
results apply to the case where the external region is
a vacuum, incapable of supporting a current. We see
from (105) that q is limited to the values — 2nn¡m,
where n can be any integer and can thus construct
Fig. 4.
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Equilibrium of a Magnetically Confined Plasma in a Toroid
By M. D. Kruskal and R. M. Kulsrud

A.

INTRODUCTION

A static equilibrium of plasma (or of conducting
fluid) with scalar pressure p and magnetic field В is
often described by the magnetostatic equations
(Al)

VxB=j,

(A2)

V«B = 0,

(A3)

provides a characterization of solutions by their
values of the invariants.
In Section J equations governing a steady state of
magnetic field and slowly diffusing plasma are introduced.3 These amount to the magnetostatic equations together with two auxiliary conditions (КЗ, 7)
for each surface of constant pressure (section K). The
system of equations obtained is expected to have a
solution which is unique, and this is verified in section
L for the limiting case of low pressure.

where j is the electric current density. In particular,
these equations apply to many proposed controlled
thermonuclear reactors and their prototypes, especially the stellarator г and the recently much discussed
stabilized pinch. In sections B, C, and D there are
derived 2 a variety of properties possessed by solutions of (Al-3).

B.

MAGNETIC SURFACES

The magnetostatic equations
simple consequences

One of these properties is that if p is constant on
the boundary of its region of definition then, under
some mild additional assumptions, that boundary
must be topologically toroidal. However, prescribing
such a boundary surface and the value of p on it by
no means determines a unique solution, even though
there are as many equations as unknowns (two vector
and one scalar). One of our objects is to establish
additional conditions which together with the magnetostatic equations (and the boundary prescription) do
determine a unique solution. This is achieved in
several different ways, the additional conditions
always amounting to the specification of two numbers
for each surface of constant p.

(Al-3) have the

V-j=O,

(Bl)

B'Vp = 0,

(B2)

j.xr-p = о,
B.VB = V{p + P 2 ),

(B3)

V.(BxV^) = 0,

(B4)
(B5)

B.Vj = j.VB,

(B6)

2

(B7)

B.V(B-j) = j-VB

Here (Bl) follows from (A2), (B2, 3) from (Al), (B4)
from (Al, 2), (B5) from (A2) and (B3), (B6) from
the curl of (Al) in view of (A3) and (Bl), and finally
(B7) from (Al) and (B5) in view of (A3) and (Bl).

An experiment is imagined (section E) in which an
ideal viscous hydromagnetic fluid exhibits a damped
motion until coming to rest in an equilibrium configuration. A number of invariants with respect to any
such motion are described in section F. These lead
to constraints on the admissible trial states in a
variational principle (sections G, H, and I) suggested
by the experiment. The quantity varied is the potential energy which is the sum of the magnetic and the
internal fluid energies. The variational principle
provides a potentially powerful tool for proving the
existence of solutions of the magnetostatic equations
as well as for obtaining them numerically. It also

If p is reasonably smooth and not constant in any
(small) region, the equation p = P determines a
family of surfaces characterized by their values of
the parameter P. By (B2) they are " magnetic surfaces ", in the sense that they are made up of lines
of magnetic force, and similarly by (B3) they are
" current surfaces ". If such a surface lies in a bounded
volume of space and has no edges (because of not
intersecting the edge of the region of definition of p)
and if either В or j nowhere vanishes on it, then by
a well-known theorem 4 it must be either a toroid
(by which we mean a topological torus) or a Klein's
bottle. The latter, however, is not realizable in
physical space.

* Project Matterhorn, Princeton University, Princeton, N.J.

Under normal circumstances each surface p = P
(excepting a set of values of P of measure zero) is
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traversed ergodically and consequently determined
by any line of force contained in it. Even when this
is not so, however, we shall call it a magnetic surface.
As suggested by the foregoing discussion, we now
explicitly assume that the magnetic surfaces form a
family of nested toroids. The innermost toroid is
degenerate, consisting of a single closed curve called
the (magnetic) axis. We shall usually also assume
that p increases monotonically going inward (as is
proved for steady diffusing plasmas in section K)
and indeed that V^> Ф 0 except on the axis.
С

SURFACE QUANTITIES

We now introduce two coordinate functions r\ and д.
Each is to be multi-valued, its values at any point
differing by integers. The function rj is to be continuous everywhere and to increase by unity during
one traversal of the magnetic axis. The function 6
is to be continuous everywhere except at the axis and
is to increase by unity during one small loop around
the axis. Finally, a pair of values of rj and в is to
determine a unique point on each magnetic surface.
For définiteness we assume that r¡, в, p form a lefthanded coordinate system.
For each particular magnetic surface we now define

^J

dr

(Cl)
(C2)

К = fdrB-j

(C3)

ip = 1 ¿TB'VJJ

(C4)

X

^{drB.Ve

(C5)

I =(dtyVr¡

(C6)

J = (drj.Ve,

(C7)

where dS is the area element and the integrations are
over those parts of the indicated surfaces of constant
Y¡ which are interior to the particular magnetic surface. Thus \p is the longitudinal magnetic flux inside
the magnetic surface, i.e., the magnetic flux through
any cross section of the interior. Similarly, I is the
longitudinal current inside the particular surface.
On the other hand, % is what may be called the azimuthal magnetic flux inside the magnetic surface,
since it is the flux through any ribbon-like surface
of constant в of which one edge is the magnetic axis
and the other lies on the particular surface. Similarly,
/ is the azimuthal current inside the particular surface.
Functions of position (like p) which are constant
on magnetic surfaces will be called surface quantities.
The quantities defined by (Cl-7) may be interpreted
as functions of position in an obvious way and are
then surface quantities. Any surface quantity may
be considered as a function of any other, and derivatives of one with respect to another are meaningful
and are themselves surface quantities.
It may be noted that definitions (C4-7) are invariant under continuous deformation of the coordinate functions г] and в. All functions rj with the
same direction of increase along the axis are deformable into each other. The analogous statement does
not hold for d, however; two functions д are continuously deformable into one another if and only if
their ribbons of constancy wind around the axis the
same number of times. Two functions 0 differ by
an integral multiple of an acceptable function rj, the
integral multiplier being the difference of the winding
numbers. If 0 is increased by an integral multiple
of r¡, % and / are increased by the corresponding
integral multiples of ip and /, respectively. The
results of the next section are manifestly invariant
under these changes.
D. RELATIONS AMONG SURFACE QUANTITIES
Let w be any single-valued vector field satisfying
VMVXW)=0.

where dr is the volume element and the region of
integration is always the interior of the particular
surface. (The integrals are well defined, since \[rj
and V# are single-valued.) We note that V is the
enclosed volume and U is twice the enclosed magnetic
energy. There seems to be no simple physical interpretation of K, but its vanishing will be seen to be
significant (section K). The integrands of (C4-7)
can be written as divergences by (A3) and (Bl), so
we may apply Gauss' theorem ; however, since r\ and 6
are not single-valued, it is necessary first to cut the
region of integration, say at rj = 0 or at 0 = 0 as
appropriate. Since by (B2) or (B3) the boundary
contribution vanishes except for the double boundary
at the cut, we then obtain, for example,

(C8)

(Dl)

Let z (P) be a particular point on each surface p = P.
For each point x in space define
(D2)

v (x) =

where the path of integration lies on the surface; in
view of (Dl) it follows from Stokes' theorem that the
value of v(x) is independent of the path joining z to
x for all paths continuously deformable into each
other. However, not all paths are deformable into
each other, so v is multi-valued. It can clearly be
written
v = À+ ^ ф в = 0

+

, (D3)
p=p

where Я is some single-valued function and the loop
integrals are taken in the direction of increasing rj
and в, respectively.
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If it were not for the variability of the lower limit
in (D2), we would have V^ = w ; as it is we have
VP X (Vv - w) = 0

(D4}

in view of (B2) and then using (A3), In this case we
have F = 0 and G = V in view of (Al). Also,
ф

dx-vr=á)

dx-Yíri—á)

dx-vrri

or equivalently
B.(V^ — w ) = 0 , y(Vv — w)=0.

(D5)

Now introduce two general surface quantities
(D6)

F—jdrB-vr, G=fdrj.w.

dF = djdrB-Vv
= dw ф
dx-Yi + dr(±) <&ow,
Je=o
J^=o
йс-w + dj(f)

J 0 =O

(D7)

dx-vr. (D8)

J »7 = 0

We are now in a position to obtain various relations
among the surface quantities by special choices of
w satisfying (Dl). In view of (A2) and (B3) we are
justified in choosing w = B. In this case F = U
and G = K, while by Stokes' theorem applied to that
part of the respective surface rj = 0 or 6 = 0 which
lies inside the magnetic surface we have
(D9)

dx.B = - I,

I

dx-B = J + ¿

( D17 )

where the first step is trivial, the second follows from
Stokes' theorem applied to the cut magnetic surface,
the third follows from (Dl), the fourth from (D16),
and the last from (C4) and the fact that

By (D5, 3) and (C4-7) we then obtain

dG = dI&

= fp=P dS(B-VV)/\Vp\ = -dip/dp.

dx-B,

(DIO)

where the last integral is taken around the magnetic
axis (ip = 0) in the direction of increasing r\. From
(D7, 8) we, therefore, obtain
dx-B) dip - Idx,

(Dll)

dK = (j + ¿
dx-в) dl - Id].
\
J v=o
/

(D12)

Another choice for w is the vector potential
A(VxA = B), justified by (B2). This leads analogously to

dr = — dSdp/\Vp\
(since \dp\[\Xfp\ is the distance between two neighboring magnetic surfaces). Similarly

l

dx-vr =

(D18)

Thus (D7) is tautological, but (D8) gives
dpdV= d^dl — dipdj.

(D19)

Another possibility is to choose w to be a gradient,
thus satisfying (Dl) trivially. Indeed, let w = Vq
be a gradient of a vector field and, therefore, a dyadic,
and note that nothing in the derivation of (D7, 8) is
invalidated. If q is single-valued, the loop integrals
in (D7, 8) vanish and we may conclude that F and G
themselves (now vectors) vanish, which is also obvious
from Gauss' theorem. Since Vx is the unit dyadic,
taking q = x gives
= 0} jdrj--=O.

(D20)

Taking q = В instead and using (B4) gives
=

(D21)

and since the first term of the integrand contributes
nothing (take p outside the integral and convert
back to a volume integral),
(D22)

с
I
Í
d J drB-A=lx +Ф

\
dx-A\dip —ipdx,

(D13)

E. AN IMAGINED EXPERIMENT

d j dxyK = [x +S

^v-A dl — xpdj.

(D14)

Suppose that everywhere in a given rigid toroidal
tube T with perfectly conducting walls there is a
viscous perfectly conducting fluid with an adiabatic
equation of state, and also a magnetic field tangent
to the tube walls at the walls. Suppose that any
heat generated by the viscosity is somehow magically
removed so that each element of fluid is isentropic.
The system can then lose but not gain energy since
there can be no energy flux through the walls.

Our next choice is
vr = (BxVp)/(Vpr,

(D15)

which may be justified by observing that
(D16)
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Let the fluid be initially at rest. In general, it will
not be in equilibrium and will start to move. As long
as it moves it loses energy, so it must eventually come
to rest in a state with less energy than its initial state.
Clearly, an initially resting state of minimum energy
cannot start moving at all and so must be in equilibrium; i.e., satisfy the magnetostatic equations.
Since we are comparing resting states we are interested in the non-kinetic (i.e., potential) energy W

W=fTdr(^+p¡[y-l])

(El)

where the first and second terms of the integrand are
the energy densities of the magnetic field and of the
fluid, respectively; y being the ratio of specific heats
of the fluid. (If y = 1 the second term should be
p In p.)
F. INVARIANTS
It now appears that minimizing W should provide
equilibrium solutions. However, we must be careful.
If we minimize W outright we obtain В = 0, p = 0,
which, although certainly an equilibrium solution, is
of no interest and is clearly not a state which will
be reached eventually by every initial state. We
have neglected to observe that any motion of our
fluid is subject to certain constraints. By a constraint
here is meant a condition that some quantity be an
invariant during any motion, an invariant being a
constant of motion which depends only on the instantaneous state and not on the velocity. (All constraints
here are holonomic.) Only states with the same
invariants can possibly be transformed into each
other by a motion. We should therefore not minimize
W among all states, but only among states with the
same values of the invariants as the initial state.
We must therefore find invariants. Since the fluid
is a perfect conductor it carries lines of force with it.5
Therefore any topological property of the lines of
force is an invariant. For instance, if in the initial
state there were a line of force ergodic in T then this
would have to be carried into a similarly ergodic line
in the final state. But the final state has to satisfy
(B2), so that p will be constant on the line and hence
constant everywhere (if it is to be continuous). Such
a state is not of interest. This example shows that
we must choose the initial magnetic field to have
precisely those topological properties possessed by
equilibria of interest.
Accordingly, we choose an initial magnetic field
which has a family of nested toroidal magnetic surfaces which are, however, not necessarily surfaces of
constant p. The quantities гр and % are then defined,
and since the lines of force are carried with the fluid,
гр and x f° r ^ n e magnetic surface formed by some
definite set of fluid particles are invariant during a
motion. The quantities V, U, K, I and / are also
defined but need not be invariant.
The way in which a line of force intertwines with
itself as it is continued around its magnetic surface
many times is a topological property and therefore

another invariant, but it turns out to be describable
in terms of гр and % and therefore does not provide
an independent constraint. Indeed, this intertwining
is characterized by the limit of the ratio of the number
of loops around the magnetic axis to the number of
traversais around the length of the toroid made by
a line of force indefinitely prolonged; i.e., the limit
of в/г] following the line. This limit is usually denoted
by ¿/2тг and is equal to d%¡dip.
Let Q be the mass density of the fluid. Then
qdx is the mass of a little element of fluid and is
therefore invariant during a motion. Furthermore,
the adiabatic law assumed amounts to requiring that
PIQY be invariant for a fluid element. We thus have
two purely hydro dynamic constraints. But Q is of
no interest since it enters neither into the magnetostatic equations nor into the potential energy W.
Eliminating Q we have only one invariant px^dx for
each element of fluid.
The invariants we have found (гр and % for magnetic
x
surfaces, p ^dx for fluid elements) apply if we know
which fluid element in the final state corresponds to
each element in the initial state. However, there is
no reference to this correspondence in (El). We
wish to minimize W for all states p, B which could
possibly be reached by a motion from the initial state ;
i.e., for which there exists some correspondence preserving the value of the invariants. The correspondence not being known ahead of time, it now makes no
sense to require that гр and % are individually preserved. Nevertheless, the correspondence must be
chosen to preserve гр and that same correspondence
must preserve %. Then % considered as a function of
гр (for example) must be the same in the final state
as in the initial state. In short, the functional
relationship between % and гр is an invariant which
can be specified without knowing the correspondence
ahead of time. What has been done, in effect, is to
label the surfaces with their values of гр, after which
the only magnetic invariant left is #, now as a function
of the label гр.
These considerations so far only eliminate consideration of the correspondence of surfaces as a whole.
To eliminate consideration of the correspondence of
fluid elements within a given magnetic surface, we
must use the invariant px^dx to form a label. Assuming that lines of force are ergodic on almost all surfaces and choosing the correspondence for one particular fluid element as a reference point arbitrarily, we
may use the integral of pxïïdx along a little flux tube
going from some point on the surface to the reference
point as a label for that point. This label is clearly
invariant and hence extends the correspondence
from the arbitrary reference point to the whole surface (since the line of force through the reference
point is assumed ergodic on the surface and hence
covers a dense set of points).
However, in establishing this labeling we have not
exhausted the information available from the invariance of p^lydx. There remains the condition
that the integral of px^dx over the shell-like volume
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bounded by two neighboring surfaces must obviously
be invariant. Introducing the surface quantity

м=

(Fl)

(the integral being taken over the interior of the surface), we may require equivalently that M be invariant.
(It may be observed that M is just proportional to
the mass contained within the surface if Q happens to
be such that the fluid is isentropic; i.e., if p/g? is the
same for all fluid elements. The invariance of M
then represents conservation of mass.) As with %,
by considering M now to be a function of гр, we eliminate any reference to the correspondence.
G.

STATEMENT OF VARIATIONAL PRINCIPLE

The preceding considerations suggest the following
variational principle: a function p and a solenoidal
magnetic vector field В in T, forming nested toroidal
magnetic surfaces and having a fixed total longitudinal
flux and no normal component at the walls, make W
stationary among all such pairs with the same invariant functions %(гр) and М(гр) if and only if
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are consistent with a variety of functions гр. Just in
these degenerate cases we could have found additional
constraints in our imagined experiment (the integral
of p1lydr in each thin closed flux tube) and by omitting
these from our formulation of the variational principle
we force upon гр a physical significance (the only
constraint on the flow of fluid elements is that they
stay on surfaces of constant гр) which is reflected in
the variational condition (y).
H.

Given a function гр satisfying (a), it is easily seen
by the methods used at the beginning of section D
that the most general field В satisfying (b) and (c) is
given by
B-V^XV^,
(HI)
where v is a multivalued function such that (HI)
determines В uniquely; i.e., on each surface of
constant гр the various branches of v differ only by
constants. Furthermore, (d) and (e) are then satisfied if and only if v can be written

(a)

гр has toroidal level surfaces, гр = С at the
walls, min гр = 0, max гр = С,

(b)

V.B = 0,

(Gl)

(c)

ВЛ7у> = О,

(G2)
(G3)

(e)

(G4)

(f)

(G5)

here С is a constant and %{c) and M(c) are arbitrary
fixed functions defined for 0 < с < С, which is also
the range of the last three conditions. Then a particular triple makes W stationary among all such triples
if and only if it satisfies the variational conditions
(y)

(z)

with X single-valued, as can be seen upon comparing
(HI) with (D16, 4) and referring to (D3, 17, 18).
Let us first assume that W is stationary and derive
(y) and (z). For the moment hold гр and Afixedand
vary only p. Then

= SW = (у -

= (у - l)-ifQ

^

c

(dS/\Vv\)ôp

(H3)

for any perturbation dp satisfying

y-lfv_t

= 0,

(H4)

which is obtained from (f) by varying p and also
differentiating with respect to c. Picking ôp so that
the integrand of (H4) approximates to the difference
of two Dirac delta functions with peaks at two points
of the same surface, we satisfy (H4) and see from
(H3) that p must have the same value at the two
points. Thus (y) is established. We now have
p = Р(гр), whereby (f)

P(c) = [M'(c)/£_ e (dS/\Vf\)]7.

(H5)

Next we vary only Я, obtaining
0 = ÔW =

p is a function of гр alone,

Vp=(VxB)xB.

(H2)

v = A + r]xr{ip) — в

Vp=(VxB)xB.

Before proving this it is desirable to reformulate it
so as to include гр explicitly in the characterization of
a state, since otherwise it is difficult to tell whether
a neighboring field В has nested toroidal surfaces.
Correspondingly, we have an additional constraint
and an additional variational condition. Thus we
propose the following variational principle :
Consider all triples p, B, and гр in T satisfying the
constraints

PROOF

(G6)

It should be noted that in non-degenerate cases in
which (almost) any magnetic line of force covers a
complete magnetic surface ergodically, (z) implies
(y) in view of (B2) and (G2). In degenerate cases
(y) is (partly) independent. But in these cases гр is
not itself physically significant, only p and B, which

= -JT

(В X Vf),

(Н6)

(VxB)-Vv = 0.

(Н7)

Finally we wish to vary only гр. When we do so,
p = Р{гр) varies at a fixed point not only on account
of the argument гр but also because P(c) does. To
compute the contribution of ôP(c) to ôW we note that
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ôip

W

(Н8)

fTdrôP{y>) =fTdrPÔ log P
-г-

dS

èf

dS

iwl

îr

dS ôip

de

=

ôip

icpi

-

J. THE STEADY SLOWLY

-yJTdrP'(ip)&y>,

(H9)

in which we have used the fact that ôip = 0 at the
walls in view of (a). Accordingly we have
0 = ÔW =fTdr[B-ÔB + (P'ôip + ÔP)l(y - 1)]

= LdT[

VipX Vôv) - P'ôip]

= JTdrôip[V-(BxVv) - P'I

(H 10)

in which we have used (H7) ; there is no trouble with
the discontinuity of V6 at the magnetic axis because
ôip vanishes there (since ip and yip both do). Thus
we obtain
y = P;.
(Hll)
Taking the cross-product of (HI) with V x B and
using the variational conditions (H7, 11) gives

(VxB)xB = P'V =

(H12)

which establishes (z).
It is clear that all the steps can be reversed to show
that (y) and (z) imply that ÔW = 0 for all perturbations.
I.

REMARKS

= ÔW =j
=jTdrB.ÔB
T

(II)

f^c
= f

dS(Vy>iptp\).(BxVT¡)
<cdrV-{BxVr])

= jdryVr]=I.

DIFFUSING PLASMA

We now wish to obtain a complete set of equations
governing a steady-state plasma slowly diffusing
through a magnetic field to the containing walls of
the toroidal tube T. We assume that the walls are
perfect electric conductors with purely tangential
magnetic field and also perfect plasma absorbers
[ft = 0 there) and that new plasma is somehow introduced or injected into T (necessary to maintain a
steady state) at the source density rate S, which may
depend on position. We assume that there is no
temperature gradient and ignore a variety of complicating factors, such as nuclear reactions and radiation, which might occur in applications of interest.
Our steady state is almost static so to lowest order
in the diffusion velocity v we have the magnetostatic
equations (Al-3). We also have the (first order)
equation of continuity
= S,

(Jl)

where we have taken the plasma density to be ft in
view of the assumed isothermality. In addition we
have Maxwell's equation
and Ohm's law 8 which we take in the form
E + v X В = J/(T + (Vftlft)a,

There is a noteworthy modification of the variational
principle. Suppose we omit condition (e). We are
then free to vary %(c) so we obtain an additional
variational condition from

0 =J

Our variational principle characterizes equilibria as
stationary states of the potential energy W\ i.e.,
states for which the first variation of W vanishes.
The stability of such equilibria has been investigated
elsewhere 6 by examining the positive-definiteness of
the second variation of W.
Two limiting choices of y are particularly simple.
The first is y ~> oo (incompressibility) for which
M -> V, so that we prescribe the volume to be enclosed by each surface and vary the magnetic energy
alone. The second choice is y -> 0 (pressure completely independent of density) for which М'У approaches the maximum value of ft on the surface, so
that we prescribe ft(ip) and vary the integral 7 of

( J3)

where E is the electric field, a the conductivity
(assumed constant and scalar) and a a physical
constant.
Now (J2) holds everywhere in space (not just in T)
so E is the gradient of a single-valued scalar. Since
Vftlft is also such a gradient we can introduce a singlevalued scalar ф in T satisfying
E = Уф + (Vftlft)a,

(J4)

so that (J3) becomes

(12)

That is, we obtain just the additional condition
appropriate for the steady-state of a diffusing plasma
(see section K).

V(^ + v x B = j/or.
Let us consider (J5) as an equation for v.
condition that it have a solution is
В-Щ = (B.j)/a

(J5)
The
(J6)
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and if this is satisfied the general solution of (J5) is

V = B - W - j/<r) xB + aB,
(J7)
where a is an arbitrary scalar function. Eliminating
V by (J7) and using (Al), we have for (Jl)
V.(ftaB) = S + V.[(¿/B2)(B X Уф + Vft/o)],

(J8)

which may be viewed as a diffusion equation of sorts
for ft, the diffusion coefficient being ft/B2o.
K.

THE T W O AUXILIARY CONDITIONS

By (A3) and (B2) the left-hand side of (J8) may
be written ftB*Va. Thus (J8) as well as (J6) are
what we may call " magnetic differential equations " ;
namely equations of the type
(Kl)
= s,
with scalar r and s. Viewed as an equation for r with
5 given, (Kl) determines how r varies along a magnetic
line of force. In the nondegenerate case that the line
covers a magnetic surface ergodically, (Kl) and the
assignment of a value to r at one point determine r at
a set of points dense in the surface. A necessary condition that the values of r so obtained be expandable
to a continuous single-valued function over the whole
surface is easily derived by integrating (Kl) over the
shell volume between two neighboring magnetic
surfaces ft = P and ft = P + dP. By (A3), Gauss'
theorem, and (B2) the left-hand side then vanishes,
while after dividing by dP the right-hand side becomes
(K2)
It is plausible to assume (and we shall) that, in the
nondegenerate case, (K2) is also a sufficient condition
for (Kl) to have a continuous single-valued solution r.
It is then clear that (Kl) determines r up to a surface
quantity.
In accordance with the foregoing paragraph, the
conditions that (J6) permit a solution ф and (J8) a
solution a are
(КЗ)
/,

+Vft/o)]} = 0.

(K4)

The latter may be considerably simplified by multiplying by dP and integrating over all magnetic surfaces interior to a particular one ; using Gauss' theorem
then leads to

in the denominator, expanding out the inner products
of the cross products, and using (J6) gives
2

f drST f {dSI\Vft\)(-№+J lcr)ft=0.

(K6)

By (Bl, 3) the term involving ф can be written as a
divergence; converting the surface integral to a shell
volume integral, we see by Gauss' theorem and (B3)
that the contribution of that term is zero. Since 5,
a, and ft are essentially positive, we must take the
minus sign. Thus ft decreases going outward (as
assumed at the end of section B) and (K6) may be
written

Our system of equations now consists of the magnetostatic equations (A 1-3) together with the auxiliary
conditions (КЗ, 7). For any solution ft, B, j of this
system we can find ф and a and therefore E and v,
which together with the solution represent a slowly
diffusing equilibrium. (The arbitrariness of a surface quantity each in a and ф corresponds to a
physical arbitrariness in the totalfluidflowalong lines
of force and in the total charge on a magnetic surface,
respectively.)
Condition (K7) can be shown to be equivalent to
the energy balance equation, which could have been
written down a ftriori. Condition (КЗ) may be
written — dK/dft = 0 or, integrating, К = 0. When
(КЗ) holds (D12) can be integrated to show that I is
proportional to / + § dx*B. Since / and / but not
the loop integral vanish at the axis, the constant of
proportionality vanishes and 7 = 0. (Conversely the
vanishing of 7 for all surfaces entails that of K.)
Thus (КЗ) is equivalent to (12), the extra variational
condition obtained by minimizing W without prescribing ^. In other words, in the diffusing plasma
the azimuthal magnetic flux adjusts to give the
lowest energy; the lines of force associated with the
longitudinal magnetic flux are permanently trapped
by the perfectly conducting walls, but " untwist "
themselves locally as much as possible.
It is not hard to see that the vanishing of dl at a
particular magnetic surface implies that the lines of
electric current there are closed curves and, indeed,
closed curves topologically like (deformable into)
curves of constant rj. The converse is even easier to
see (choose rj to be constant on the current lines).
L

THE LOW PRESSURE LIMIT

It is physically quite plausible to suppose that our
system of equations has a solution ft, B, j , and a
unique one for any reasonable general prescription
of the tube T, the source function S, the conductivity
a and the total trapped longitudinal magnetic flux C.
(K5)
This supposition is further borne out by the variawhere the minus or plus sign is to be adopted accordtional principle which shows that two auxiliary coningly as ft decreases or increases going outward (so
ditions for each magnetic surface are just the approthat 4-Vft/\Vft\ is the unit outward normal to the priate number. We now proceed to prove the suppomagnetic surface). Eliminating ^fp by (Al) except
sition in the limiting case of low pressure under an

f
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assumption on the geometry of T which is apparently
necessary if the solution is to behave regularly in the
limit. This assumption is that the unique vacuum
magnetic field which is purely tangential at the walls
and has a prescribed total longitudinal flux С vanishes
nowhere and determines a nondegenerate family of
nested toroids. (For a wide class of toroidal geometries this is assured to a high approximation by
9
rotational transform theory. )
For p small (Al) becomes, in the limit, j x B = 0 or
j=gB

(LI)

with g a scalar function. From (A3) and (Bl) we
obtain the magnetic differential equation
B-Vg - 0,

(L2)

which implies that g is a surface quantity. But then
using (LI) in (КЗ) and taking g out of the integral
gives g = 0 and, therefore, j — 0. Thus j must be
small if p is small.
Starting over now with p and j both small, we see
from (A2, 3) that to lowest order В must be the
unique magnetic field of our assumption. Now (Al)
is equivalent to the pair of equations obtained by
taking the inner and the cross products with B;
namely, (B2) and
with h a scalar function. The only restriction (A2)
places on our remaining unknowns p and j is (Bl).
We now adopt the point of view that (L3), (Bl), and
(КЗ) are conditions on j , while (B2) and (K7) are
conditions on p.

Now (L3) expresses j , in terms of what we may
consider a new scalar unknown h. But then (Bl) is
equivalent to the magnetic differential equation
(L4)
by (A3) and (B5), while (КЗ) becomes
(L5)
and may be viewed as determining the additive surface quantity left arbitrary in h by (L4).
Of course by (B2) p is a surface quantity of the
magnetic surfaces of the vacuum field and is therefore
a function of y> only. It is now obvious from (L4, 5)
that h is determined completely independently of p
except for being proportional to p'(y)), and by (L3)
the same is true for j . Indeed, setting
j

=

ft'Y>

h=

fi'kf

(L6)

we see that y and k are uniquely determined independently of p by the three equations obtained from
(L3-5) by replacing p, j , and h everywhere by y>, y
and k, respectively.
We can now write (K7) in the form
d r S

(L7)

(Note that S is of the second order of smallness compared with p and j . ) Thus (p2) ' is determined and, since
p vanishes at the wall, p is determined, whereupon j
is determined by (L6). This completes the proof.
It may be noted that (p2)1 remains finite at the walls.
Thus p' becomes infinite there, p varying as the square
root of the distance to the walls.
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Hydromagnetic Disturbances of Large Amplitude
in a Plasma
By J. H. Adlam and J. E. Allen

Experiments on the magnetic compression of a
plasma are being carried out in many laboratories,
largely because of the possible ultimate application
as a fusion reactor. The theory of the rapid compression of a pinched gas discharge has been discussed
by several authors. The collapse time of a simple
pinched discharge is determined essentially by the
inertia of the ionised gas, as shown by Leontovich and
Oso vets.1 The detailed behaviour, however, depends
on the collision frequencies. When many collisions
take place during the collapse, a hydrodynamic
description will suffice, and shock waves are generated
as described by Allen.2 In very high temperature
plasmas, however, the collision frequency is low and
a rapid compression may be essentially " collisionfree ". Rosenbluth's treatment 3 refers to such a
" collision-free " compression.
The calculations presented in this paper refer to the
collision-free collapse of a plasma containing a
magnetic field, since the latter was not included in
Rosenbluth's theory. The compressing field is assumed to be in the same direction as the internal
field, for the sake of simplicity. Figure 1 is a sche-

FUNDAMENTAL EQUATIONS
The equations are the same as those used in previous
work on collision-free hydromagnetic waves.4 The
coordinate system is chosen so that the magnetic
field is in the z direction and the plasma initially
occupies the space represented by positive values of
x. There are no variations in the у or z directions.
The equations of motion for the electrons and ions
can be written as follows, where и and v are the
velocity components in the x and у directions, and
suffixes 1 and 2 refer to the electron and ion
respectively,
!

dtr

+

ди1
~dx=

Ul

ех Г
^L x ^

^i-Szl
7~\

(1)

(2)

dt
du2

(3)
(4)

Magnetic field
into the paper

The original thermal velocities are ignored, since they
are small compared with the directed velocities which
the particles acquire.
Applied
voltage

T

The equations of continuity are
Plasma

Conducting
shell

Figure 1. Compression of a plasma by a magnetic field paralle
to the internal field

dn±

3

дп2

д

(5)

where n is the particle density, and the field equations,
neglecting the displacement current, are

matic diagram illustrating this configuration in a
practical case. The following calculations refer to a
plane plasma, an approximation that suffices for the
early stages of the compression.

4л
с

дх
дЕу

дх

* U.K. Atomic Energy Authority, AERE, Harwell.
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1) - 1

1 дВ
с ~dt

n2e2v

(6)
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but (dx/dt)h is equal to u, the velocity of the particle
in the x direction, and (dh/dx)t = (n/n0) so that

and
8EX

An

(8)

The numerical values of ¡i and h (the permeability
and dielectric constant of a vacuum) are both unity,
but they are retained in the equations used here.
The latter will be simplified, as in the previous work,4
by using the fundamental property of a plasma,
namely, \пг — n2\ «С п. The difference between пг
and n2 is ignored, except in Poisson's equation,
Eq. (8); this small difference produces the electrostatic field Ex which dominates the motion of the
massive positive ions. It has been assumed that the
latter are singly charged, so that ег + e2 = 0.
The current must flow in the у direction, since the
magnetic field is in the ^-direction and varies only
with x. Thus иг = u2 = и (say), since % = n2,
and the relative velocity between the electrons and
ions may be written v = vx — v2. Dropping the
subscript from Bz and eliminating Ex from Eqs. (1)
and (3) gives
du
dt

e2vB
(mx + w 2 ) с

du __
dx

(9)

and

nj\dh);
The differential equations (9)-(13), when expressed
in terms of the independent variables, h and t, become
du
dt

e2vB

Ф + *».) \E

dv
dt

{9a)

(m1 + ш2)с
|_

m2

d

uB
с

y

(10*)

o\
du
^J^'dh

(i

Tt
dH

47tn0e2v

(12a)

and
dEy __ 1 Г dB

n0 dB

(13a)

and equations (2) and (4) yield
dv

е2(тг + w
ma2)) Гby

dv

1W2

\ ~

Introduction of Dimensionless Quantities

иВ

L

(10)

Equations (5) degenerate to form one equation:
dn

The following dimensionless quantities will now be
introduced: hn = h/d, tn = t/r, un = U/VA, vn = v/v%,
Bn = B/BQ, Eyn = EyjE0 and n' = no/n, where

d

=

Г

ЛУ*
,

m2) ij

т2)
(12)

1?L
~c~dt'

J

J

and Ео = VABQ/C. Equations (9а)-~(13а) can now be
written as follows:

and
dEy
dx '

_ (тгг
—
e2

1 1/2

and the field equations become
dH
4nne2v
~dx~~ с

T

dun

(13)

Equations (9)-(13) form a set of five simultaneous
differential equations relating the five unknowns,
u, v, B, Ey and n.

(96)
(106)

dn1
dtn

dun
dhn

(116)

Change of Co-ordinate System
A new variable, h, will now be introduced, which is
constant for any particular particle, and which is
equal to the x co-ordinate of that particle at t = 0.
Then
dt

+ ( (

and
dh\(d

TxlYdhk

(126)

dhn
and
•=

un

dBn
ôhn

8Bn
dtn

On eliminating un, vn and En from these equations,
the following pair of simultaneous equations is
obtained for Bn and n':

av
dtn*

a_/
dhn\

(14)
n

DISTURBANCES IN A PLASMA
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Figure 2.

the outermost ions are overtaking their neighbours,
thus forming two streams of ions at some points. The
equations are no longer valid after this time, since it
has been assumed that the electron (or ion) velocity
is single-valued at all points.
Other cases are being computed at present, in
which the external magnetic field obeys the law

(а)

2 - 6 Г\

1
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- exp ( - atn)]

Bn =

In some circumstances (those of the less violent
compressions) hydromagnetic waves are launched
into the plasma, and double streams do not occur.

tn-l-6

DISCUSSION
It was shown in the previous work 4 that the
equations are valid if three conditions are satisfied:
(a) (v*/c)2 ^C 1. This condition must hold if
пг — n2\ <C ^ ; it is also the condition for non-relativistic
equations to be valid. An alternative form is

2
3
4
5
NORMALIZED COORDINATE

Magnetic field distributions computed for various
times after initiation of the plasma collapse

and

(b) kTx <C В02/4лпф.
The initial random energy
is negligible if this condition holds, since the electrons
are given a velocity of the order of v*. Combination
of (a) and (b) gives кТг < Б 0 2 /4яя 0у а < mxc2.
(c) т ^ ( v í ? ) " 1 where v is the random velocity
and Q is the positive ion cross section for momentum
transfer. This is the criterion for collisions to be
unimportant.

(15)

I-O

O-9

Boundary Conditions
The plasma is initially uniform, so that Bn = 1
and rí = 1 when tn = 0. Using this boundarycondition, direct integration of equation (15) yields
d*Bn

=

n'Bn-l.

O-7-

(16)
O-6

It is convenient to specify the current, rather than
the voltage, since the former is directly proportional
to the increase in the magnetic field strength (outside
the plasma). A linear increase with time is assumed
in this paper, viz., (Bn — 1) = atn, and the results
which are presented below refer to the particular case
where a = 1.
RESULTS
Figures 2 and 3 show the values of Bn and rí as
functions of hn, for different values of tn. These have
been obtained by solving equations (14) and (16)
numerically. Figure 4 shows Bn and n/n0 plotted
against xn, for different values of tn\ these curves
have been obtained from the previous ones by using
the relation dx = пЫк. Figure 5 shows the position
of the plasma boundary as a function of time.
Shortly after tn == 1.6, rí -> 0 at h = 0, i.e., n -> oo
at the plasma boundary. Physically this means that

w
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О

8
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U
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(d) t n - l - O
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Figure 3. Density distributions computed for various times
after initiation of the plasma collapse
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not too violent. If the time of compression is long
compared with the transit time of a hydromagnetic
wave, the plasma is uniform and Eq. (16) shows that
n/n0 = B/Bo, i.e. the electrons are " tied " to the
magnetic lines of force. In a rapid compression,
however, the electrons are not tied to the lines of
force, but " slip " relative to them.
A considerable amount of energy is imparted to
the particles in a rapid compression; the massive
positive ions are accelerated inwards by the electrostatic field, while the electrons attain high velocities
in the direction of current flow. These high electron
velocities result from the " slipping " of the electrons
relative to the magnetic lines of force, and the mean
energy is comparable to that of a positive ion.
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Figure 4. The rapid compression of a plasma containing a
magnetic field; the current rises linearly with time at such a rate
that Br = 1 + tn

It is easily shown, using Equations (l)-(4), that the
electrostatic field is given by
(wa — т х ) \ vB
w2 + %
This quantity is finite at the plasma boundary, which
means that a surface charge must exist. It can be
shown, however, that the thickness2 of the spacecharge layer is of the order of (v*/c) d, which is small
compared with d if condition (a) is satisfied.
The formation of double streams of ions is a result
which might have been anticipated, since the plasma
boundary is continuously accelerated in the present4
case (as shown in Fig. 5), whereas the previous work
has shown that simple hydromagnetic waves cannot
be propagated at speeds greater than twice the
Alfvén velocity. Also, it is known that two streams
must exist if the compressing field is sufficiently large
compared with the internal field, since double streaming occurs when the latter is zero.3
It has been mentioned that hydromagnetic waves
are propagated into the plasma if the compression is
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Simple Waves and Shock Waves in Magnetohydrodynamics
By A. I. Akhiezer, G. J. A. Lubarski and R. V. Polovin

As is well known, the equations of hydrodynamics
are valid if the mean-free path I is small in comparison with the characteristic length L involved in the
problem. For a plasma in a strong magnetic field, the
hydrodynamic approximation can also be used even
in those cases when this criterion is not fulfilled. This
follows from the fact that in a strong magnetic field
there is a second characteristic length RL, the Larmor
radius. If this length is much less than the characteristic size of the system, RL ^> L, the equations of
magnetohydrodynamics will be valid in the plane
perpendicular to the magnetic field provided that the
frequency of the field oscillation is much less than both
the cyclotron frequency coc = вН/Мс and the plasma
frequency cop = (47ze2n/M)í, which are characteristic
frequencies of the plasma. The equations of magnetohydrodynamics can also be used to describe the motion
along the magnetic field if the extent of the particle
motion along the magnetic lines of force is finite. One
should bear in mind that in this case, if collisions do
not occur frequently, the pressure entering into the
magnetohydrodynamic equations is anisotropic and
depends not only upon the density but upon the
magnetic field as well. Collisions, however, will tend
to reduce the degree of the pressure anisotropy.

t is the time and V is the constant phase velocity.
A natural generalization of this type of wave is the
simple wave, introduced for the first time by Riemann, which has the property that all the hydrodynamic variables щ, k = 1, 2, . . ., n, are functions
of one of them, for example uv The importance of
simple waves is connected with the fact that in the
absence of shock waves only simple waves can bound
domains of constant flow. This statement, well
known in the case n = 2, appears to be valid for
any n.
In this section we shall enumerate all the simple
hydromagnetic waves and establish their connection
with linearized plane waves.
We write the system of hydromagnetic equations
schematically as

= o,

(Xijduj/дх

(i)

where Тц and~Кцare some functions of щ.
Let us consider first the linearized plane waves
which correspond to small amplitude oscillations of
the variables Uj about the constant value Uj°. There
are n types of such linear waves,

In deducing the magnetohydrodynamic equations
from the equations of motion for electrons and ions,
one usually supposes the validity of Ohm's law and
infinite conductivity. In reality, however, these
assumptions are not required. It is possible to prove
that in order to deduce the magnetohydrodynamic
equations it is only necessary to suppose that the
fields change slowly in space and time.
This paper gives some results of an investigation of
non-linear plasma effects in the hydromagnetic
approximation when the pressure is isotropic.

duj = Ufiu^,

u20, . . . un°) exp i(kx — cot),
/ / = 1, 2 .. ., n

where XJf is the wave amplitude, k = co/F^ is the
the phase velocity V is arbitrary, while the oscillation frequency
is a complex function of the amplitude : 1
a) = noDo(l - k2)i/2[2E - (1 - k*)K]

where

SIMPLE MAGNETOHYDRODYNAMIC WAVES
Generally speaking, non-linear equations do not
admit solutions in which all the variables depend
upon the quantity x — Vt, because the wave form
varies during its motion* ; here, я; is a space coordinate,

l+(l-£/max 2 )i

- = Г1

dx

Jo [(l-* 2 )(l-¿

Original language: Russian.
* Non-linear oscillations of a plasma at low pressures are an
important example of such types of wave motion. In this case
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and C7max denotes the maximum value of v/c, where v is the
electron velocity. The quantity ne is the electron density.
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wave vector, and V' = V/t(u°) is the phase velocity
of the /ith wave determined by the equation
det \Xn(uf>) - VTM(tfi)\ = 0.

(2a)

To each linearized wave corresponds the simple wave
determined by the equations

дщ/et + F^Wj, u2, . . . un){dui/dx) = 0.

(2b)

The general solution of (2) is given by

A. I. AKHIEZER et al.
Equation (5) shows that the phase velocity of a
simple magnetosonic wave increases with increasing
density if
7

( 0 V W ) . > °-

()

This condition is valid for most substances.
Since similarity waves are a particular case of
simple magnetosonic waves they are always rarefaction
waves. Another important consequence of Eq. (7)
is that in the compression region the density gradient
increases and this leads to the formation of shock
waves.
POSSIBLE TYPES OF SHOCK WAVES

where / (щ) is an arbitrary function determined by the
initial conditions. I t follows that the displacement
velocity of a point with specified values of the variables
ulf u2 . . . , un coincides with the phase velocity of
the corresponding linear wave. Therefore, the simple
and linear waves are closely connected with each
other. In addition, notice that if we put ¡(щ) = 0
in Eq. (3) we obtain similarity [avtomodel'me] waves.
The simple waves may now be enumerated :
1. Hydromagnetic waves :
H/ + H2 = constant, vy = =F Vyt vz = =F VZy
Q = constant, s = constant,
x-{vx±

Vx)t = f(Hz)

where s is the entropy and V = "Н./(4лд)* is the Alvén
velocity.

We now employ the general equations (1) to investigate the stability of plane hydromagnetic shock waves
subjected to small disturbances which depend only
upon the distance from the surface and the time.
Shock waves will be instable if the total number of
hydromagnetic, magnetosonic and entropy waves
propagating from the discontinuous front is not
equal to six.
To prove this statement, let us denote by щ1>2 the
magnitudes of the variable щ on both sides of the surface of discontinuity. The index 1 corresponds to
the region ahead of the shock front, x < 0, and the
index 2 corresponds to the region behind the front,
x > 0. Let us also describe the perturbation
by <Ц1>2(*> t) = V' 2 (*, t) - Uj1'2. If the discontinuous solution Uj1>2> is stable, these variables will stay
small if they are small initially. In this case the
linearized equations
x, t)/dx

2. Magnetosonic waves:
dvx\dq = U/Q,

^, t)¡dt] = 0 (8)

dvy/dQ = - НхНуи/4щ2{и2

- Vx2),

are valid where

dvz/dQ = - HxHzu/4ng2{u2 - Vx2),

. 1,2

dHy/dQ = U2HylQ{u* - Vx2),
2

dHz/do = uWz/g{u* - Vx ),

(5)

x — {vx ± u)t = f(ç),
where u2 = d(p + 2QV2)/CIQ% is a root of the equation

and cs is the velocity of sound propagation.
3. Entropy waves :
with v, H, Q = constant.
An important property of simple magnetosonic
waves 5 is that their phase velocity depends upon
quantities (v, H, Q) which vary from point to point.
Therefore these waves change their form during
propagation. In this respect they are different4
from simple hydromagnetic waves which have a
constant phase velocity and therefore propagate
without changing their form.

\.l,2/ 7 /l,2\

T\.1,2

Д,2\

It may happen that this system of equations does not
have a unique solution. On the other hand, Cauchy's
problem in hydrodynamics must always have a unique
solution. Therefore, the absence of a unique solution
to the system (8) indicates that it is impossible to
replace the exact equations with linearized equations,
and this in turn implies that perturbations which are
small initially will not stay small at later times.
A discontinuous change in дщ1>2 in time occurs
only if the initial shock wave splits into several
waves in the regions enclosed between the newly
formed surfaces of discontinuity. Therefore, the
criterion for the stability of a shock wave is the
existence of a unique solution for the linearized
Cauchy problem (8) corresponding to the system
of Eq. (1).
The well-known general solution of Eq. (8) which
satisfies the initial conditions is
/•0

x)e

dco,

(9)

MAGNETOHYDRODYNAMIC WAVES
V (2)

phase velocities 4 ' 5 : v Xzt Vx (hydromagnetic waves),
Vx dz U±J where u± are positive roots of Eq. (6)
(magnetosonic waves), and finally vx (entropy waves).

2509.1

A necessary condition for the stability of a shock
wave, according to Eq. (10), is that the number of
divergent waves be equal to six. Taking into account
the inequality U-1>2 < Vx1>2 < U+1*2, we find that a
shock wave can be stable only under the following
three conditions :

u(2)

V (2)
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v2 < и-2

B.

Figure 1. Stability diagram for magnetohydrodynamic shock
waves. The shaded areas are regions of stability

u+

Vx2 < v2
where k 1г2 = co/V^1'2 and ¡x enumerates the various These conditions are displayed in the stability diagram of Fig. 1.
plane waves. The integration is carried out in the
If the magnetic field is parallel to the discontinuity
upper half-plane along the straight line parallel to the
conditions are reduced to the inequalities
real со axis, Imco > 0. The amplitudes Cj[X1(co, x) and front these
M 2 > c2 + (Vxi)2, (vx2)2< c2 + (Vx2)2
Cjn2(co, x) are obtained by the method of variation of
(see Fig. 2).
constants; they satisfy a system of n inhomogeneous
When the magnetic field is perpendicular to the
differential equations. Therefore there are n arbitrary
front there are additional considerations since then
constants in the expression (9) for ôuj1 and ощ2.
the boundary conditions split into three isolated
These constants must be selected so that the boundary
groups. The stability regions for this case are shaded
conditions at the discontinuity surface are satisfied
in Figs. 3a, 3b and 3c.
and also so that дщг(— со, t) and Ьщ2(оо, t) are finite.
The necessary conditions for stability which have
Consider now the latter condition in detail. If the
been
obtained make it possible to carry out the
linearized wave with index ¡i moves to the right,
classification of shock waves. In the general case,
(V > 0), then I m ^ must be positive so that the
when the magnetic field is inclined relative to the
perturbations approach zero as x-> + со. If the
plane of discontinuity, there are only three types of
wave propagates to the left (V < 0) then the imaginstable waves which correspond to the three regions
ary part of ka will be negative and in order for ощ2(х, t)
A,
B, and С in Fig. 1. If the jumps in all the variables
to be finite as x —> + со, it is necessary to set equal to
at
the
discontinuity approach zero, the shock velocities
2
zero the amplitudes CJ [CÚ, X) that correspond to waves
approach
the phase velocities of the linearized waves.
converging toward the discontinuity front. These
Furthermore,
in this limit, the velocity of a type A
conditions must also be applied on the opposite side
wave
approaches
the phase velocity vx ± и— of the
of the discontinuity surface. If the total number of
magnetosonic
wave
and the velocities of types В and
waves dispersing in both directions is equal to m, the
С
waves
approach
the
velocities vx ± Vx and vx i u+
number of convergent waves will be (2n — m).
of
the
hydromagnetic
and magnetosonic waves,
Adding the n boundary conditions for the discontirespectively.
In
this
connection,
it is expedient to
nuity surface to (2n - w), we obtain in all (3n — m)
subdivide
the
shock
waves
into
slow
magnetosonic,
conditions which must be placed on the 2n arbitrary
hydromagnetic, and fast magnetosonic waves.
constants contained in С^1)2(со, х). In order to
If the magnetic field is parallel to the plane of disobtain a unique solution to the Cauchy problem, it is
continuity, then only fast magnetosonic shock waves
necessary to have the number of conditions, 3n — m,
can be stable . If the magnetic field is perpendicular
equal to the number of unknown quantities, 2n + 1.
The unknown quantities consist of 2n integration constants and the perturbed velocity of the discontinuity
front. The necessary condition for stability is therefore
m = n —1;

С

1

1

U+ < Va; ,

(10)

i.e., the number of divergent waves must be one less
than the number of boundary conditions at the
discontinuity surface 3 . If this condition is met, one
must still determine whether it is possible to satisfy
the boundary conditions with the available arbitrary
constants.
In magnetohydrodynarnics there are seven types of
plane waves, which can be classified according to their

Figure 2.

Stability diagram when the magnetic field is parallel
to the discontinuous front
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IMPOSSIBILITY OF RAREFACTION SHOCK WAVES

X

IN MAGNETOHYDRODYNAMICS
In ordinary hydrodynamics, in conformity with
Cemplen's theorem, rarefaction shock waves are
impossible if
,>0.

W////A

(11)

In magnetohydrodynamics, shock waves are also
compression waves * if the condition

(др/дТ)р > о
is satisfied together with condition (11). Cemplen's
theorem in magnetohydrodynamics follows from the
fact that the shock adiabat in the [p,q) plane in
the presence of a magnetic field is located below the
shock adiabat in the absence of a magnetic field, for
Q2 < QV This section of the adiabat (g2 < g^
cannot really exist since the entropy must decrease,
s2 < s± (see Fig. 4).

(2)

и

(2)

=V

(2)

(1)
(1)

Y (2)

(2) . у (2)

u. ( 2 ) -

it

Figure 4.

(1)

From the boundary conditions at the discontinuity
it follows that

(1)

Figure 3 a, b, с Stability diagrams when the magnetic field is
perpendicular to the discontinuous front

to the discontinuity, only magnetosonic discontinuities
can be stable (see Figs. 3a, 3b, 3c). Let us now note
some consequences of the stability conditions for
shock waves.
1. If two shock waves of the same type follow
each other, the last wave will always catch up to
the first wave.
2. If two waves of
other, a hydromagnetic
to a slow magnetosonic
sonic wave will catch up

Shock adiabat in the (P,Q ) plane

different types follow each
shock wave will catch up
wave while a fast magnetoto any shock wave.

3. A shock wave will catch up to a weak discontinuity of the same type as the shock wave or of a
slower type.
4. A weak discontinuity will catch up to a shock
wave of the same type or of slower types.

where H± is the projection of the magnetic field on the
discontinuous surface. This equation leads us to the
following conclusions :
1. If fe1)2 < (Vx1)2, the tangential component
of the magnetic field does not change its direction and

1ВД1ВД
2. If
(F* 1 ) 2 < (%i)2 < 2 i ? 2 (Fs 1 ) 2 /(o 1 + Q2), the
tangential component of the magnetic field changes its
ddirection and | H±2 1< | Н±г \
3. If 2 í?2 (F,i) 2 /( í?1 + Q2) < (^i) 2 <
Q2(VXI)2/QV
the tangential component of magnetic field changes its
direction and | H±2 \ > | H±x |.
* De Hoffman and Teller 6 have shown that a compressional
shock wave in a perfect gas is thermodynamic stabile if the
magnetic field is parallel to the discontinuity surface. The
question of the thermodynamic instability of a rarefaction
shock wave was not decided.

MAGNETOHYDRODYNAMIC WAVES
4 Finally, if Q^VX^IQX < {vx1)2, the tangential component of magnetic field does not change its
direction and ¡H^^lH^
These inequalities demonstrate that a shock wave
passing through a weakfieldHx < [2я (дг 4- £2)É?I/Í?2] * v¿~

229

intensifies the magnetic field, while a shock wave
passing through a strong magnetic field for which
this inequality is reversed, reduces the strength of
the magnetic field This demonstrates that shock
waves have some smoothing action when passing
through a magnetic field 7
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Hydromagnetic Shock Waves in High-temperature Plasmas
By C. S. Gardner, H. Goertzel, H. Grad, С S. Morawetz,
M. H. Rose and H. Rubin

INTRODUCTION
Shock waves are one of the most important tools
for heating ordinary gases and for creating a plasma.
It is still an open question whether shock heating
will have as vital a position for high temperature
thermonuclear plasmas. The theoretical results are
not quite complete, and experimental confirmation
may take a while. However, the present results,
summarized in this paper, do justify a considerable
degree of optimism as to the suitability of a certain
range of shocks for heating to thermonuclear temperatures.
In classical nondissipative gas dynamics, it is
observed that a finite-amplitude compressive wavefront progressively steepens until it becomes multivalued and thereby physically meaningless. This
mathematical calamity can be avoided by the introduction of dissipation, usually as heat flow and
viscosity. The widening effect of the dissipative
mechanism becomes more pronounced as the wavefront steepens, and a wave shape of permanent form
is reached as a balance between the effects of nonlinearity and dissipation. The reference length for
this transition zone is the mean free path, and its
actual thickness ranges from one to several mean
free paths except in the case of very weak shocks
which are wider.1 The shock layer is therefore
experimentally indistinguishable from a discontinuous
wavefront in all conventional gas dynamical applications. The state on one side of the shock can be
computed from the state on the other side (and one
additional parameter, the " strength " of the shock)
by direct use of the laws of conservation of mass,
momentum and energy. The particular nature of
the dissipative mechanism determines the shape of
the transition zone but not the end states. This
fortunate circumstance makes it possible to solve
gas dynamical flow problems with the relatively
simple nondissipative fluid equations by pieceing
together smooth solutions at appropriately selected
shock fronts.
In a conducting fluid (plasma), the results obtained
by conventional theory are essentially the same.

In particular, with the inclusion of a third dissipative
mechanism, finite electrical conductivity, the thickness of the transition layer remains of the order of the
mean free path or larger.
The presence of a magneticfieldcomplicates matters
considerably, but the essential features are unaltered.2
In high-temperature plasmas, the mean free path can
be many times larger than the size of the apparatus.
The apparent conclusion is that one should not be
able to observe a shock wave in a thermonuclear
plasma of laboratory scale. This would be unfortunate on two counts. Mathematically, it would
necessitate the use of complicated differential equations to solve problems that could otherwise be solved
explicitly algebraically. Physically, it would seem to
eliminate one of the most promising means of irreversible heating of a plasma.
Fortunately, the conventional theory, i.e., the
conventional modification of the stresses and heat
flow in a magnetic field,3 is completely inapplicable
when the gyro radius is smaller than the mean-free
path.
With the mean free path eliminated, we naturally
turn to the Debye length or the gyro radius as a
suitable reference length.t The significant length
parameter turns out to be neither of these; it is the
speed of light divided by the plasma frequency.
This is roughly intermediate between the electron and
ion gyro radii. The problem is to exhibit an irreversible mechanism which operates on this scale of
length.
To isolate the essentials of the problem we take
the mean-free path to be infinite. An electron or
ion feels only the electromagnetic field of the averaged
distant charges which are represented by the source
terms in Maxwell's equations. This is a so-called
s elf-consistent field formulation. The crucial point to
t To be sure, the Debye length already exists as an alternative size even without the magnetic field. However, it
can be shown that a compressive motion, e.g., one produced
by a piston, will widen indefinitely in the absence of a magnetic field until particle collisions take over. Paradoxically,
collisions which are the source of the conventional dissipative
widening effect are required to effect a state in which gas
dynamics becomes applicable, i.e., in which compression
waves steepen.

* Institute of Mathematical Sciences, New York University,
New York.
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realize is that irreversibility has not been eliminated
by removing the collision term in the Boltzmann
equation; it has merely been concealed. We can
still rely on the fundamental irreversible mechanism
described heuristically by Gibbs. A special case in
the application of this mechanism to plasmas has been
referred to as Landau damping. The problem we
consider is more subtle and the solution has been
frequently held to be undamped. The basic property which distinguishes every irreversible mechanism
is that two microscopic initial states which are so
close as to be indistinguishable may eventually
emerge very far apart. Short-range intermolecular
collisions (which we have chosen to ignore) exhibit
this property very clearly. This mechanism, sometimes called phase mixing, is intuitively simple but
frequently offers great mathematical difficulties.
The practical question which we must answer is
whether a violent irreversible change of state can be
produced within a thin layer of some permanence.
The theoretical question is, does the shock exist? In
addition, the heating of ions and electrons separately
must be found. It is necessary to solve the shock
transition problem in a high-temperature plasma not
only to establish the observability, i.e., the thickness
of the shock layer, but even to find the correct jump
conditions. In the absence of collisions, there is no
reason for the state after the shock to be in thermodynamic equilibrium; in fact, the ion and electron
temperatures can be different. Conservation of mass,
momentum and energy can only predict the mean
temperature. We find that it is possible to choose
conditions such that the shock will heat the ion gas
much more than the electron gas.
In the following sections, a number of approximate
two-fluid theories are described, also several approximations to a complete self-consistent field
solution, as well as combinations of fluid and particle
analyses. The cumulative evidence seems to be
quite strong for the existence of shock waves with the
properties described.

the current / arises from the velocity component v.
We distinguish between ion and electron quantities
by subscripts, u+, U-, etc. At x = + oo and
x = — oo we have v+ = v_ = J = 0 and Ex == 0.
We assume charge neutrality for all x :
(2)
where n is the number density. This is valid if the
Debye length is small compared to the scale of the
shock transition. For most of the arguments in this
paper this is a convenience rather than a necessity.
From the two laws of conservation of mass (or number), we have
П+ =

We consider a steady flow of gas, in the positive
x direction, in which a shock transition occurs from a
constant state at x = — oo (front of the shock) to
another constant state at x = + oo (back of the
shock). All macroscopic quantities are assumed to
be functions of x alone. A magnetic field В points
in the z direction. It is accompanied by a current
/ in the у direction î
¡л] = — dB/dx,

(i)

as shown in Fig. 1. The electric field E has a component Ey in the у direction and possibly a component
Ex (charge separation) in the x direction. From
ôB/dt = — curl E — 0, we conclude that Ey is a
constant, independent of x. Velocity components are
(u, v) in the (x, y) directions. In a two-fluid theory,
We use rationalized mks units.

=

П,

n+u+ = constant, п-U- = constant,

(3)

whence, for all x, we conclude that
(4)

u+ = u- = u.

At both x = + oo and x = — oo we must have
Ey = uB.

(5)

The state in front, i.e., at # = — oo, is assumed to be
not only constant but in thermodynamic equilibrium,
T+ = 7\_. However, at x = + oo we may have

Figure 1

unequal temperatures, T+ ф Т_. Of course, collisions would eventually make the two temperatures
equal, but this is not part of the problem considered.
We introduce the following self-explanatory notation:
pi = nkTi = QiRiTi,

FORMULATION OF THE PROBLEM

П-

Qi = пцп,

;

Ri

(6)

p = p++P-,
T=
+ Г_),
Q = Q++Q_,
p = QRT, R = k/m, m = | ( w + + mJ) ;
(7)
QU =• Q + U+ + Q-U-,

QV = Q + V+ +

J = ne(v+ - v _ ) .

Q-V_,

(8)

JUMP CONDITIONS

From a particle viewpoint, the z component of
velocity of each particle is a constant of the motion;
only the x and y components matter. Hence, any
fluid theory which describes this situation must be
strictly two-dimensional; i.e., the internal energy, £,
is given by RT rather than f RT, and the gas constant
(ratio of specific heats) is y = 2. The laws of conservation of momentum and energy—mass has already been taken care of by Eq. (3)—are expressible as
= 0,
= Q; (9)
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where the symbol [Q] = Q± — Qo is for the jump in
Q across the shock. In terms of the " total pressure "
p* and " total energy " <?* defined as
B2\2¡xq,

p* = ф + B2/2/u,

(10)

the jump conditions (9) are identical to those with no
magnetic field; i.e.,
[QU2 + p*] = 0,

[QU(£* + i u2) + p*u] = 0.

(11)

We also have the corresponding equations of state
p = QS, p* = e<f*.

(12)

In terms of the reduced variables g, u, p*, ê* (and
T* = P*/Q, if desired), the jump conditions are the
same as those for an ordinary gas with y = 2.4 To
find the jump in В and in the original variables
p, S, and T, it is only necessary to supplement the
reduced jump conditions with the relation [Bu]
= 0, see Eq. (5).
We introduce three speeds: the sound speed a, the
Alfvén speed A, and the reduced sound speed a*,
with three corresponding Mach numbers Ma, MA
and M* :
a2 = 2RT,
A2 = B2lfjiQ,
(a*)2 = a2 + A2,

Ma = u\a
MA = ujA
M* = u/a*.

energy. For example, a shock of medium strength,
M* = 2, impinging on a plasma at " zero " temperature, /?0 = 0, will heat it to a value /5X = J.
In order to separate the ion and electron energies
at the back of the shock, it is necessary to solve the
flow problem for the transition or else find an additional jump condition. We shall find that under
certain circumstances this extra condition is that the
electron gas is approximately adiabatic. The word
adiabatic is used in two different but equivalent
senses. If the individual electron motion is adiabatic
in the sense that its magnetic moment is approximately constant, we have \ml¡v2\B = constant. For
each electron we have energy -—' В >—' g ; therefore, for the
whole electron gas we have RT.—' g or p ~ g2, which
is the adiabatic gas law for у = 2. We shall discuss
the justification of this adiabatic assumption later.
The result is that the electron temperature T_ can
increase by at most a factor three ; the ions are always
heated more, and if j80 is small, the ion temperature
T+ can increase very much more. Specifically,
writing г for the ratio of the electron temperature
behind the shock to that ahead (so that 1 < r < 3),
we find
(Т+)г1{Т+)0

(13)

We recall that the value of any one of the shock
strength parameters Mo*, QJQQ, uo/ulf рг*/ро*, Тг*/Т0*
fixes all the others. (Henceforth we shall write M*
instead of MQ*.) In other words, there is only one
dimensionless parameter characteristic of a gas
shock. On the other hand, there are two dimensionless parameters for the magnetic shock. These can
be chosen as M* and
]80 = ро/{Во2/2/л),
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(14)

the ratio of gas to magnetic pressure in front. Alternatively, we can take two of the Mach numbers (13)
to describe the shock.
Heating
Although the pressure and temperature ratios
across a shock, p^jpo* a n ( ^ ^\*/^o*> c a n become
arbitrarily large for strong shocks, the density and
velocity ratios, QJQ0 and uju^ are at most three for
a gas with у = 2. The same bound therefore holds
for the magnetic field ratio BJB0 = UQ/UV From
the easily verified fact that px*¡pQ* > ^ 0 2 /% 2 =
B,2iBc? and from the relation

we see that pjpo > Р±*1Ръ*- Moreover, if we keep
the strength M* (or BJBQ) fixed and let /?0 approach
zero, we obtain a limiting value for ¡3L which is
different from zero. In other words, if the magnetic
field dominates in front of the shock, then even a
shock of moderate strength can heat the gas enormously: TJTQ-^* OO. The gas is heated to reach an
energy per unit volume which is a certain fraction of
the magnetic energy, independent of the original gas

= r + 2(1 + l/p0) (r - 1) 3 (3 - r ) - .

(16)

ADIABATIC TWO-FLUID THEORY
This is perhaps the simplest theory that can be
proposed which distinguishes between the ion gas
and the electron gas. They are each individually
assumed to obey conventional nondissipative fluid
equations and supplemented by a Lorentz force.
We know beforehand that we shall not find a solution
which joins two end states compatible with the shock
conditions since the latter imply an entropy increase.
Nevertheless, the results are very illuminating.
The meaning of the term " nondissipative " gas is
somewhat flexible. One can assume that there is a
scalar pressure which satisfies the adiabatic law
p = OLQ2.

(17)

Or one can take an energy conservation equation of
conventional form involving a scalar pressure and no
heat flow. In each case, there is some ambiguity in
the term scalar pressure depending on whether the
frame of reference is the speed of the individual gas
or of the gas mixture; for simplicity we adapt the
former definition. In the case of a simple gas, the
energy equation has the adiabatic relation (17) as an
integral. For the mixture of two gases, the two
postulates are distinct. The equation of energy
conservation would seem to be more fundamental.
The results obtained from the two theories are qualitatively similar. Since only the qualitative features
of the solution have any bearing on the shock problem
as posed, we shall describe here the analytically
simple adiabatic theory.
The total (i.e., sum of ion and electron) mass and
^-momentum equations can be integrated:
QU = m, QU2 + p + B2¡2jLt = P.

(18)
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Together with the adiabatic law (17), we find the
relation between В and u:
2

B

= 2¡u[P — mu — a(m¡u)2].

(19)

The difference between the two ^-momentum equations,
—,— (QÍ и v-i) = nei (Ey — uB),

(20)

(XX

can be combined with the Maxwell Eq. (1) to give
2
• • // W.P% I

¡лпе

I

\m+

(21)

~dB'

We recognize the dimensional factor in the first line
to be the squared ratio of plasma frequency to the
speed of light; x2 is a constant. Since и is known
implicitly through Eq. (19), as a function of B,
Eq. (21) can be integrated. The behavior of the
solutions are immediately evident when we interpret
Ф(В) as a potential foir the "motion" B(x). From
Fig. 2, we see that there is a family of periodic motions
of increasing amplitude around the potential minimum
(back of the " shock "") culminating in a pulse or
solitary wave which starts at the front and eventually
returns. These solutions are shown in the phase
plane, Fig. 3, and are sketched as functions of x in
Fig. 4.
The entropy can be chosen as is the parameter
which distinguishes these curves. It should certainly be expected tlat a dissipative mechanism
would produce the damped oscillation indicated in
Fig. 4 by the dashed lines, producing a legitimate
shock transition from front state to back state. This
has actually been verified by inserting a friction
term in the momentum equations (ohmic dissipation)
proportional to the relative velocity, but the damping
length is, of course, th^ mean free path.
The reference length for the periodic oscillations
is essentially
L2=

(22)

m-

The phase length or distance travelled by a particle
in one gyro period is
i= пцио/еВ.

(23)

We find that L_/L =*MA and L+/L = MA¡e where
s2 = fn_/fn+. For M¿_ not too large (also not too

Figure 2

Figure 3

small—for weak shocks, the actual wavelength
becomes large compared to the reference length L),
we conclude that the individual electron orbits are
quite accurately adiabatic (Z,_ <^L), whereas the
ion orbits definitely are not. Provided that there
does exist a shock transition approximated by this
theory, the electron gas will be adiabatic; the ion
gas will be heated more and in some cases much more.
For the thermonuclear application, the most interesting shocks would seem to be those of médium strength.
The value of this theory is that it strongly suggests
that we look for an oscillatory shock transition
rather than the classical monotone transition.
More elaborate fluid theories, including non-scalar
stresses and heat flow, have been attempted, but the
results are not yet definitive.
SELF-CONSISTENT FORMULATION

If the fields E(x) and B(x) are known, the motion
of an individual particle is governed by the equations
dx
~dt

dv
e
— =

-{Ey-uB(X)},

dy
~dt

(24)

(There should be no confusion in using и and v for
particle velocities as well as for gas velocities.) The
second equation can be integrated once in terms of
the " vector " potential,

v = (e/m) [Eyt — A {%)] + constant.

(25)

If the energy of the particle is bounded, we conclude
that its position is never more than a bounded distance
away from the solution of the implicit relation
Eyt — R(x) = 0, which is equivalent to dx/dt = EyjB.
In particular, all particles eventually move on to
% = -f- oo.
In principle, Eq. (24) can be solved for any
given coefficients E(x) and B(x) and for any given
initial values. Now suppose that there is a Maxwellian velocity distribution of particles for x very
far to the left. A solution of Liouville's equation,
which is equivalent to a solution of the particle
trajectories for all initial states, yields the particle
distribution for all x. By solving this equation for
both the electron gas and the ion gas—(with the
given E(x) and B(x))—we can compute the densities,
velocities and current as functions of x. If the
current computed in this way is consistent with the
original B(x), and if the ion and electron densities
turn out to be equal for all x, then we have obtained
a self-consistent solution to the problem.
Any verification for the existence of a solution to
the shock problem just posed must be extremely
subtle. There is a very simple and plausible argument, based on Liouville's theorem, which apparently
proves the nonexistence of a shock under the circumstances considered except that the argument
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Figure 4

depends on certain unwarranted assumptions. Consider the molecular distribution function, f(x,y, u, v).
It satisfies Liouville's equation which states that / is
a constant on every particle trajectory. At x = — oo,
/ is Maxwellian; in particular, the lines of constant /
are circles in the u, v plane (Fig. 5). The existence
of a constant state at x = + oo implies that / is
isotropic in velocity; the lines of constant / are again
circles, but centered about щ rather than u0. Now,
for some value of x far to the left, consider an element
of the four-dimensional phase space: specifically,
consider the product of an area element dA in physical
space and a region 2m dr between two circles in velocity
space; / is essentially constant on this domain.
Although the area element dA may be deformed in a
very complicated way in moving to x = + oo, the
projection on to velocity space must again be circular
at x = + °° since it must lie on a curve of constant /.
The only question is which circle maps on to which.
According to Liouville's theorem, the four-dimensional
volume remains constant during the motion. Just as
the over-all conservation relation nouo = пгиг is
obtained, a similar one can be obtained for any

Figure 5

specially identified group of particles. We conclude
that the area element dA is compressed by a factor
nJfiQ in moving from x = — oo to # = + oo. The
area element in velocity space is expanded by the
same factor. This implies that the radius of the
original circle is expanded by a factor {njn^, from
which we conclude that the distribution at x = + oo is
also Maxwellian at a temperature which is higher by
the factor пх\щ. But this is an adiabatic compression
and is inconsistent with the shock jump conditions
unless the two end states are identical.
This argument is fallacious in exactly the same
sense as the conventional arguments which pretend
to demonstrate that no irreversibility can appear in a
Hamiltonian dynamical system. It has been tacitly
assumed that there is pointwise convergence of the
distribution function / to its assumed limit at
x = + oo. A little consideration will show that not
only is the area element dA deformed, but the image
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of the circle in velocity space becomes extremely
deformed (cf. Fig. 6) and only converges weakly to its
limit; two points in phase space which are very
close at x = — oo can become widely divergent as
x -> + oo. A circle at x = — oo becomes smeared
on to a two-dimensional region at x = + °°It is possible to generalize the concept of constant
state at the back of the shock in the following way.
If the ion and electron distribution, / (u,v) are
symmetric about the mean velocity (even though not
isotropic), there will be no net current. Consequently, there exist exact self-consistent solutions in
which a non-constant microscopic state is coupled
with a constant macroscopic state. One might think
that such non-isotropic states are equally possible as
limiting states behind the shock. However, it is
easy to see by the same qualitative arguments as
above, that such states are unstable unless they are
isotropic.

Figure 6

We have already observed that the case f}0 = 0
(zero temperature in front of the shock) is particularly interesting from the point of view of heating.8
At zero temperature, there is no dispersion of ion
velocities, and only a single orbit has to be calculated.
If, in the particle Eq. (24) we set d/dt = u(d/dx),
we observe that the equation of motion of a single
particle is identical with the fluid equation obtained
by setting p = 0. The exact self-consistent field
problem has therefore been solved in this special case
in Section 4. There exists no self-consistent shock
solution (at least for shocks of moderate strength;
for strong shocks the question is still open).§ It is
clear, a priori, that we could expect no shock in this
special case. The damping mechanism which we
have just discussed requires a dispersion of velocities
about the mean, i.e., a finite, temperature. We do
derive the useful piece of information that the shock
width, i.e., the damping distance, will be much
larger than the reference length, L, Eq. (22), if /?0 is
very small.
In the remainder of this paper we shall concentrate
mainly on medium strength shocks for which the
electron motion is assumed to be adiabatic. This
converts the problem to a combination of one essentially fluid equation (for the electrons) and one
§ This zero-temperature solution has also been obtained by
Davis, Lust and Schluter, also by Mittelman and probably
by many others.
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particle equation (for the ions). A particularly
simple form of the adiabatic electron relations is : 115~7
u(x) = u-{x) = Ey/B{x), v-(x) = - Ex{x)/B{x)
n(x) = constant/и (x), /_ = — nev~.
(26)
The x component of velocity and the electron contribution to the current (which, under certain circumstances, can be taken to be the entire current)
are explicitly given in terms of Ex(x) and B(x). To
this approximation, the magnetic field self-consistency
relation becomes
B(x) = constant Í Ex (x) dx.
The problem is to find an Ex(x) such that the resulting
ion density agrees with the above computed electron
density.
EXPANSION IN THE MASS RATIO
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This problem takes on entirely different orders of
complexity depending on whether all the ion trajectories are monotone in x or whether some of the
orbits loop. In the second case, the density and
current contribution of an ion at a point is the sum
of the individual contributions from each occasion
when the ion passes that point. If the shock is not
too strong, then an ion started at x = — oo with the
mean fluid x velocity and no у velocity, i.e., at the
peak of the Maxwellian, will not loop. Neither will
those ions loop whose initial velocities lie within a
certain circle C o : (u — u0)2 + v2 < Ro2 in velocity
space surrounding the mean ion velocity. Consider
the following modification of the problem originally
posed. There are assumed to be no ions at x = — oo
outside the circle C o ; the distribution is a Maxwellian
which is cut off at Ro. To lowest order in the
expansion parameter, e, this modified problem can
be solved self-consistently. The result turns out to
be qualitatively the same as that described in Section 4. There are periodic solutions and pulses, but
no shocks.

The results of this section are based on essentially
two concepts: expansion of the particle trajectories
and of the self-consistent fields in the electron-ion
mass ratioД and separation of the Maxwellian ion
Rebound as a Damping Mechanism
distribution at % = — co into velocity ranges which
exhibit entirely different trajectories.
An ion lying outside the circle Co may be reflected
We introduce the parameter e2 = w_/w+. More
back by the electric field Ex. The ions can be classiprecisely, we keep all macroscopic parameters fixed,
fied according to the number of reflections they make
including the Alfvén speed which fixes m+> and take
against the first potential barrier which they meet
w_ '—> e2. We have ¿ + ~ 1, L_ <—' e2, and L ~ s. until they pass over it, as eventually they must. It
An important point is that the charge separation field
is found, to lowest order in e, that after having overis assumed to scale as 1/e. Because of this, the motion
come the first barrier, an ion will not be turned
of the electrons is a modification of the conventional
back again for at least the distance L/e. Now conguiding-center motion.5-7 In particular, the spiraling
sider a concentric circle Сг with radius R± > Ro,
frequency is not the gyro frequency, co = eB/ni-, but
within which the ions make only a fixed number of
is {co2 + œ{d/dx)(Ex/B)}ï = со*; the adiabatic inbounces (the number is bounded, independent of e).**
variant is mv2/2cü* rather than the magnetic moment
This problem can also be solved self-consistently to
mv2/2œ. The guiding-center drift velocities in the
lowest order in e. The solution starts as a pulse and
x and y directions are given by
then becomes a periodic wave (Fig. 7). The reason
for the distinction between the first wave and all the
dx

(27)

To lowest order, the ions see only the large electrostatic field Ex if they are in the body of the shock,
away from x = ± oo. This, however, is misleading.
Ions of low energy can be trapped between two potential peaks of Ex. The number of trapped ions in
each valley must be known in order to compute a
self-consistent solution. But we know, from the exact
equations, cf. Eq. (25), that all ions must have come
from the Maxwellian at x = — oo and must eventually proceed to x = + oo. It is therefore necessary
to go to higher-order approximations in the e expansion, approximations which allow the ions to pass
through, to determine the parameters which are
inserted in the lowest-order solution.
|| This is the zero-order guiding center approximation to
the current; Eq. (26) can easily be improved.
Tf Some analysis of the problem on this basis has been made

by M. Rosenbluth and С Longmire (private communication).

в-во1

Figure 7

succeeding waves is that only within the first are any
ions reflected back.
It is intuitively appealing to interpret these " collisions " of ions with the electric field as being similar
in effect to conventional intermolecular collisions in
an ordinary gas. Consider a circle (u — u0)2 + v2
= R2 on which some ions pass through the potential
barrier without reflection while others pass through
only on the second attempt. It is evident that this
circle may be enormously deformed by the time it
ultimately gets entirely past the potential barrier.
** To lowest order in e the circles Co and Сг are independent
of e.
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After passing over an infinite oscillatory wave train,
it would not be surprising if this circle becomes
dense in a two-dimensional domain. A smaller circle,
on which there are no reflections at all, will be only
slightly deformed after passing through a wave.
This could be termed a " small-angle " collision of the
ions with the electromagnetic field and is a much
slower process.
It must be noted that the expansion of a particle
trajectory in e cannot be expected to be valid uniformly for an indefinite length of the trajectory; the
error will eventually cumulate. In particular, the
result shown in Fig. 7 is not valid for distances of the
order of 1/e wavelengths from the first potential peak.
This is about one ion phase length, Eq. (23); i.e., the
distance the ions would go before being affected
appreciably by the magnetic field. Consequently, it
is not surprising that the second type of damping
(termed " small-angle " above) does not emerge to
this order in e.
An interesting group of ions can be found which
makes of the order of 1/e bounces before passing
through. During this process, they gain enormous
energy (of the order of 1/e2). Their effect is hard to
assess quantitatively since each such particle contributes a large damping effect, but there are few such
particles in a Maxwellian distribution. The importance of even a very few such highly energetic ions
may be great in thermonuclear applications.
This mechanism is reminiscent of the Fermi mechanism for accelerating cosmic particles, except that in
this case it is the electric field which is dominant.
It is clear that the determination of the width of a
shock of the type envisioned here is a complex
matter. The result depends very closely on the
precise shape of the distribution at x = — oo (which
in practice could be rather arbitrary, as for example
the residue left by an earlier shock). There exists the
strong possibility that the major part of the damping
could occur across the first wave, in which case this
could be taken as a practical measure of the shock
width even though the final decay could be extremely
slow.
It is possible to analyze the ultimate decay to the
state behind the shock by utilizing certain stochastic
approximations. It is important to realize that the
damping mechanism is basically nonlinear and cannot
be expected to produce an exponential decay. One
can estimate the ultimate decay to be at a rate
l/#i. However, if one lets e approach zero first and
then lets % approach infinity, a decay at the faster
rate \\o& is plausible. The damping length scale
will also depend on the strength of the shock, and
one can estimate it as becoming exponentially large
as the strength approaches zero.
For shocks which are stronger than a certain critical
value beyond which the fluid theory of Section 4
breaks down, there are indications that there are two
stages in the transition. In the second stage there
are oscillations whose effective wavelength becomes
much smaller by a factor e2. This would bring the
wavelength close to or even under the Debye length,

С S. GARDNER>t ai.
and charge separation would become a dominant
feature of the problem.8 The wavelength is smaller
than the electron gyro radius and reverses the roles
of electrons and ions with regard to heating in the
second stage. It is, however, impossible to estimate
qualitatively whether the ions, heated in the first
stage, or the electrons, heated in the second stage, end
up hotter.
A RELATED TRANSIENT PROBLEM
The question of the approach to equilibrium
behind a shock is, in principle, better answered by
studying the transient problem, e.g., of a piston
moving into the plasma, than by studying the stationary problem. On the other hand, the transient
problem is more difficult. In this section we discuss
the solution which, roughly speaking, describes the
compression wave produced by a slight piston motion.
For simplicity we take the case of equal ion and
electron masses, thereby eliminating the charge
separation field Ex. ^ 9 The pressure is taken to be
zero ; consequently we are free to consider these equations as representing a fluid or a self-consistent
particle stream. The % component of velocity is the
same for ions as for electrons; the y components are
negatives, v+ = — v_. The number of equations is
thereby reduced to that in a single-fluid theory. For
linear, small amplitude departures from a state of
rest (as in Fig. 1, but with the unperturbed state
щ = 0 and Eyo = 0 and n = n0), the equations are
дп/dt + ди/дх = 0
тди/dt + eBov = 0
mdv/dt — e(Ey — uB0) ^ 0
дВ/дх + ¡uenov = 0
дЕу/дх + dBjdt = 0.

(28)

It "is possible to reduce this system to a single
equationjfor Ey:
dx*

(29)

A is the Alfvén speed (13) and L is essentially the
same reference length as in (22), taking note that
m+ — m_ and that the shock speed, in so far as it
makes sense to speak of it in this problem, would be A.
It is convenient to impose, as a boundary condition
at x = 0, the sudden application of a constant transverse electric field Eyo rather than a piston condition.
If one imagines an originally quiescent cylindrical
plasma, then a suddenly applied tangential electric
field corresponds to a conventional pinch.
Equation (29), with the given initial and boundary
conditions, can be solved by a Laplace transform with
respect to t. The inverse of the transform cannot be
found in closed form, but its asymptotic behavior for
tt Time-independent problems of this type have been
treated by M. Mittelman and M. D. Kruskal (private communication) .
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large t can be determined by the method of steepest
descents.
In this way we obtain
Ai{s)ds

Ey(x, t) ~ E

(30)

yo

where С = (§)* « = {1/Щ{х - At)/(At)* is to be
distinguished from a of Eqs. (19) and (20), and A{(s)
is the Airy function, defined by
Ads)

1
ж

cos (\yz — sy)dy

This result represents a wave train moving at the
Alfvén speed. Figure 8 shows the qualitative
behavior of Ey plotted against a, for Eyo = 1.

Figure 8

The presence of the cube root of time in the denominator of the scale parameter a shows that the
width of the wave is increasing as the cube root of
time. The height of the wave drops off exponentially
ahead of the front o¿ = 0 or x = At. For negative oc,
the curve oscillates, and approaches unity. The
amplitude of the oscillations decreases like or*.
This result is not easily compared with the previous
ones. By analogy with ordinary gas dynamics, one
would guess that the spreading of the wavefront is
due to the linearization. However, we know the

solution of the appropriate non-linear equations in the
steady state, and there is no corresponding steady
shock. Also, the damping mechanism is itself nonlinear, so the damped shape of this linearized wave
may not be representative of the answer to the
preceding problem. In this context, we can refer
again to the gas dynamical shock. The solution to
a free-flow initial value problem (i.e., with no collisions) widens indefinitely even when of finite amplitude. Collisions are required to validate the fluid
equations, which imply steepening, as well as
to supply dissipation, the conventional widening
mechanism.
CONCLUSIONS
The object of study has been a medium strength
shock (measured by M* or by the magnetic field rate).
The conclusion that the major portion of the heating
is applied to the ions follows trivially from the single
assumption that the electrons are adiabatic. The goal
of this entire complex self-consistent theory is only to
verify this assumption as well as the implicit one that
the shock transition zone is small enough to fit inside
the laboratory. The most interesting case, producing
a very large temperature rise, is when the plasma energy in front of the shock is a small fraction of the magnetic energy (/30 <C 1). However, this is exactly the
case when the wave train is largest. If quantitative
computations verify that a significant part of the
entropy increase takes place across the first wave, then
the macroscopically small length L, Eq. (22), can
be taken as the effective width of the shock. If
this is the case, it should be possible to obtain thermonuclear temperatures from a relatively cold plasma
by the passage of a single shock wave. Whether
experiment or theory will be the first to definitely
verify or refute this possibility remains to be seen.
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Possibilities of Achieving Fusion Reaction
with а 4ТГ Focusing System
By G. Barsanti, B. Barsella, M. Camerini, U. Federighi, L. Musumeci and N. Talini *

INTRODUCTION
г

Giiti Iwata and his colleagues proposed the idea
of a fusion-type nuclear reactor based on the principle
of 4тг focusing by means of an electromagnetic field.
For example, for a primary gas of deuterium ions,
this method would make possible the focusing of the
T+ and H e 3 + ions produced during D-D reactions at
the same point, in such a way as to also use the secondary reactions D-T and D-He 3 at this point.
The 4T7 focusing can be obtained at the origin
(0, 0, 0) of an electrical field having a potential
V = Щ-

x2 -

(1)

where k > 0, superimposed on a magnetic field (0, 0,
-B).
The equations of motion of a mass m with charge
-\-e are:
ek -x - eB
X
=
m У
m
eB
-x
m

ek
y— m
z =

2ek
m

For the moment, we shall disregard the effect of the
space charge and the losses due to collisions in the
vicinity of the origin. We conclude that each particle
is focused an indefinite number of times up to the
time it is absorbed in a nuclear reaction. Accordingly,
if a primary beam is focused at the origin, the ion
density increases until equilibrium between the ions
introduced and those consumed in the reaction is
established.
From the practical standpoint, a number of questions
arise which call for both an experimental and theoretical answer. To this end, we have considered the
following points:
(a) The general solutions of system (2) valid for
arbitrary initial conditions. This is necessary for
the consideration of imperfectly focused primary
trajectories, of the effect of collisions in the vicinity
of the origin and of ions produced in the neutral gas
which diffuses into the reaction chamber.
(b) Investigation of the primary ion injection system,
of the density of the ions in the chamber and of the
energy balance as a matter of principle.

(2)

(c) The experimental apparatus needed for 4тг
focusing of deuterons and a sketch of a fusion reactor.

z.

This system was integrated by G. Iwata et al. for the
case of trajectories passing through the origin. By
writing x + iy = и exp (ieBt¡2m), they obtain
Ü = — ((eB/2m)2 — ek\m)u = — (cos)2u
z = (2ek/m) z = — a>2z.

GENERAL SOLUTION OF THE EQUATIONS
OF MOTION
We adopt a system of cylindrical coordinates
(0, u, z), the z axis coinciding with the same axis of the
system (2). We can now write the electrical potential in terms of z and и

(3)

These equations show that the motion of each particle
can be decomposed into simple harmonic motions.
To obtain focusing at the point (u = 0, z = 0), it is
sufficient that s be a rational number. The collisions
which take place at this point do not change the
focusing conditions for the ions, while a suitable
choice of s makes possible the approximate focusing
of several different masses.

V = ±k{-u2 + 2z2)
and Eq. (2) becomes
0 = {c/u)2 + eB/2m
2

и = (в — {еВ/т)в + ek/m)u
Original language : French.
* CAMEN., Leghorn.

z — — (2ek/m)z,
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whose axis is the z axis and whose radius is (2чпс2/еВ)У2.
On this surface 0 = 0.
By substituting the first equation in (4) into the
second, we obtain
и = са/иг — (œs)2 и,

(6)

4

where с > 0 and и > 0, always. Let us assume
(œs)2 > 0 and note that il = 0 when Ф = c4/w2s2
and that u^0
according as W^|C(CDS)""^|. Accordingly, the acceleration ü is always directed toward
point и = \c(o)s)~y*\ and the motion along the и axis
is oscillatory.
If (œs)2 < 0, that is, if (eB/2m)2 < ek/m then ü > 0
always and, after a certain time, the particle recedes
indefinitely from the origin.
This case is of no practical interest and, consequently,
we must choose parameters В and k so that (eB/2m)2
> ek/m. Equation (6) can be integrated once to
obtain
Ù2 = c*/u2 - {OJSU)2 + 2сг
(7)
with сг > 0, and a second time to obtain
2

u = v = [сг

+

Figure 1

in which ¿} is a constant of integration.
transformations

2

With the

ф = 0 — eB¡2m
v = и2,
the first equation of (4) becomes
фу = с2.

(5)

In the case where c2 = 0, (5) has the asymptotic
solutions
è=eB/2m
w=O.
The solution и = 0, together with the third equation
of (4), represents a harmonic oscillatory motion along
the z axis, the frequency of which, \n{ek\m)y* is
independent of B, whereas the solution 0 = eB\2m
repiesents the particular case investigated by G.
I wat a and his group. The above solution leads to
the system (3). Generally speaking, с2 ф 0, и is
real and v > 0. This leads us to consider the three
cases illustrated in Fig. 1 and listed below :
(а)

c2 > 0, ф > 0 and 0 = eB\2m.

The argument 0 always increases.
(б)

c2 < 0, 0 < в < eB\2m.

The argument 0 always increases.
(c)

[с2 - co2s2c*) sin {ojs{2t + c2)}]/{œs)2.

c2 < 0, 0O < 6 < eB\2m with 0O < 0.

The argument 0 alternately increases and decreases.
The direction of motion about the z axis is reversed
when the particle goes through the cylindrical surface

(8)
2 2

Since v is real and positive, we have сг ¡> (o>sc ) and,
therefore, we always have сг > [c x 2 — (cose2)2]1/2.
Examination of Eq. (8) shows two limiting cases.
The first is the case where c4 > 0 and the equation
becomes
v = (c 1 /^ 2 s 2 )[l + sin {a>s{2t + ca)}],
which is the particular case we have just seen for
0 = eB\2m. We shall have the extremes of the oscillation for
и = 0,
и = (2c1)1/2/cos.
The second case is that where
c2 = (cose2)2.
The projection of the particle's path on the plane
z = 0 is a circle with center at the origin and a constant
radius
и —

C(OJS)1^.

Its angular velocity, which is always constant, is
0 = œs + еВ/2пг.
By integrating the first equation in (4), we can write
0 — t a n - 1 ^ 2 + \)У*+р tan {a>s{t + £ c2)}]
+ eBt/2m + c3

(9)

2

in which ft = ejeose . Equation (9) together with (8)
gives the parametric equations of the trajectory.
REACTION CHAMBER AND ION INJECTION
The configuration of the electric field given by Eq.
(1) is obtained by means of electrodes whose surfaces
have the form of hyperboloids of revolution about
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accurate computation we should have to allow for
several factors which influence the density distribution.
These factors are essentially related to the presence
of many ions (Coulomb diffusion, etc.) which may
interact at the origin while diffusing in such a way as to
destroy the density distribution of the primary beam.
This may cause an increased isotropy of the ions at
the origin. This distribution then would become a
certain p{x). The expression for N, the total
number of reactions per unit time, would then become
)1

Figure 2.

Reaction chamber

the axis. The walls of the chamber are the electrodes
themselves (Fig. 2).
For a chamber in which the radius is a and the height
2ay the potentials to be applied to the electrodes are
+ka2 and —ka2/2. If the ion source is placed on
the z axis in the position indicated by S and the
emission energy of the particles is disregarded, then
they reach the origin 0 with energy kea2. During the
oscillatory motion along the z axis there is consequently a probability of collisions with a relative
energy of 2kea2 at this point. Nevertheless, due to
the finite dimensions of the source, to the initial
divergence of the beam, and to the collisions themselves,
the relative energy near the origin will, in fact, be
between 0 and 2kea2.
A rough estimate of the distribution of the particle
density in the chamber may be obtained if some
simplifying assumptions are made. Let us suppose
that the ion beam oscillating along the axis has a cross
section 2(#).
The mean density at the corresponding height is
rbjTTj^j

\Zj

yU/

Z

)

у

\^

/

where n is the total number of the ions present in the
chamber at a given moment and œ — i^Lek/m)^.
The parameters k and В of the magnetic field should
be chosen in such a way as to have
s = [(eB2/8km) — £]** = 2 q,
where q is a positive integer. The emission energy of
the ions from the source is neglected. Given these
conditions, the cross section of the beam in the vicinity
of the origin is approximately equal to the area of the
emitting surface of the source itself. This means
2(0) = 2 ( a ) .
Then we shall find, at the origin,
p a v (0) = n/iraZ{a).
Under steady state conditions, the number n is a
result of the balance between the ions produced by the
source, the ions produced by ionization of the neutral
gas in the chamber, the ions used in the nuclear
reactions and those which are lost. The number of
ions consumed per unit time and unit volume during
the nuclear reaction is dependent on the density, on
the effective cross section and on the energy. For an

Г \ J\

\ J /

a V

•

\

/

where a(v) is the reaction cross-section, v the velocity
of the ions and <(<7(v)^av the mean value in the sphere.
Let us assume that radius r of the source is small.
The mean density, as given in Eq. (10), is uniform
over a sphere whose center is at the origin and the
maximum cross section is equal to 2 (a) = ттг2. Inside
this sphere, the number of reactions per unit time is
N = f 77 *V(0)<c7(v)v> av .

(12)

We disregard reactions taking place outside the
sphere.
The power developed would be EN, E being the
energy developed in each fusion reaction. In the
case of deuterium, let us assume that reactions D(d, n)
He 3 and D (d, p) T are equally probable. The number
of neutrons produced in unit time would then be N/2.
1 If, on the contrary, we assume that focus at the
origin is not perfect and the distribution of ions leaving
this point with energy eka2 is isotropic, then the function p(x) has a spherical symmetry and is given by
p{x) = 3/4ir(A* + 3A2x + 3Ax2)-\

(13)

where
A == (a2 — х2)Уг sin тт/п — x (I — cos тг/п).

If n is very large and x is sufficiently small compared
to a, we have
2
2
A = {тт/п){а - % )Ук
From this we obtain
p(0) =

(14)

EXPERIMENTAL APPARATUS
It is convenient, for practical considerations, to
distinguish two possibilities: (a) we provide for the
use of the products (T and He 3 ) of the primary reaction, (b) we only follow the D-D reaction.
In case (a), the nuclei T and He 3 which are produced
close to the origin with energies of about one Mev must
reach regions where the potential is of the order of
106 volts in order to be focused at this point. This
potential represents the minimum voltage that is to
be applied to the positive electrodes. Disregarding
practical limitations, the dimensions of the chamber
are arbitrary. However, we must note the analytical
condition 4km < eB2. We specify a value of В
which is technically feasible and this sets an upper
limit for k. Accordingly, since a = {Vz/k)1^, we

A An FOCUSING SYSTEM
shall have a lower limit for a. This value determines
the size of the apparatus.
Case (b) is limited to the focusing of deuterium
ions only and is of interest, in the main, for experimental purposes. The value of Vz may be considerably
reduced, as long as we still have a large enough cross
3
section to permit the D-D reaction to occur. The
value of a will therefore be reduced and with it the
dimensions of the apparatus. The building of this
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model may give very useful information on the actual
possibility of operating a type (a) reactor.
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Slowing-down of Charged Particles in a Plasma
By G. Boulègue, P. Chanson, R. Combe, M. Félix and P. Strasman

We shall investigate the case in which the slowingdown of an incident particle Рг can be explained by
binary collisions with the constituents of the plasma,
collective oscillations entering only in a weak or
negligible manner. 1
EXPRESSION FOR THE SLOWING-DOWN
(NON-RELATIVISTIC CALCULATION)
The particle Рг (mass mv velocity vv kinetic energy
E1} charge Zxe) moves in an ensemble of elements P 2
(mass m2, charge Z2e) undergoing Maxwellian agitation
(temperature T 2 ). At a given moment the velocity
of one of these particles P 2 is F 2 . We designate by
u the velocity of Рг relative to P 2 :
u = Vj -

V2

When a collision occurs the trajectory of Рг is
deviated by an angle a in the coordinate system of

P 2 . One supposes that the function oc(u, a) is known,
a being the " collision parameter " (distance of P 2 to
the initial relative velocity vector). After the collision the relative velocity becomes u/, with

Let us call dn2(V2) the density of particles P 2 whose
speed is between F 2 and F 2 + dV2 in absolute value
and whose velocity vector is in the small element of
solid angle (£1, SI + dSi).
At the zero instant all the elements P 2 having
velocity V2 which should interact with Px during the
unit time following, with collision parameter a and
azimuth ф (with respect to any origin, e.g., the plane
Vx, u) are contained in a volume иааааф. Their
average number is then

The momentum conservation in the collision (l)-(2) allows one to write, after a simple calculation:
= F-,2 — F / 2 =

- — ( F-,2 — Fo2 -\

^—¡

being the angle between the vectors "V^ and u.
obtained by multiplying by dn2(V2)
шф is
Letting
I

jo

(1 — cos oc)ada =

u21 (1 — cos OL) —•

by collisions with particles (2) having velocities V2.
Let us express dn2(V2) as follows:
n2(V2)

a{u),

-

where «^(F 2 ) represents the Maxwellian distribution.
Here n2 is the total number of particles P 2 per unit
volume, в being the angle (V^, V 2 ). One obtains
after integration over the azimuth :

where R is the interaction radius of the particles, a is
a function of u, obtained from the laws of scattering.
Evaluating the integrals over ф and a we obtain:
v. = dn2(V2)

—— sin в sin a cos ¿,

n2m2
тл 4- n. •

- uo(u)

= 71-

l

J

(

(

•

JO<e<n

X

This represents, but for a numerical coefficient, the
mean loss of energy of a particle (1) per unit of time

The mean loss of energy per unit time is

Original language: French.
* Laboratoire Central de l'Armement.
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and per unit length :

It is convenient to use as variables и and F 2 . One
finds:

Taking into account ^ ( F 2 ) = ^4 2 F 2 2 exp (— y22V22)
where A2 = (2/л)ЦкТ2/т2)-''' and y22 = m2/2kT2, one
a r r i y e s

dz
• -

"•

f " *(u)I(u)du,

nn2m1m2

The calculation of — dEJdz is therefore reduced to
the evaluation of a single integral, the function a(u)
being assumed known.
I(u) can be transformed in various ways of which
the most useful for us is the following:

Uo

where

Г si
\du
u2a(u)I(u)du

2
_ 2y 2

I

(2y2W^

=

exp (— y22u2)
1

exp ( -

sinh

2y2
sinh (2y 2 2 F 1 ^) -^—1 ^(T(w) exp (—

exp ( -

Let m be the reduced mass defined by
x

=

Vfv-x

(the subscript e refers to the electrons), one deduces,
setting

COULOMB INTERACTION LIMITED
BY THE DEBYE LENGTH

one knows that

sinh

-±

Шл Wo

^— i
m1 + m2

9

9

= У2

m2

that

dz
from which,

X exp

l

m2 Е
-т«^
w x kT

G = I °° exp (— m^x^m^) sinh /3:
(1)

d

Letting D be the Debye length

т1

Чп (1 + «
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TIME OF EQUIPARTITION

and
2kT2D
If E1/kT2 is large, a good approximation is obtained by
calculating the term in d/dx for a mean value :
»/*

nu

kT2 mx

We now assume that an ensemble Рг is slowed
down by an ensemble P 2 . The particles (1) have a
Maxwellian distribution of velocities at temperature
Tv
Per cm 3 and per second, the particles (1) lose
energy due to interaction with particles (2) that is
given by:

Ф being the error function
Ф{х) = 2;

-

x2)dx.

where Axis the coefficient of the Maxwellian distribution for the particles (1). — dEJdz is expressed by
an integral over u, Wlt 2 by a double integral. These
calculations give

From this
G^VTrexp — - _ V

m-,

•Ф

7\ — T2

m1m2
(m,

X

and

u5a(u) exp
¿te

du.
m2

E-L m2

If we assume a Coulomb interaction limited to the
Debye length, it is necessary to calculate

X

This is practically the formula arrived at by the
elementary considerations.
On the other hand, for arbitrary values of Ex\kT2y
the evaluation of G may be rather long; a series
expansion of sinh fix is convenient. Some results for
a particular case will be given later.
It is interesting to investigate the case of slowingdown of a heavy particle by electrons (fn2fm1 small),
when EJkT2 is small. One then finds (putting
y = x2) :

exp
du.

2k

^-+^

This integral is derived from that in the previous
equation by replacing a(u) by its value given in (1).
Letting
and g = 2^(—^ 4
°

+ x2y2)dy

тл

\ /i/i/i

/мл

one has

wb2 =
г

1

J(x) =2 cos х~ Í °° xr cos xdx

In

where

Jy.-1

+ 2 sin xr1 I °^ л;"1 sin x dx
= — 2[cos ÍHH- Ci^-1 + sin ^ - 1 Sbr-1],

(2)

and further:

and finally
^
dz ~

2

/m \ i / 2 £
x ^ / \ 3 /гТ2

One notes that — ¿EJife is zero for Ex = Ъ¥Г2\2}
which is completely reasonable,
"

the function /(g) having been defined in Eq. (2).
When g is large ( > 10) one has

where С = In у is the Euler constant: С = 0.5772....
С rapidly becomes negligible in comparison to In g.
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Figure 1. Loss of energy of a tritium nucleus in a plasma of
Li-D at a temperature of 5 kev, as a fraction of triton energy

6

500
Figure 2. Loss of energy of a tritium nucleus in a plasma of
Li-D at a temperature of 2 kev, as a function of triton energy

6

1000

2000
(feev)
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Let us assume, in particular, that the temperatures
Tlf T2 and Te are of the same order of magnitude T.
From the equations
Txr

3

W

,dT1

=

3

jdT2

n k ^ = n k

one easily finds
dT-,

dt
where teq is a time for equipartition :
kn1n2
f

bT
/Í1

/vi

It is especially for this case that our formulae are
applicable since the collisions are very frequent and
each has only a small effect ; the slowing-down is thus
quasi-continuous and our expressions can give a good
approximation. When the energy Ег of the triton
approaches the thermal energy, the slowing-down
factor loses much of its importance and approaches
zero for Ex = (|) kT.

It is precisely in this zone that the slowing-down by
the ions becomes predominant. It is certain that in
this case our formulae no longer have the same
validity, due to the marked discontinuity of the
slowing down. Nevertheless, it seems reasonable
that they can represent the average slowing-down.
Figures 1 and 2 show the results of calculations for
kT — 5 kev and kT = 2 kev.

2 \ '

7~ +

)
J{g)

where
As-IZJ 2&

nu = 0.617 xlO 2 3 /cm 3
Njy = 0.617
ne = 2 . 4 6 8 .

Slowing-down by the Ions

hT \
j

a plasma composed of 6 Li nuclei, deuterons and electrons at various temperatures, the densities being

Slowing-down by the Electrons

3 kn^f

and from an analogous equation for dTJdt one has

3
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LJ-]j

Probability of the Reaction D (t, n)4 He

Numerically,
4.81 X10 8 К
J{g)

ШгШ2

'

3.27 X 10 1 4

The probability that such a reaction takes place
during the slowing-down of the triton, calculated for
the energy range 1 Mev to AkT, is expressed by :
( - dEJdz) J

Let us compare these results with those of Spitzer : 2

4леМ=

2ЬЛШ

'

For large values of g and Л, we have
/(g) ^ 2 In g - 1.16 = 2 In | - 1.16 + 2 In Л.

where а(Ег) is the reaction cross section.
/гГ(кеу)

50
20
10
5
1

2.86
1.77
2.50
3.45
5.38

One finds:

p

X 10-3
x 10-22
x 10-2
x 10x 10-2

Our value for the equipartition time approaches
that of Spitzer if g is large, but it diners considerably
for average or small values of g. We feel, therefore,
that our formula is more general than that of Spitzer,
which it approaches for large values of Л.

Without being completely negligible, this probability stays small. We conclude that the majority of the
tritons will be thermalized before producing a thermonuclear reaction.

APPLICATIONS

1. D. Pines and D. Bohm, Phys. Rev., 85, 338 (1952).
2. L. Spitzer, Physics of Fully Ionized Gases, p. 72, Eqs.
(5-14), p. 80, Eqs. (5-31), Interscience Publishers, Inc.,
New York (1956).

We shall apply the formulae of a previous section to
the problems of the slowing-down of tritium nuclei by
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Mechanization of Non-linear Calculations
in Fusion Reactor Theory
By P. Braffort and M . Chaigne <

From Kurchatov's report 1 and recent British publications,2 the physical foundations of fusion reactor
operation have gradually been emerging. Before
attacking the technological problems presenting themselves to the engineer, it is necessary to specify various
quantities roughly, and to indulge in some (inevitably)
very approximate calculations for that purpose.
The object of our paper is to emphasize the role of
automatic computing, in particular analogue computing, in this field. Thus the study of plasmas and the
phenomena they involve calls for solution of a large
number of differential, integro-differential and partial
differential equations which are all but impossible
to attack manually. The analogue computation
that has afforded a quick and accurate survey of the
kinetics and dynamics of a wide variety of fission
reactors3 lends itself also to the solution of plasma
equations, despite their essentially non-linear character.
For example, the purely dynamic problem of the
evolution of a high current discharge in a plasma
involves a " resistivity " that depends on the temperature raised to the 3/2 power. It is therefore
necessary to use a generator of functions of the type

have occasion to use: the molecular and atomic
(ionic) level, the macroscopic level, and the nuclear
level at which the ultimate energy-producing phenomenon occurs. The various interactions can be
described as in Fig. 1.
In this section, we shall exhibit some equations or
systems of equations characteristic of various phenomena encountered at all three of these levels, of
course without any claim to completeness, and we
shall try to bring out certain features they have in
common from the point of view of mathematical
analysis. In later sections, some of these problems
will be taken up and methods of analogue solution
suggested.
Nuclear Level
The effect of temperature on the movement of ions
appears at the nuclear level and, in turn, affects the
probabilities of internuclear reactions, which is to
say the effective reaction cross sections and power
densities. For DD reactions, the reaction rate R is: 4
R =

2

<(cn>>av reactions per cm3 per sec

where n is the density; a, the effective reaction cross
section; and v, the ions' velocity.
With a Maxwellian velocity distribution at temperature T (kev), we have

y = x*'2.

Upon entering the space-time field, the conventional
use of non-linear elements in analogue computation
no longer suffices. But the underlying principle
of the analogue method is still applicable (that of
generalized negative feedback). At the cost of
using certain approximations and complicating the
automatic computation somewhat in structure, it is
possible in this way to attack the space-time field of
partial differential equations or integral equations.
We shall offer some suggestions for the application
of these methods to problems concerning the physics
of fusion reactors.

<»

a v

= 260 x 10-16 Г-f exp ( - 18.76 Г-*) ;
(T<50kev).

This relation, we need hardly mention, is typically
non-linear.
Atomic Level
On the atomic level, the movement of ions in the
plasma is determined by Lorentz forces of the type
y = or[E+ ( l / c ) v x B ]

MATHEMATICAL ASPECTS
OF THERMONUCLEAR PROBLEMS

to which correction terms must be added, in particular a term in у х В due to the Hall effect, whence 5

Analysis of thermonuclear phenomena takes place
simultaneously on three levels, a fact which we shall

У =

Original language: French.

where a = conductivity, E = electric field, В = mag-

* Commissariat à l'Energie Atomique, France.
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Scale of phenomena ;
macroscopic
atomic & molecular
nuclear

Temperature

Figure 1.

Diagram of interrelationships in nuclear reactor problems

netic field, v = displacement velocity and с = velocity of light.
We now have a classical dynamics problem, provided, of course, we know E and B.

equations of the Boltzmann type. In the case of a
Lorentzian plasma subjected to a constant magnetic
field H and an alternating electric field E cos cot, the
transport equation is 12

Df(x,v,t)/Dt = J(f),

Solution of Field Equations

To find the field (E,B) one must solve partial differential equations of the Maxwell type:6
1 d _
с dt

V x H -

dv

Consumption

1

a]

dv

cop*

where H = magnetic field, E = electric field, J =
current density, cop = natural frequency of plasma,
y = frequency of interaction of particles, itli = velocity of ions, m e — velocity of electrons, and p = pressure. These are equations to which the analogue
method can be adapted only with the aid of certain
approximations, but such approximations are now
entirely available.7-11
Macroscopic Level

The electromagnetic field governing the movement
of ions is not generated solely by the external circuits
acting within cavities of definite shape, defining
well-known boundary conditions. It also results
from the movement of the plasma ions themselves
so that special phenomena such as the pinch effect
arise. Here we have the transition from the atomic
to the macroscopic level. This transition can be
taken into account by considering the statistical
motion of individual ions. Mathematically, we obtain

where the operator D/Dt is given by
D/Dt = d/dt + v-Vr + (Г cos cot + (<o# Xv)«V,
in which Г = (e/m)E and шЯ = (е/ш)И. The function f(v,t) is the distribution function for electrons
with velocity v, and / is the Boltzmann collision
operator applied to a Lorentzian gas; it takes into
account only elastic electron-molecule impacts.
There is a classical method of arithmetical calculation
for the solution of such problems, the Monte Carlo
method. We shall see how a procedure derived
from that method can be used in the field of analogue
computing.
The nuclear reaction rate is determined by the temperature of the plasma and by the particle density.
The temperature corresponds to a mean kinetic
energy and can therefore be obtained by combining
the calculations for the atomic and macroscopic
levels. A connection with the nuclear level is made
by taking account of the control of the reactor. This
will be done in a later section of the paper.
EXAMPLES OF SOLUTIONS
A Purely Dynamic Problem

We have observed that the motion of an ion in the
electromagnetic field is an example of a dynamic
problem. Ultimately, the equations are of the form
F — ma, whence:
dH

Fy
m

MECHANIZATION OF FUSION CALCULATIONS
This is a system of three second-order differential
equations, for which an analogue can easily be given
(Fig. 2). The symbols in the analogue diagrams
of this paper are given in Fig. 3.
Since the field, in this instance, is not given in
advance and is not independent of time, it is necessary
to solve other space-time problems before getting to
this stage ; we shall therefore defer discussion to a later
section. Instead, as an example of a purely dynamic
problem, we shall study the evolution of discharge
current as a function of time in a fully ionized gas
enclosed in a toroidal chamber. The problem reduces
to the coupling of two electric circuits, one
of which is the gas in the toroidal chamber. 13 The
system of equations to be solved is therefore :

D C amplifier with gain 1

Integrator

( J

аг = RJ2L!
œ, = l / ( I A ) i

a2 = R2/2L2
œ2 = l/(L2C2)K

we obtain the following system of equations
dHJdt2 + 2ax dijdt + <V гг = — (M/Lj) d2i2/dt2,
d2i2/dt2 + 2a2 dijdt + œ22 i2 = — (M/L2) dHJdP.
The difficulty of such an investigation lies in the fact
that the resistance of the gas is a function of the
temperature and varies with time.
Supposing that the inductance L2 is constant,
using the formula given by Spitzer 14 to compute R2}
and neglecting radiation losses, the term a2 is finally
given by
a2 = 2.3 x 104

{fi22dt)~l*.

Hence we have to solve the integro-differential system

Potentiometer

D С amplifier with gain

M I

Electronic multiplier

pj • I

Servomechanism multiplier

I P I

Electronic divider

vx = R1i1
dijdt + M dijdt,
v2 = R2h + L2 dijdt + M dijdt,
dvJdt == — i;1IC1
dvJdt = — LIC2
where the circuit diagram is shown in Fig. 4. From
this, by introducing the damping coefficients and the
characteristic frequencies of these circuits,
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Function generator

о
d\

D C amplifier with infinite gain
Figure 3. Analogue symbols

-k

'L2\b d2u
dt2

dt4.6 x 104 di2
($i22dtyi* lit
dt2
2
The coupling coefficient k is defined by k = M2/L1L2.
We immediately see the non-linear character of
such a system. Also, the duration of the physical
phenomenon is very short, the investigation extending
over only 100 to 200 /¿sec. On the other hand, the
intensity of the secondary current is very high and
may reach a maximum of 105 amp. For analogue
solution of this system, we shall therefore expand the
time scale so as to study the phenomenon in about
2 minutes.
The (J4'22 dt)*\b term will be given by a servo-mechanism function generator in which an %l* curve is
introduced and which has a rotational speed governed
by time.
We suggest two analogues (Figs. Sa and 5b), the
choice depending on technical considerations (whether
a divider is available or not).
This method of calculation will quite readily yield
by direct recording the movement of discharge current
for very different values of the coefficients, these being
allowed to vary by a factor of 10. As to the accuracy
of the results obtained, this depends on the precision
of the recorder used.
A Purely Spatial Problem

Figure 2.

Block diagram of analogue for investigating motion
of a charged particle in a magnetic field

In this section, we shall investigate the ionic density
distribution n = f(r) in a fully ionized cylindrical
plasma in an axial electric field Ez and an axial magnetic field Bz, as a function of the distance r from the
axis of the cylinder, as shown in Fig. 6.
In practice, the study of such a distribution requires
knowledge of the behavior of the longitudinal magnetic
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Circuit 2

Circuit 1
Figure 4.
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Equivalent circuit for a gas discharge

field Bz and the circular magnetic field Be as a function of the distance r from the axis of the cylinder.
These two fields are determined by the following two
differential equations
dBzi
drs

dr8

= 4TZ

Bes Bz

Вд,*В„

|

In these two equations, the unknowns are the normalized dimensionless variables
B = B /B
and r = r E
aJB
B6s =
where Bzo is the initial value of the longitudinal
magnetic field Bz, or in other words, the value of
Bz for Y = 0] BQ and Bz are functions of r; and a± is
the perpendicular conductivity of the plasma.15
Computation with these dimensionless variables will
yield results that can be used regardless of the initial
conditions.
To this system we may add the equation
zs

Z

ZO)

s

z

Z0

in which n = ionic density, k — Boltzmann's constant,
and T = absolute temperature of plasma.
The problem so stated is to be solved in a stationary
case. Note that, in this instance, the plasma is
symmetrical with respect to two perpendicular planes
passing through the axis of the cylinder. We can
therefore convert the spatial problem to a plane
problem and confine ourselves to calculation along a
radius.
To handle this problem simply on our machines,
we shall take time as the analogue of distance from
the axis of the cylinder. Thus all quantities that are
functions of distance from the axis will become
functions of time. In the present case, the movement
of these various quantities over unit " normalized
distance " will correspond to the behavior of the
corresponding quantities during 10 seconds. Fair
precision is thus obtainable by this method.
For this problem we also suggest an analogue
diagram (Fig. 7), according as dividers are or
are not available. Note, in passing, the simplification of this calculation by use of an " electronic
operator ", serving to perform an operation of the
form AB/C. Elimination of a considerable number of
amplifiers (several with high gain) and avoidance of
division by means of a reciprocal operator substantially improve the accuracy of the calculation, which
is limited by the precision of the recorder.
Analogue computation will also permit the handling
of the inverse problem; that is, to find the value of a
parameter (Ez for example) required for a given value
of the ionic density wat a distance r from the axis.16
To solve this problem, we can proceed by successive
approximation, systematically manipulating all the
potentiometers in which the parameter in question
is concerned. The procedure will then be to perform

dns/drs = — BQ s drs

giving the ionic density distribution in terms of the
dimensionless variable
ns =

2nkT/BZ02,

.^

\_ш
:'2

11 amplifiers

1 multiplier
1 divider
1 function genera

16 amplifiers
3 multipliers
1 function generator

Figure 5. Analogue diagrams for the study of a discharge current: (a) when a divider is available, (b) without a divider
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28 amplifiers
4 servomechanism multipliers

Figure 6.

Analogue diagram for the determination of the ionic density distribution in an axial electric and magnetic field vs. the
distance from the axis

9 amplifiers
2 multipliers
4 divider-multipliers

Figure 7.

Analogue diagram for investigation of ionic density distribution
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19.08v

-32.6v

-11.44v

1+

24v

+ 12.12v

Voltage divider
for generating
the functions E z and dE

w

- 26.83v
18.33v
21.5v

Figure 8.

Distribution of potentials on the generator to obtain the function Ez and dEJ8z

the computation, in each case, for a time t corresponding to the distance rs, so as to obtain a smaller and
smaller error relative to the fixed value of n.
A Simple Space-time Problem

We here attack the problem of motion of a particle
in an electromagnetic field. Let us take the case of
a cylindrical geometry. Using the classical notation,
the equations giving us the position z of the particle
along the axis of the cylinder, the deflection r from
that axis and the velocity dz/dt (and hence the
energy) are
dh
m -~df = eEz{z) cos (cot + ф)
Er(z) = m

r8Es(z)
2dz

== e Er(z) cos (œt + ф).

As we said before, in such a problem the difficult
part is to provide a function generator that will obtain
the values of Ez and dEz/dz at any moment. Since
the analytical expressions do not lend themselves
readily to computation, we have adopted approximate
representations for Ez(z) and —

z

. 17 To generate

these functions, an apparatus has been devised, as
shown diagrammatically and pictorially in Figs. 8
and 9. The two "Plexiglas" discs measure about a
meter in circumference.
Each zone is divided into several sectors with
conductive coating, marked with the potentials
supplied by a network of resistors. The over-all
analogue diagram is shown in Fig. 10.
Obviously such a device does not permit very great
precision and, moreover, applies only to discontinuous
geometries. Accordingly, a field simulator18 of
more general usefulness has been devised. This
field simulator automatically provides the solutions
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tials &J.F-P k2V2, . . ., knVn on suitable intersections,
thus setting up boundary conditions.
Now the potential difference between two successive
intersections in the x direction is proportional to
dV/дх and the potential difference between two
successive intersections in the y direction is proportional to dV/dy.
Hence, if we require a potential reader to follow the
x(t) and^y(/) law, it will at any time deliver two signals,
one proportional to dV/дх and the other to dV/dy,
where V = V(x{t), y{t)).
SOLUTIONS OF SPACE-TIME PROBLEMS
IN THE GENERAL CASE

Figure 9. Pictorial sketch of disc function generator (servomotor
not shown). 1 = Pick-up contacts; 2 = Silvered sectors with
1 mm separation; 3 = " Plexiglas"; 4 = Dull finish "Plexiglas";
5 = 1 % resistors; 6 = + 80 volts; 7 = — 80 volts; 8 = Shaft
connected to motor; 9 = Metal disc attaching wheel to shaft;
10 = Second disc with 36 sectors; 11 = First disc with 28 sectors; 12 = Ground

of the potential equation in a two-dimensional space.
It can also give the solutions of partial differential
equations of various kinds and do this for any boundary conditions, even those dependent on time.
The principle of this field simulator is the following :
Let (x, y) be a plane space within which arbitrary
areas Sv 5 a , . . ., Sn are subjected to potentials V1}
V2, . . ., Vn- These potentials may vary with time.
For any moving point M with coordinates x(t) and
y(t), the values dV/дх and dV/ду are required.
For this purpose, let us make a small-scale model
of the space in question (see Fig. 11).
We draw the outlines of the areas Sv S2, ..., Sn,
cover them with conductive coating and bring them
to potentials k^V^ k2V2, .. •, knVn- Then, by the
familiar network method, we construct a grid consisting of a large number of resistors and provided at
each intersection with a sliding contact (Fig. 12).
The grid is such that: (1) each intersection represents
a point M of the space; (2) the potential of each
intersection is proportional to the potential V(x, y)
of the corresponding point M; and (3) the contacts
on areas Slf S2, . . ., Sn supply and impress the poten-

Though the investigation of the individual movements of charged particles in the plasma is very
interesting, particularly for the study of various
limiting cases, it will not }deld an over-all conception
of the phenomenon because the logical u loop " relating
the phenomena diagrammed in Fig. 1 is not closed.
Hence it is necessary to attack the macroscopic
problem of the plasma.
The underlying phenomena, as we have seen, are
the following: individual movements of ions in the
field between two impacts; impacts which cause
ion diffusion; and generation of fields by the motion
of the ions. Expressed in mathematical form, this
leads to two systems of equations: (a) diffusion
equations, derived from an equation of the Boltzmann
type, and (b) field equations derived from Maxwell's
equations.19
We are therefore confronted with a system of partial
differential equations so complex that the method
described above is not directly applicable. Numerical
calculation could of course be used, but here again the
complexity of the system to be solved would render
the programming very extensive and perhaps beyond
the memory capacity of ordinary machines.
Now there is an approximate method of calculation
currently used in numerical computation to avoid
excessive memory requirements—the Monte Carlo
method. The principle is familiar; to compute an
integral of the form ¡f{x)g(x)dx, we regard f(x) as
a probability density, find a random variable x having

Figure 10.

Analogue diagram for an investigation of the motion
of an ion in an electromagnetic field
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Figure 11.

Scale model as discussed in text

a density of this type, and take means over randomly
chosen populations of values of x, or rather g(x).
This method is especially convenient for solving
diffusion equations. 20 An interesting fact may here
be noted: the transition from an equation of the type
dP
dt

* \ dx2

'

dy2

to an equation of the type
P(m, n, s + 1) — P{m, n, s)
= I {[p(m + l> n> s) — 2P{™> n, s) + P(m — 1, n, s)]
+ [P(w, n + 1, s) — 2P(w, n, s) + P(m, n—l, s)]},
defined over a two-dimensional grid, is equivalent
to the transition from the macroscopic transport
equation to the microscopic equation describing the
" random walk " of individual molecules. (This is
only natural; for the inverse transition was precisely
that used by Chapman-Kolmogoroff in setting up
their diffusion equations.)
This tells us what route to follow, a route which
we shall here describe only in very broad outline.
Instead of taking as random phenomenon a discontinuous Brownian movement with transition probabilities given by a table of random numbers, we shall
make direct use of simulation of the motion and
collision of individual particles, of which we shall
take the means. Each individual calculation will
be performed as follows. The motion of an ion will
be integrated in the manner outlined in the previous
section, but: (a) the initial values for position and
velocity will be given by a noise generator; and
(b) the duration of the computation will likewise
be determined by chance with the aid of a noise
generator (with mean value corresponding to the meanfree path).
The results of the several calculations will be placed
in a memory circuit and averaged periodically; they
will be used to compute the macroscopic velocity
and current according to the formulas: 21

v ==
j=

i +

Certain technical problems arise at this point.
Provision must be made for memory storage of certain
results and for their delivery at definite times. We
have constructed an apparatus, meeting these require22
ments, which will be described elsewhere.
Also,
it will be necessary to make individual calculations
on a time scale differing from the scale used for the
simulator taken as a whole. We have replaced the
space averages by time averages, in effect, by making
use of the ergodicity of the phenomena considered,
and these averages taken successively must not too
greatly affect the behavior of the whole. Here again,
multiple-time simulation techniques have been deve23
loped.
Finally, the phenomena connected with the electromagnetic field take place in a three-dimensional
geometry. This leads to the use of not one but two
field simulators of the type previously described,
suitably coupled together. The general diagram of
such a simulator is given in Fig. 13; a more detailed
description will be published elsewhere.
Our proposed device has the advantage of being
based on simulation of the elementary physical
phenomena themselves and thereby avoids simplifications whose macroscopic effect is difficult to ascertain in such a highly non-linear field. Its disadvantage is that it cannot function in real time and hence
does not correspond to real thermonuclear engines.
It appears to us that this disadvantage should not
prevent our machine from finding a wide field of
application, even outside the domain of plasma
physics.
ROLE OF NON-LINEARITIES IN THE OPERATION
OF A THERMONUCLEAR REACTOR
Though the solution of engineering problems involved in the harnessing of thermonuclear energy is far
from complete, it is not impossible to investigate
immediately some of the dynamic problems presenting
themselves in this field.
24
Schultz, taking his departure especially from
Post's work,4 has proposed a system of dynamic
equations expressing the balance of energy and the
numerical balance of particles within a reactor,
respectively. These equations are as follows:

nemeVe)/Q

i — nGVe)e/c.

The current j will, in turn, be put into the device in
order to solve Maxwell's equations.

Figure 12. Grid of resistors for field simulator: (1) Paper supporting the conducting surfaces Sj... Sn; (2) Pick-up contacts
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The source 5 here represents the supply of fuel to the
reactor. It is then possible to compute the Laplace
transforms of this linear system and all the transformation factors, S -> T and S -> n, and then find the
conditions of stability by using the familiar criteria
of servo theory. As these equations are highly
non-linear, it may be wondered whether Schultz's
linearization may not pass over some regions of instability. We have therefore undertaken some attempts
to simulate the non-linear equations. Construction
of the analogue circuit presents some difficult problems
when it is desired to minimize the number of amplifiers
and multipliers. Figures 14a and 14b show two equally
possible set-ups, to be adopted according to technical
considerations (whether servomechanism multipliers
or electronic multipliers are available).
For some values of the coefficients, instabilities are
actually observed.
Of course, the formulation proposed by Schultz
involves drastic simplifications whose implications
are difficult to assess. But, in any case, the foregoing
inquiry has the merit of emphasizing the danger of
linearization in this field. It may be inferred that
simulation is here absolutely indispensable.
CONCLUSION

where K± — § К and K2 = J W ; W is the energy liberated by a reaction ; ос (Т) is a function of temperature,
depending on 5, the injection term; and KB, Kj> are
coefficients. The meaning of the various terms and
the detailed analysis of these two equations will be
found in the work of Schultz.
Schultz then puts:
n = щ -f- An(t)
T = Г о + AT(t)
S = S0 + AS(t).
The equations then assume the form
dt
dt
dAn
= CAT + DAn + AS.
dt

We have presented a group of methods affording a
considerable extension of the field of application of
analogue computing to theoretical studies concerning
fusion reactors. In all the cases considered, of course,
methods of numerical computation are possible, but
seem to be avoidable because:
(1) The precision required is not high, considering
that the physical quantities involved in the equations
are not accurately known ; and (2) at the present stage
of inquiry, it is essential to vary all parameters within
very wide limits, which is especially convenient by the
analogue method.
At any event, the methods described permit one
to avoid linear approximations, thereby pointing
directly to certain points of difficulty in the systems
studied and preparing the way for more thorough
investigation in the future.

Figure 14. Analogue diagram for investigating the dynamics of a thermonuclear reactor: (a) with servomechanism multipliers,
(b) with electronic multipliers
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Engineering Aspects of a Thermonuclear Power Plant
By L. Geller, R. W . Kupp and S. Koslov *

The optimistic picture of unlimited fusion power
in the near future for all nations of the world is tacitly
based upon the assumption that a D-D fusion reactor
is possible. A T-D reactor, though having numerous
advantages, e.g., a lower ignition temperature and a
relatively small fraction of bremsstrahlung radiation,
among others, does not seem to be economically within
the reach of any but the largest nations, since the
inventory of tritium required is extremely expensive
and difficult to come by. Of course, once a T-D
machine is in operation, or even a D-D machine for
that matter, it is presumably possible to breed sufficient tritium to maintain the inventory required.
However, the very difficult neutron balance problems
and material corrosion problems associated with this
tritium breeding on the one hand, and the attractive
possibility of using only naturally occurring materials
on the other make it of considerable importance to
pursue the development of a D-D reactor.
The plasma containment problem, common to all
fusion reactors, is assumed in the present paper to
have been solved. It is absolutely necessary that this
phase of fusion reactor development be satisfactorily
completed before any subsequent work can be done;
and since the present paper is a gross economicsengineering evaluation of the D-D reactor it is quite
reasonable to assume that such a reactor can be built.
The results derived below are limited by our present
knowledge concerning steady state containment of a
plasma so that a large solenoidal magnet surrounding
the reactor chamber is assumed to be an essential
constituent of the power generator. Future related
discoveries could play a large part in altering the
conclusions derived here.
A cross section of the kind of machine considered is
shown in Fig. 1. The reacting plasma in the center
is surrounded by the " bremsstrahlung shield ",
followed by the main coolant annulus and then by the
confining magnet coils. The bremsstrahlung shield
is a thin-walled water-cooled jacket capable of removing the enormous power brought away by the bremsstrahlung radiation and the ions in their collisions with
the wall. The main coolant annulus carries water
which absorbs and carries away the energy brought
out by the neutrons. In operation, the plasma ions

are continuously being purged and replenished. The
axial geometry of the reactor is left unspecified so
that both toroidal and rectilinear machines are included
in the analysis. All calculations are carried out
per unit length of solenoid structure and the total
length is chosen so that the gross electric power
produced is specified. For definiteness, the gross
electrical power is taken here to be 1000 Mw plus the
ohmic loss in the magnets. The saleable electric
power will then be that portion of the 1000 Mw not
used by pumps and other plant auxiliary requirements.
PLASMA

The plasma is assumed to be of uniform density
across the tube and to occupy a volume with a radius
less than the radius of the inner tube wall. This
plasma radius, rp, can then be made to correspond to
a real distribution, although for present purposes the
uniform assumption is satisfactory.
The temperature of the plasma was the first important variable to be determined, and fortunately,

7258.1

* Vitro Engineering Company.

Figure 1.
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The average reaction coefficients were obtained as
functions of temperature by fitting a formula of the
type
(av)i = W-*l* exp (Ai + BXW-I*)
1

to the data of Thompson.
The actual numbers
used in the calculations are given in Table 1.
For a power balance, it is necessary that the fusion
power Pi carried by the ions be sufficient to account
for the power radiated away via bremsstrahlung,
Pb, and swept away via the purge system, Pf*.
Pi = p b + P f .
The explicit forms for these powers in watts/cm3 of
plasma volume are
10- 2
2358.2

within wide limits, this is independent of all structural parameters and so may be considered separately.
For a given purge rate R and magnetic field В the
steady-state plasma temperature can be determined
by establishing a balance of the particle and magnetic
pressures, of each ionic species, and of the ionic
energy within the reactor chamber.
At pressure balance, the plasma density is related
to the magnetic field by
nW = 2.49 X 107J32,

(Ь)
(с)
(d)

(1.0)
(0.8)
(3.5)

+ 0.4 <

+ 18.3 <<7?/>

Рь = 4.84 x Ю- 31 W
X (fljy + Пр

P f = 2.4 x 10-16 nWR

and

where nG = nj) + nv + пт + 2 na + 2 ^нез is the
number of electrons per unit plasma volume. The
neutrons which are produced in fusion reactions
are assumed to leave the chamber with their nascent
energy, all of which is deposited in the coolant annulus.
The rate at which neutrons carry out energy is
P n = 1.6 x 10- 13

where n = total number of particles (electrons and
ions) cm 3 of plasma, W = temperature in kev and
В = magnetic field strength in gauss.
In order to keep the number of variables to a
minimum, a fixed value of В equal to 50,000 gauss has
been used in the reactor design evaluated. This
value was chosen because it is the largest field strength
that appears to be attainable using existing technology.
For an input of pure D, the reactions considered
are (The numbers in parentheses are the energies in
Mev associated with each particle.):
D Hh D - > T
3
D Hh D - > H e
-^He4
D Hh T
3
4
D -ih Не - > H e

D

+ 3.5 <O-Ï/>

Figure 2. Stable operating powers and temperatures vs. purge rate

и

2

P1 = 1.6 X 10- 13 (2

10- 1
Volume fraction purge rate Risec* 1 )

+ 14.1 <CTT;>C

пьпт).

The equations listed above were solved for the
quantities W, Р ъ Рь, Pf, P n and the ionic densities,

-bp ( 3.0 ).
-Ь n ( 2.45).
-Ь n (14.1 ).

(3.6) -bp (14.7 ).

At particle balance, the ionic densities, пъ are given
by
<cr?/>b
tin

(П-D/R)
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Figure 3. Stable operating powers and deuteron density vs.
plasma temperature
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Temperature Variation of Reaction Coefficients
Temperature, kev

Reaction

(a) D(D, p)T .
3
(b) D(D, n)He
(c) D(T, n)a .
3
(d) D(He , p)a

10

.
0.61
.
0.57
. . 105.0
.
0.07

30

20

2.82
2.84
260.0
4.78

40

5.67
5.89
387.0
12.5

all as functions of the sweep rate, R. Some of these
quantities are presented in Figs. 2 and 3, which show a
number of surprising results. In the first place, it
may be seen that for each admissible plasma temperature there are two stable sweep rates, and the curves
of Fig. 2 indicate that the reverse is also true. Correspondingly, there are two sets of Pi, P n and Wj> for
each temperature, as indicated in Fig. 3. It may be
observed that, as the temperature increases above
the minimum value of 33 kev, these quantities decrease
except for the slight initial rise on the upper branch.
The operating temperature giving the largest total
steady power generation rate is the lowest rather than
the highest possible temperature. Another significant
point is that at this lowest temperature the ratio of
Pi to P n is a minimum and, for a given total power,
represents the lowest bremsstrahlung radiation. For
these reasons, the reactor temperature is chosen to
be 33 kev.
It is important to note that this choice of temperature is permissible only if other considerations do not
place restrictions on the sweep rate R. At a temperature of ~ 33 kev, there is a relatively wide range
of possible sweep rates permitted because of the
rather broad minimum in the W-R curve of Fig. 2,
running from about 0.04/sec. to 0.08/sec. However,
mechanical limitations on removal of ions (or, more
likely, ionic diffusion rates to walls as determined by
the specific containment scheme), tacitly assumed to
be accounted for by adjustment of R, may require that
R lie in some other range of values. The choice of
W = 33 as the operating plasma temperature is
perhaps only opportune, but within the limits of our
present knowledge is justifiable. At this temperature,
as may be seen from the curves of Fig. 3, the neutron
and ionic powers are 5.3 and 3.8 watts/cm3 of plasma,
respectively.
HEAT TRANSFER

With the temperature thus suitably chosen, the
heat removal problems will be considered. The
bremsstrahlung shield surrounding the plasma is
designed to transfer to the power generating equipment the large amount of heat carried away by the
electron bremsstrahlung radiation and also the energy
carried by the ions swept out of the reaction volume.
The inclusion of this power, Pf, of magnitude comparable with the actual bremsstrahlung radiation, is
somewhat arbitrary but conditioned by the feeling
that some fraction of the " sweeping out " of ions will
actually be a loss to the walls. In any event, it is
a conservative assumption since any energy physi-

8.63
9.23
486.0
34.4

60

80

14.2
15.7
630.0
120.0

23.1
25.9
880.0
314.0

100

23.2
26.4
796.0
442.0

cally swept out of the chamber will reduce the load
on the bremsstrahlung shield, and insofar as the
over-all heat balance is concerned could conceivably
be partially recovered.
The bremsstrahlung shield will have to be fabricated
out of thin-walled tubing joined together in a laminated
cylindrical envelope. Water pumped through this
tubing will carry away the heat deposited in the
walls. No appreciable amount of neutron energy will
be deposited in the bremsstrahlung shield which is
considered to be essentially transparent to these
particles.
Experience with fission reactors indicates that there
is a limiting heat flux above which heat is difficult to
remove by conductive heat transfer to aflowingcoolant. This limit is not well defined, of course, but
a value of 5 X 105 BTU/hr ft2 seems as high as would
be justifiable at the present time. Ingenious schemes
for convoluting or otherwise artificing the bremsstrahlung shield may elevate this limit somewhat, but
will not change the main conclusions derived below.
These are based on the assumption that 5 X 105
BUT/hr ft2 is the allowed rate for heat deposited in the
bremsstrahlung shield, i. e., Рь and P f . Letting гъ
denote the radius of the latter, the condition that has
to be met is
5 X 105 (BTU/hr ft2)
3.413 (BTU/hr watts)
= 3.8 (watts/cm3 plasma) X (30.48)3 X rurp2
fp2 = 2.72 rb.
As previously noted, the neutrons give up their
energy to the coolant water in the annular blanket
surrounding the bremsstrahlung shield. The thickness of this coolant blanket should be sufficient to
remove essentially all the neutron kinetic energy and
also to provide adequate radiation shielding for the
surrounding magnets. (On the other hand, it should
not be so thick that it introduces pumping or heat
transfer problems.) Preliminary calculations indicate
that a thickness of 3 ft is reasonable, and it is this
value that is consistently employed. Rather wide
variations in this value have only a slight effect on the
efficiency of the system so that its exact value is not
critical.
It has often been suggested that a considerable
increase in the energy carried away by the main
coolant water could be obtained by dissolving in the
water a substance, which is a strong neutron absorber
and which yields a high energy capture reaction
product. There certainly are several substances
or
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which have these properties, but unfortunately they
generally bring with them severe corrosion problems.
Alternately, a liquid metal coolant could be used. For
this reason, no w£ energy multiplier " has been assumed
dissolved in the coolant stream and credit for only
the 2.23 Mev capture gamma of the (n, p) reaction
is taken. By far the larger number of these will be
captured in the coolant water directly, and so this is a
justifiable assumption. Using the numbers derived
from the solution of the balance equations, the gain
in energy due to this source turns out to be 1.6 w/cm3
of plasma.
The total power, per foot of reactor, carried away
by the main coolant water will thus be 6.18 X 105fp2
or 1.68xl0 6 f b w/ft. Combining this with the
power carried away by the bremsstrahlung shield, the
gross thermal power to the steam plant is seen to be
P t h = 2.62 rhL Mw
where L (ft) is the axial length of the reactor. This
thermal power is converted to electrical power at
some efficiency y. For a large plant similar to the
type utilized in fission reactor technology naturally
adaptable to a fusion reactor, a value of y = 0.28
is attainable, so that the total electrical power at the
generators will be :
P e = 0.731 rhL Mw.
MAGNET POWER

Of the power, a large part P m will be needed to
maintain the confining magnetic field. A smaller
fraction will be needed for other plant devices. The
remainder is available for sale. Considerations involving the problems associated with distributing power
from large conventional central stations indicate that
1000 Mw of net electrical power is the most that can
be economically handled, and this value has been
used in determining the parameters of the reactor.
For simplicity, it has been assumed that the energy
requirements of the pumps and other plant machinery
can be ignored so that all electrical power generated
goes either to the magnets or is available for sale; in
symbols,
Pe = Pm + Psaleable - Pm + Ю9.
The magnet power is determined once the outer
magnet radius is fixed. Using the common form for
the ohmic loss in a solenoid, it will be :
L
where
pt = resistivity of copper (assumed coil material) at
temperature t\
В = magneticfieldin gauss — 50,000 gauss;
r± = inner radius of magnet = Гъ + 3 ft;
r2 = outer radius of magnet in feet ;
L = axial length of reactor in feet ;
f = " free-flow " fraction of the solenoid crosssectional area required for magnetic cooling.
It is assumed here to be equal to 0.4.

L. GELLER et al.

The operating temperature of the magnet coils for
maximum efficiency has been studied to some extent.
The coils could be run hot so that heat could be recovered, although at the cost of an increased ohmic loss.
Alternatively, the coils might be refrigerated to
extremely low temperatures. Using simple considerations and available cost data, the cheapest scheme
turns out to be the operation of the magnets at a
temperature somewhat above ambient, around 60°C.
For the sake of illustration, the costs relative to 60°C
of removing the heat from the magnet coils at various
operation temperatures are shown, by the following:
mp.

°C

Heat removed

60

1640
1160

- 20
- 200

850
116

+ 200

Mw

Extra cost, M$

48
—
57
61

Inserting the known numbers in the formula for P n
gives :
L watts,
so that the relationship connecting P e and P m may
be used to determine the axial length of the reactor
as a function of r9 and ?v
L = 1370 / U - 0.683 r2 + ^b + 3

REACTOR SIZE

In establishing a reasonable set of parameters for a
typical machine, a number of limiting factors have
to be generally considered. The maximum diameter
of the magnet coil winding, r2, should not be too large,
although it will undoubtedly be much larger than
usually occurs in industrial devices. In order not to
be too restrictive in this regard, values of rp up to
28 ft were included in the calculations. Another
limitation on the outer coil radius is imposed by
geometrical and confinement requirements. For
example, if the magnet coil is in the form of a simple
toroid, then its axial length, L, must exceed its minor
radius, r2, by at least a factor of 2n. In general it
seems evident that some restriction relating the
length and radius of the magnetic coil will be necessary.
The restriction used in this paper is that L > 6тгг2,
which implies that if the magnet is in the form of a
simple toroid, its major diameter is at least three
times as large as its minor diameter.
Using the formulas and restrictions developed
above, it is now possible to make a practical parametric study of fusion reactors with the bremsstrahlung
shield radius, гъ, and the outer magnet radius, r2, as
the independent variables. As a " figure of merit "
for the system, it seems natural to choose its relative
total cost obtained as the sum of relative capital
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Outer radius of confining magnet r 2 ( f t )

Capital cost vs. outer radius of confining magnet,
for specified values of r b

costs of the conventional power generating machinery
and of the copper in the magnet coils. Other costs
have been ignored or implicitly factored into one of
the above. To determine the relative total cost, it
is assumed that the capital costs appropriate for a
fission power plant, including the reactor, steam
generating equipment and electrical system, may also
be used in the present case of a fusion reactor to cover
the same items. The capital cost assumed for a
fission power plant is $300/kwe. The cost of fabricated copper is taken to be $l/lb. I t is clear that,
since the system generates the electricity needed for
its own magnets, less electrical generating capacity
will be required if the current supplied to the magnets
could be reduced by increasing their size and thus
reducing their resistance. This would require more
copper and could not be carried too far before the cost
of the copper becomes greater than that of the
generating capacity saved.

=
=
=
=

6 ft.
18 ft.
$550/Net kwe.
350 ft.

The mechanical design of the plant will perhaps be
as critical a factor in assessing the ultimate feasibility
of the concept as the plasma-magnet heat balance.
The capital cost of the D-D machine is certainly higher
than either a conventional or fission power plant, and
the design complexity and tolerance for error more
difficult. Even assuming a virtually perfect initial
construction for machine components, the thermal
stress, corrosion in the heat transfer and magnet
piping and radiation damage will certainly require
replacement. Although we are not faced with a
fission product inventory problem, the intense neutron
flux impinging on the heat transfer system will result in
activation considerably above tolerance levels for
repair.
The over-all machine design must visualize a sectionally demountable system. The machine in either a
toroidal or linear geometry is of essentially constant
construction except perhaps for end sections in a
linear machine.
Assuming a toroidal geometry, a
study of possible designs would seem to indicate that
the entire machine can be divided into sections of the
toroid. Each section can be fastened together
insofar as the vacuum envelope is concerned by using
the access space permitted between the magnet coil
sections. It will be recalled that the heat transfer
blanket piping is an integral part of the vacuum envelope. Therefore, each toroid section will consist of

With the figures assumed above, the cost of the
plant exclusive of the magnets will be 0.3P e = 2.19
X 105 fbL dollars, and the cost of the magnets will be
555(1 — /)т7(г22 - r±2)L or 1050 L{r22 — гг2) dollars,
using a density of 555 lb/ft3 for copper. The sum
of these quantities was computed as a function of r2
for a number of values of гъ. The results, normalized
to a net electrical power of 1000 Mw, are presented in
Fig. 4. I t may be seen that for each fixed value of
гъ, there is a corresponding value of r2 which minimizes
the capital cost. These minima decrease as n>
increases and without other restrictions an extremely
large value of гъ and also r2 would seem to be indicated.
However, it was noted previously that physical
considerations restrict the length of the reactor in
accordance with the equation L > бтгг2. In Fig. 5
are drawn curves of L versus r2, for a fixed value of
гъ and also the line L = втгг2.
Only those design values lying to the left of this
straight line are admissible. The corresponding
maximum admissible values of r2 are indicated on the
curves of Fig. 4 as small vertical bars. I t may be
seen that a large portion of the possible designs are

10
2358.5

20
Outer radius of confining magnet r 2 (f t)

Figure 5. Axial length of reactor vs. outer radius of confining
magnet, for specified values of r b
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a separate coolant loop. The access pipes for this coolant loop will emerge in the allowed space between the
magnet sections and be suitably paralleled externally.
Recalling that the use of relatively small diameter (because of the bremsstrahlung absorption
characteristics) pressure piping in the interior appears
to be necessary, the use of relatively short coolant
flow lengths to a larger manifold would be desirable
in any event. One of the really critical design points
will be the elimination of hot spots inside the heat
transfer blanket.
A possible choice for the magnet coils would be to
wind them with square pipe with the interior walls
stainless steel clad for corrosion resistance. The
over-all coil-space factor allowing for the magnet
coolant flow and the access spaces between coil sections can be reasonably estimated at about 0.6. Each
section can now be disconnected after shutdown by a
semi-remote system and moved radially outward
from the machine for replacement or repair.

L GELLER et a/.

CONCLUSION

The simple treatment given above indicates that a
D-D reactor may be a relatively efficient power producer, even under the severe limitations imposed.
This conclusion is, of course, based upon optimistic
capital cost assumptions which at the present time
cannot be evaluated because of lack of engineering
data. Many of the practical design problems have
been glossed over or completely ignored. Among
these may be mentioned the very difficult problem of
part replacement ; the design of the ion purge system ;
the ignition heating system; the details of the bremsstrahlung shield and vacuum chamber wall; and the
radiation damage incurred. The possibility of developing a fusion reactor will certainly depend upon the
successful solution of these problems, but it is hoped
that these will be dealt with as the state of the art
advances.
REFERENCE
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Thermonuclear Reaction Rate in a Discharge
By H. Grad

The electrical conductivity of a plasma is found by
computing the deviation from Maxwellian of the
electron distribution produced by an externally
applied electric field. This problem has been solved
for the Boltzmann equation using the ChapmanEnskog theory by Landshoff x and for the FokkerPlanck equation by Spitzer et al2 In principle, the
same methods could be used to compute the ion
distribution and from it the thermonuclear output.
However, for this application, the high-velocity tail
of the ion distribution is of crucial importance and
this cannot be evaluated by the conventional methods.
The reason lies in the method of linearization employed. The electric field E is assumed to be small,
and the resulting deviation of the distribution / from
the Maxwellian /(°) is also small. The " forcing "
term E«#//dÇ is replaced by

The summation convention is used for tensor subscripts; time and space variation have been dropped;
/г'(!) is the number density in velocity space; el = zb e,
the electronic charge. The dynamical friction coefficient aj and dispersion coefficient ЪГ8* are given by
(2)

W(f)=¿f S

(3)

j

where
V = (e*/4n>c2mi2) In Я

(4)

Я = 12n(xkT)i/{2n)ie*

(5)

=f(Vr/V*mri)dr¡
Br¿(£) = f[(V*ân

(see Eq. (12)). This is a small perturbation of a
Maxwellian /(°) only if E«Ç is small, not when E
alone is small. Furthermore, the collision term, which
is a quadratic functional of / in either the Boltzmann
or the Fokker-Planck equation, is usually linearized
according to the scheme / = /(°) -f /i1), so that,

(6)

- VrV8)/V*]fJ(ri)dti(Vr = rjr~ ir).
(7)

Rationalized mks units are used ; к is the permittivity
of free space; Я is the ratio of the Debye length to the
mean distance of closest approach in a Coulomb
encounter; n is the ion density. Other convenient
forms for the collision term are

Q(f> Í)
assuming that /i1) <C /i°). We shall find the perturbation /W to be much larger than /(°) in the tail of the
distribution even though /fl) is always small in an
absolute sense.
We shall be able to avoid these difficulties by making
use of certain special features of the Fokker-Planck
equation and by introducing an asymptotic expansion
in the electron-ion mass ratio.

(8)
(9)
where

THE FOKKER-PLANCK EQUATION
The two equations (i = + and — ) can be written
in the form 3

P/ =

(10)

Qr' =

(И)

The coefficients A and В can be evaluated explicitly
for a Maxwellian /,
= n(2nRT)~3/2 exp ( - Ç2/2RT).

(12)

In terms of
(13)

* Institute of Mathematical Sciences, New York University.
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(14)

BrsW = {2J7z)Hn/^RT){{ôrsx - xrxs/x*)
X fQx (exp - \y*)dy - F(x)[ôrs/x* - 3xrxs/x*}}

(15)

where
F{x) = *-* JQ* exp ( - Jv2)^v - exp - \%* (16)
Ar(°) is directed radially inward.
tropic and can be written

(17)

JBX measures the dispersion in the radial direction and
B2 measures the tangential dispersion on a sphere
x = constant.
The dependence of |Л(°)|, Вг and B2 on x is shown
in Fig. 1. For small x we have the expansions

2 = + I(2/7i)4n/<jRT)(l

- Ж* 2 + - . 0

(18)

and for large #,
Ar(<>) ~ -

(n/RT)(xr/xz)

B1~2n/{*jRT)*lx*
B2~[nl{oJRT)ï](llx

all velocities, the radial component b±+ becomes
electron dominated above a certain speed between
C + and C__. One conclusion we draw is that the
relaxation time for that part of the ion distribution
which lies between C+ and C_ is in the order of the
mean ion-electron relaxation time, which is about
(ш + /ж_)* slower than the relaxation time for the
bulk of the ion distribution.
LINEARIZATION OF THE EQUATIONS

Br8(°) is not iso-

В„(0) = B^rXs/x2 + B2(ôrs — W * 2 ) -

- I/*3)

(19)

the terms neglected are exponentially small in this
case.

H. GRAD

For the main part of the distribution, a solution of
the form
(20)
is valid. Let us assume, tentatively, that such a
solution has been obtained for both the ion and the
electron distributions. Since Ar(g) and Br8(£) are
given as integrals over /, they can be computed from
(20) and the results are valid for all values of | . It is
assumed (later verified) that the tail of the distribution is exponentially small even though it may differ
markedly from /(°). If we insert the known functions
Л г ( | ) , ¿re(f) into the Fokker-Planck equation, the
collision term becomes a linear second-order differential operator on /. The complete Fokker-Planck
equation is now linear (one need not tamper with
the term E«#//#Ç), and it is uniformly valid for all
values of f. Note that the equation is homogeneous;
E does not multiply an inhomogeneous term, it is
a parameter in the differential equation. Because of
this we can no longer expect the solution to be linear
in E.
We shall find that the deviation of the ion distribution from Maxwellian is extremely small except for
the tail. Consequently, we can take the Maxwellian
values A(°), J5(°) for the ion contributions to a+ and
b+. For the electron coefficients we write
Ar

= Ar(

Figure 1.

The coefficients ar and brs have a simple intuitive
interpretation. A particle which is known to have the
velocity |> at time zero " diffuses " in the interval dt
into a normal distribution peaked about £r + ardt
with second moments brsdt. The equilibrium distribution /(°) is the result of a competition between a
directed frictional force, ar, tending to bring each
particle to rest and a random dispersional " force "
brs directed outward. In equilibrium, the logarithmic
derivative of / (which is — Çr/RT) is given by the
ratio of Q to bx (Ъг and b2 are defined as in Eq. (17)).
Many interesting properties can be deduced by
inspection of the formulas for ar and brs. For example,
the ion friction coefficient a+ has a local minimum
for a speed somewhere between the mean ion speed
C + and the mean electron speed C_ ; it is dominated
by ion-ion collisions for low ion velocities and by ionelectron collisions for high. Although the transverse
component of the dispersion, 62+, is ion dominated for

(21)
where
ArW =
. (22)
We are interested only in that part of the ion distribution for which | « C _ . For the electron coefficients
(22) we use an expansion about small £, obtaining

(23)
where
Фг =/0 ф{х)ах.

(24)

The value of фг can be found without solving for the
entire electron distribution function ф(\£2) by inte-

REACTION RATE IN A DISCHARGE
grating the ion Fokker-Planck equation after multiplying through by gr. The result is
+ (e/m+)Er]f+(Ç)dS = 0.

(25)
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obtaining
\bxd2j\dr2 ~ ЪЪЕ sine d2f/drd6 + {b2/2r*)d2f/de2
+ \P2jr -г грг + Е cose (p2 — e/m)]8f/8r
+ [£ôa cote + E sine (ô8 — b2 + e/m)](l/r)8f/80

Using the identity
/

0

(26)

+ dqJ8r)]f = 0,

for Л+ and the approximation (23) for A~~, we find
2

2

фг = — 3^W_/4TTL + W + = Зх <т-/е* Ы .

(27)

Surprisingly, the only fact that we need to know about
the perturbed electron distribution in order to compute the ion distribution is the single parameter фг
which represents the mean frictional force between
ions and electrons. This comes out of the formal
analysis of the next section, but it can also be explained qualitatively.
The very slight deviation from Maxwellian of the
ion distribution is easily explained. To a first approximation, the ion distribution can be considered to be
a ô function on the scale of electron velocities. The
electric field accelerates the ion stream relative to the
electrons until the mean frictional force balances
the applied field. However, the individual ions all see
essentially the same value of electron friction; consequently, for each ion the electric field is balanced
by the electron friction and, to this order, there is no
de-Maxwellizing effect. To the next order of approximation, we consider the electron friction as a linear
function over the range of ion velocities instead of a
constant. To the same order, the dispersion is still
a constant since its slope is zero at zero velocity. It
is easily verified that a linear variation of friction
combined with a constant dispersion is compatible
with a Maxwellian ion distribution. We conclude
that only the extreme tail of the ion distribution,
where these approximations are not valid, will exhibit
any deviation from Maxwellian. It is now also clear
why to a certain order of approximation the perturbation of the electron friction and dispersion coefficients can be computed from the single parameter фи
which selects the point on the ion friction and dispersion curve around which the ion distribution lies.

(30)

where we have set
brs = b^ris/i2 + £2(<5re — £r£s/£2),
(31)

The coefficients h, fi, q{ are functions of r alone. То
the order of approximation taken,

b3+ = (8/15)^1+,
(32)

= e¡m,
where
(33)

x = Ç/C+.
Factoring out the Maxwellian function

(34)
we obtain
d2g/dx2 — xdg/dx - 8*ехъ cose g + f гъе sine d2g/dxdd
+ %{n/2)b{x8)-*d2g/dd2 + cote (dg/80) = 0 (35)
in terms of the dimensionless electric field

ASYMPTOTIC EVALUATION
OF THE DISTRIBUTION FUNCTION
We are interested in ion speeds in the range
C + < | C c _ . To make this statement precise we
introduce the expansion parameter e:
tn-./m+ = e6, C+jC— = e3.

— Pft + r(8qJ8r) + £ cose (4rq2 + r2(dq2/dr)

(28)

For deuterons, w+/w_ ~ 3600, C-/C+ ~ 60, and
s ~ ¿. Actually, there are two small parameters,
E and 8, but they will eventually be related. For
the ion coefficients we use the high-velocity approximation (19) and for the electron coefficients the lowvelocity approximation (18) and (23). First we
transform to spherical coordinates, taking E as the
polar axis,
E.Ç = Er cos 0, S2 = r2,
(29)

S = - (3/5) (2л)f фгС^2Е/п
= (9/5) (2тг)| K2kTE\ne* lnA,

(36)

This equation is to be solved subject to the restrictions
3
1 <C x < 1/e and ê < 1. If x ~ 1/e or smaller, it is
easy to see that g does not depart appreciably from
unity. In the more interesting range, for x ^> 1/e
(e.g., x г*** 1/e2), the dominant terms in the equation
are dg/дх and g; the solution is
g ~ exp {—

cos

1/e».

(37)

The dimensionless electric field ê is essentially the
energy gain of a particle in the electric field over a
mean-free-path compared to the mean thermal
energy kT. If this quantity is large then no linear
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theory is adequate. The exponent in g has order
<^/e3, say 1/e2 if S ~ e, and this can be large, producing
an enormous perturbation of the Maxwellian distribution. On the other hand, the exponent in the Maxwellian has order 1/e4 for %>—' 1/e2, so the distribution
function / itself is very small in this range.
One of the most interesting features of the formula
(37) is the minus sign in the exponent. This implies
that the ion distribution function is depressed below
the Maxwellian in the direction of E and is enhanced
in the opposite direction. Of course, since we have
already observed that to ]owest order, the forcing
term E is exactly cancelled by the increase in electron
friction and it is no longer a matter of simple intuition
which direction this higher-order effect will take. As
it turns out, the fact is that the electron dispersion
coefficient decreases in the direction of E (the ion
distribution has been shifted in the same direction as
E from the maximum of b), that produces the effect.

H. GRAD

mate the integral by the maximum value of the
integrand to obtain
v = v(°) exp {[1(Г(7(°))%3/С:+2]2};

(41)

v(°) is the Maxwell-averaged thermonuclear output
with ê = 0. It is convenient
to convert в = kT into
kev, n into ions/cm3 and E into v/cm.4 For
temperatures which are not too high, we have
12.4/0*

(42)

from which we obtain
v = iA°) exp {[0.9 x l015EOi]2/n 1пЛ}
WW/C+ = 1.5 X 1016Ев*/п lnA.

(43)
(44)

A representative set of values for which the14exponent
in (43) has order unity might be n ~ 10 ions/
cm3, E r^>\ v/cm and в <—' 0.5 kev ; lnA is about
14. The most interesting point about the formula
for v is the extremely sensitive dependence on n, E
and в. The transition from a negligible correction
THERMONUCLEAR OUTPUT
to an enormous one requires a small change in the
parameters. A specific feature is the emphasis
on
Since we have computed only the dominant term,
low density; combined with the factor n2 which is in
i.e., the exponent, of the distribution function, we
v(°), we find that v has a minimum as a function of n
carry out the thermonuclear computation to the same
when the exponent is unity and then v rises very
order. If we write
rapidly. For example, in a discharge of varying
a ~ exp jbi^
(38)
density it is likely that E would be approximately
m =
uniform and the thermonuclear output might then be
for the D-D cross-section (V is the relative velocity as
concentrated in the lower density regions. However,
in Eq. (6)), the thermonuclear output is given by
one should recall the fact that the appropriate relaxation time—i.e., the time required to build up the
tail of the distribution—is, for one thing, long (com(39)
parable to the ion-electron relaxation time) and,
With the exception of ¡bt, the integrand is the exponential for another, inversely proportional to the density.
Formula (44) is also of interest since TFÍ1) measures
of a polynomial in f and fr We introduce the
the mean shift in the center of mass of the reacting
variables V = ¡г — | , W = fx + f and find that the
deuterons. The energy spectrum of the neutrons
integrand has a maximum at WM and Fi1) given by
emitted has a shift of the order of the thermal energy
when the dimensionless term has order unity. In the
2
2 6
2
example above the shift is about 0.5 kev. We recall
= {l/2kT)[l - i<? (F(°)) e /C+ ; (40)
that this shift should be observed in the direction
opposite to E.
is the maximizing value for S = 0. We approxiREFERENCES
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Transient Temperature Variations During the Self-heating
of a Plasma by Thermonuclear Reactions
By Howard D. Greyber f

To discuss the energy balance in a fully ionized gas
with very low Z nuclei and a temperature in the region
of 10-1000 kev, it is necessary to consider the temperatures of the ion and electron gases separately. This
is because the energy transfer mechanism between
ions and electrons becomes, in this region, smaller
than the characteristic energy sources and sinks for
the two gases.
If, in addition, the radiation produced escapes more
or less freely from our system,î the radiation present
is not in equilibrium with the matter (and, in fact,
the concept of radiation temperature is not applicable).
If we state that the energy source for our fully ionized
gas is the thermonuclear reactions among its constituents, then the combination of the aforesaid conditions,

If we assume a system completely open to neutrons
and radiation and closed as far as loss of charged
particles or any other form of energy drain other than
neutrons and radiation is concerned, we may write for
a constant volume system (magnetic field increasing
in such a way as to keep constant volume)
(1.6 X 10-9)3/2nfn = ¿LPDD + ЪРШ - Pi-e (la)
(1.6 X 10-9)3/2nTe=

( 1 — а)Ръъ

where T = temperature
in kev, n = number of particles per cm3 and PDD = energy production rate
from DD reaction

Tn, Te ^> " radiation temperature, "
where Tn = nuclear or ion temperature, Te — electron temperature, is usually described as " nonequilibrium thermonuclear burning ".
Such a process is probably at least a rough approximation to the thermonuclear burning contemplated
in some form of CTR. § Due to the extremely low
density of the plasma, the system is essentially
" open " to radiation. Also, if a 50%D, 50%T
plasma is contemplated, for temperatures above 10
kev, Tn will be appreciably different from Te.
The motivation for this work arose from an observation by Rosenbluth that in a different but related
physical situation, Te could exceed Tn during transient
heating. We have undertaken to trace the transient
temperatures to be expected in an idealized physical
situation that still bears some resemblance to what
one envisions for the CTR.
* Work done at University of California Radiation Laboratory, Li ver more, California.
t Now at General Electric Co., Schenectady, N. Y.
i Dimensions "reasonable"; i.e., 0.1 to 100 meters; the
density is low.
§ Controlled Thermonuclear Reactor—any geometry.

(2.4 + 3.5/2)
(1.6 X 10-6) ergs sec-1 cm-3.

(2)
Only deposition of charged particle energy is counted.
One-half of a DT reaction is added for each DD reaction. We assume no depletion and instantaneous
deposition.
X

P D T = energy production rate from DT reaction
X (1.6 X 10~6) ergs sec-1 cm-3 (3)
where njy = number of deuterons
per cm3 and n?
3
= number of tritons per cm .
The coefficients a and b indicate the fraction of
nuclear energy deposited to the nuclear and electron
gases. The expression for a is identical with that
used by Fermi and Ulam of Los Alamos :
a == 0.3 + 0.005Te
1-я = 0.7 — 0.005Te
1 — b = 1 — 0.01 Г е ; a, b are always kept < 1,
Pi_e = energy transfer rate from nuclear gas to
electron gas
T• — 2T
= 1.244 X 10-21 n* l
ergs sec-1 cm-3,
PB = energy production rate in bremsstrahlung
radiation 24 2
1
3
= 5.38 X 10~ n Te* ergs sec" cm" .
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Figure 1

We have done the calculations for n = 1014 but it
is clear that one may scale the results simply for
number density. The time scale will vary inversely
with density; hence for n = 1015, divide times on
accompanying graphs by 10, etc.
The integrations were carried out on the IBM
Card Program Calculator (CPC), and the results are
shown in Figs. 1, 2 and 3. Three cases were run:
(I) 50% T and 50% D; (II) 10% T, 90% D; and
(III) 1%T, 99% D. Some cases were run for two
different starting temperatures.
A check calculation was run with At = 0.01, 0.1
and 1.0 second and the comparison showed that the
interval of At = 0.1 used gives graphs quite close to
those for Д^ = 0.01, and hence, are fairly accurate.
However, a much larger source of error is our assumption of instantaneous deposition of energy by the fast
charged reaction products. A rough estimate of the
time for a 3.5-Mev He4 nucleus (or a 1-Mev T) to
to slow down to zero energy in a deuterium-tritium
mixture at n = 1014 is given by т = 0.4(Ге»), where
Te is in kev and r is in seconds. Thus for Te = 25 kev,
r = 2.0 seconds. One can infer how the curves
would look were this factor correctly introduced into
the calculation. First we qualitatively note that
a fast charged particle spends most of its time
losing energy to the electron gas (only near the end
of its range) and rapidly loses the remainder to the
nuclear gas; (1) the Te curve will exceed the Tn
curve by a larger amount in the range below 70 kev

I
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TRANSIENT TEMPERATURE VARIATIONS IN A PLASMA

than calculated, (2) the cross-over points where
Te = Tn will be at higher values than calculated.
Also the time scales for the rise of temperature with
time will be increased; i.e., the time to reach Tn
= 100 kev may be greater than calculated by perhaps
as much as a factor of 2.
The results of the calculation, although rough, give
us an idea of the time scales involved in the selfheating process. Of course, other losses than those
considered here, such as energy lost in particles diffusing to the walls, energy lost in particles leaking through
magnetic mirrors, or useful output such as work
against moving mirrors, or particles exciting to a di verter, etc., would all tend to lengthen the time for a
given temperature rise. It is clear that our Eqs.
(la) and (lb) could easily be generalized to include
extra terms such as above mentioned or energy input
terms such as compression or magnetic pumping
while burning, if simple expressions are available.
The time-dependent energy deposition feature, although complicated, could also be added.
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We derived the equations for the case of a plasma
at constant pressure while burning (constant magnetic
field—experimentally obtained by " crow-barring "
the magnet coils) and integrated them also on the
CPC. Unfortunately, there appears to have been
a numerical error in these calculations and no graphs
are given for these cases.
One qualitative result of this work is that it would
be unsafe to assume that the nuclear temperature is
always equal to or greater than electron temperature
in a discussion of plasma instabilities for a plasma
with tritium concentration equal to or greater than
10%.
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Fusion Chain Reaction
By M. Gryziñski
medium, <(c) the mean cross section for the A + В
reaction, we can write

CHAIN REACTION W I T H CHARGED PARTICLES

With the discovery of the fission chain reaction with
neutrons, the possibility of obtaining a chain reaction
with charged particles was abandoned because of the
small efficiency of charged particles in nuclear reactions. In the most advantageous case, T (D, n)
He4, the efficiency attained is only ~ 5 X К)-3 reactions
per 14 Mev deuteron. However, no note was taken
of the fact that the efficiency depends on the physical
conditions and in some cases may be greatly increased.
This is especially true for nuclei of small charge, where
the factor of Coulomb barrier penetration is not too
high. The development of the chain reaction with
charged particles is therefore possible only for light
nuclei, where the release of nuclear energy is due to
the process of fusion. Only highly exoenergetic
reactions of large cross sections may lead to the fusion
chain reaction ; these are the same reactions as those
which are involved in thermonuclear reactions.1

7>l(dE/dx)~l.
24

FORMULATION OF THE PROBLEM

The mechanism of a fusion chain reaction, which is
due to in statu nascendi reactions, is as follows. In an
exoergic reaction A + B, in which weakly bound
groups of nucléons of nuclei A and В form strongly
bound groups of reaction products, we obtain particles
having kinetic energy. Part of their kinetic energy
is transferred in elastic collisions directly to the A and
В nuclei of the medium. The recoiling A and В
nuclei, in the process of slowing down to thermal
energy, have some probability of leading again to the
reaction A + B. Under normal physical conditions
the dissipation of the energy of the charged particles
in collisions with electrons is so large that their range,
L, in the medium is much smaller than the mean-free
path, X, with respect to the nuclear process. Therefore, only a small fraction of recoil nuclei lead again
to the A + В reaction. The development of an
avalanche is possible when the sum of ranges of the
recoil nuclei ^jX-% is comparable to X. Since 2¿£¿ —
EQ(dE/dx)~1 and A ~ (iV^cr»-1, where EQ denotes the
kinetic energy released in the A + В reaction, dE/dx
the average energy losses of recoil nuclei per unit
path length, N the density of reacting nuclei of the

(1)

2

If we assume {a) ~ 10~ cm , EQ ~ 10 Mev, we
find that the atomic stopping power or stopping factor
(dE/dx}/N == <CJ> EQ would be 10~17 ev atom-1 cm2.
Under normal physical conditions it is about a thousand times higher,2' 3 and we are far from satisfying
the criterion (1).
The main idea of the problem involves the dependence of the atomic stopping factor on the physical
conditions.
Under normal physical conditions, in the moderate
energy range, the most important losses of energy of
heavy charged particles are due to scattering from
electrons. They are about four thousand times
higher than the energy losses in all other processes.3
The atomic stopping factor due to scattering from
electrons was discussed in detail by the author,4
and, according to Eq. (6) of Ref.4, for a particle f
having a velocity V^ and a charge Z^e, it is
/dE\sc __
\ dx /el ~~

Z?

f(Ve);G[(Ve)]dVe

(2)

where f(Ve) is the momentum distribution of electrons
in the medium and G the universal stopping power
function given by Eq. (8) of Ref. 4. There it was
shown that these losses depend mainly on the velocity
distribution of the electrons, especially in the case
Vg < Ve- In the limiting case V¿ <C Ve, the asymptotic
value of G becomes § {VJVe)z whereupon we have

Hence we see that the energy losses connected with
the scattering from electrons decrease very strongly
with their velocity. The electron momentum distribution can be shifted into higher velocities by a
considerable rise of temperature or by increasing the
density up to the strong degeneracy of the electron
gas. In this way we can decrease the atomic stopping
factor so that the condition (1) is fulfilled.
Atomic Stopping Factor

As mentioned above, the main energy losses of
charged particles are due to scattering from electrons,

* Institute of Experimental Physics, Warsaw University,
Warsaw, Poland.
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cross section of particle \ from the nuclei A, and N
the number of nuclei per cm3. Thefirstterm in Eq. (6)
represents the Coulomb scattering, and the second the
nuclear scattering, which we assumed isotropic in the
center-of-mass system.
The stopping factor due to inelastic collisions with
nuclei is:

Electron bound in hydrogen!
24

Plasmo electron» (N = Ю )

/

1941.1

0.01

The sum is taken over all channels with the excitation
energies AEi.
The energy losses connected with the bremsstrahlung 7 of heavy charged particles are very low in
comparison with the losses given above; therefore,
they can be safely neglected.
Finally, the stopping factor of nucleus A and
its ZA electrons is :

Proton energy in Mev

dE

Figure 1 . Theoretical calculations of the stopping power of
electrons bound in hydrogen, electrons of plasma at different
temperatures, and electrons of a Fermi gas

which scattering depends on the state of the medium.
To evaluate the stopping factor of plasma
electrons 5 we have to use the Maxwellian momentum
distribution in Eq. (2). We obtain an approximate
dependence on the temperature of the plasma if we
make the substitution f{Ve) = ô «F e > — Ve), where
(Ve) = (8kT/7im)* is the mean thermal velocity of
electrons. In the case of interest, V^<^ Ve, we have
/dE\sc

(' iimYI*

a

3

\^/plasmaelectrons ~

m

\8kTJ

Ч

The total atomic stopping factor of hydrogen plasmat for protons and the relative contribution of
their components in various conditions are plotted in
Fig. 2.
Evaluation of Multiplication Factor
To determine the exact conditions for the development of an avalanche, we shall examine an infinite
homogeneous medium formed by a mixture of two

(4)
10-14

Similarly, taking into account the momentum distribution of a Fermi gas, we obtain the stopping factor
of Fermi gas electrons {cf. Eq. (18), Ref. 4 ; also Ref. 6)

ы

Total stopping power of hydrogen atom of plasma

J

1

Fermi electrons

W.ln

(7)

10Г

15

Scattering from nuclei
Scattering from electrons

se
(5)

where F ma x = {3n2)i{ñ/'m)Neb) Ne the number of
electrons per cm3.
The results of exact computations, where for the
maximum impact parameter we have put Anax =
2V<r* (Appendix 1), are plotted in Fig. 1 for various
temperatures and densities.
A decrease in the electron scattering losses increases
the role of energy losses connected with the interaction
with the nuclei of a medium.
The contribution to the atomic stopping factor due
to elastic scattering from nuclei of mass WA and
charge Z^e is:
/dE\elasticsc
(6)
where /igA is the reduced mass, KgA =
(wj + nixf and <3gAsc the elastic nuclear scattering

-16

m

|

10- 17

10 18
0.01
^941.2

0.1

1
10
Proton energy in Mev

100

Figure 2. The stopping power of hydrogen plasma andjthe
relative contribution of its components

t As shown above, the stopping factor of hydrogen plasma
under the conditions existing in the sun, ^ 2 x 107 °K,
is about one hundred times lower than that of hydrogen
under normal physical conditions. Therefore, Bethe's calculations 8 of the efficiency of reactions in statu nascendi in the
sun (with the assumption that the energy losses are approximatively the same in both cases) are not valid.
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kinds of nuclei, A and В, which can initiate the exoergic reaction. We denote by JVA and NB the number
densities of reacting particles, by ОАЪ^ the laboratory
cross section for the reaction A + B (the bombarding
particle is denoted by the first lower index) with the
emission of the particle £. The particles, of high
kinetic energy, obtained from this reaction produce a
certain number of recoil nuclei.
If f^(E^°) is the energy distribution of the £ particles obtained from each reaction A + B, then the
number of £ particles in the energy interval, E^° to
Eg0 + dEg°, is fg(Eg°)dEg0. Since the major part of
the reaction A + В in the avalanche occurs in the
moderate energy range (100 — 500 kev) and since the
reaction A + В is strongly exoenergetic, we have
assumed that this distribution is independent of the
energy of the entrance channel. If in the result of
reaction A + В we obtain two particles, the function
fg{Eg°) is the д{Е£ - Ей) function. Owing to the
destruction of particles £ on interaction with the A
and В nuclei, the initial number fg(Eg°)dEg° of
particles along the path x drops to the value
q (Eg°,x)fg(Eg°)dEg where
X

q (Eg*, x) = exp - JQ (NA

agA + NB ^ j

dx

(9)

and о^А(а^в) is the total reaction cross section of the
particle £ with the nucleus A (B ). Taking into account
that the energy of particle £ on the path x drops from
E£ to Eg because of energy losses, we can write the
last expression in terms of Eg

=exp-j;

(10)

{dEgjdx

where (dEg/dx) denotes the loss of energy of the
particle per unit path length. Introduce

the cross section for the production of recoil nuclei
A of energy Ex to EA + dEA by the particle £
with energy E^. Then the number of the recoil
A nuclei, with energy interval EA to EA + dEA
produced by the particles £ from the reaction A + В
along their paths, is
ga(EA)dEA

=

tions we can write the energy distribution for the nth.
generation of recoil nuclei A :

aA(n) (£ A )

(П)

SC

£A {Eç> EA) is given by the scattering differential
cross section а^с(Е^, в) and the relation between the
angle of scattering and loss of energy in the collision.9
Summing up all the products of the A + B reaction
we obtain:
We can write a similar expression for the energy distribution of recoil nuclei B. As a result of the elastic
scattering of the first generation of A and В nuclei
we obtain the second generation of recoil nuclei of
the medium. With the help of the above considera-

f

gA(n

>A,

E»A)

=

NB

(7AASC(E"A, EA)
(dEnA/dx)
aBAsc(E"BEA)q(E'B,E"B

(dE"B/dx) '
(13)

If we add the energy distributions of all generations we
obtain the energy distribution of the whole cascade
initiated by the particles from the reaction A + B :
(И)

= ХГС£А (£А).

GA{EA)

(14)

Having obtained the distributions GA{EA) and, in a
similar way, GB(EB), we can give the number of
A + B reactions in the slowing-down process of the
cascade initiated by the particles from the one reaction
A + B:

k=JGA

NBOAB(E'A)q

X(EA,E'A)
X (Ев, Е'в)

(dE'B/dx)

(15)

If the reaction A + B has only one exoergic channel
the number k is the multiplication factor for the
given medium. The condition for the development
of the avalanche, therefore, is k > 1.
In the numerical calculations, as long as the slowing
down process of the products of reaction A + B and
recoil nuclei is due to scattering from electrons, we
can take into consideration only the first generation
of recoil nuclei. Then from Eqs. (4), (5) and (15) we
have :
a. in the case of charged products of the reaction A + B

Y-i1*

forplasma

jeiJ
|дте2 for degenerate medium
b. in the case of neutrons
.

{dEgldx)
a

M. GRYZIÑSKI

, /dE\sc~]-1
dx /el

(T3I* for plasma
for degenerate medium

(17)

Critical Mass
All our present considerations concern the conditions for the development of fusion chain reactions in
infinite media. In a finite medium the conditions
are different and a critical mass exists as in a fission
chain reaction.
In the first approximation, the critical mass can be
estimated very easily if we consider that the mean-free
path Я with respect to the elastic scattering of the
particles taking part in the reaction has to be comparable with the dimension L of the system. If we
denote by N the number of nuclei of a medium in a
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(21a)
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X
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(21b)

Since the energy losses of deuterons and tritons up to
107 °K, in the case of a plasma, and up to 103 g/cc, in
the case of a degenerate medium, are due to scattering
from electrons we can write
10 4

Э

1О
10°
Temperature of DT plasmo in °K

10

е

Í* 0

NB

dE'

Figure 3. The multiplication factor in 50% D-T plasma as a
function of temperature

/
NT

unit volume, b y m t h e mass of a nucleus in grams,
and b y <a> s c t h e cross section for elasting scattering,
we obtain mcr ^ W^ZVA8 = w 1 (^o') s c )"~ 3 iV~2. Taking
into account t h a t <V>SC ^ 10- 2 4 cm 2 and m1 ъ 10~ 2 4 g,
the critical mass in grams is
48

2

10 /iV .

(18)

We see t h a t t h e critical mass is very strongly dependent on t h e density of a medium. F o r densities
N = 10 2 8 , 10 2 4 , 10 2 0 nuclei/cm 3 , t h e critical masses
are 10~~8, 10°, 10 8 grams respectively.
NUMERICAL CALCULATIONS
Now, to illustrate the theory given above we shall
determine the conditions for the development of a
fusion chain reaction in a D-T mixture.
As a result of reaction D + T w e obtain alphas and
neutrons with energies ~ 3.5 Mev and ~ 14.1 Mev
respectively. Because of the much greater initial
energy and much lower energy losses for the neutrons,
most recoil nuclei D and T result from scattering of
neutrons; therefore, according to Eq. (12), gi>(1) {Ев)
ъ* gni)(Ej)) and £т (1) (£т) ^ £пт(£т). Taking
into account the fact that the absorption of fast and
intermediate neutrons in the D-T medium is negligibly
small we have qn t& 1. Assuming the scattering of
neutrons from D and T nuclei isotropic in the centerof-mass system, we obtain
<TnDSC(£n, Ев)
anTsc{En>ET)

(TnD SC

where a

/dEB\sc
-~z—
\

d%

,
and a

/el

(22)

——
\

dX

are given by Eq. (2).
/el

The value of the multiplication factor obtained by
the numerical calculations for a 50% D-T mixture
under various conditions are plotted in Figs. 3 and 4.
The cross sections we have put equal to the geometrical cross section and авт is taken from Bame and
Perry. 1 0
CONCLUSIONS
The role of the in statu nascendi reactions in the
release of nuclear energy depends on the physical
conditions and, in the case of high temperature or
high density, they are decisive. If we denote by £ш
the energy released in a unit volume in the thermo-

1941.41

(En)

OnT sc (£n)

f

H

]-•'

jí

lio-»

J

(19)

Because, in the first approximation, the slowing down
of neutrons is due to elastic scattering from D and T
nuclei

\ Kn

n

onTscNT

(20)

the energy distributions of the first generation of
recoil nuclei are, respectively:

10"
Density of electrons in 50% DT medium

Figure 4. The multiplication factor in 50% D-T medium as a
function of density for T = 0°K
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T«mp*retur« of DT plasma in °K

Figure 5. The release of energy in exoergic mixture for the
usual thermonuclear process, and for a process taking into account
in statu nascendi reactions

nuclear process, then the energy released in a unit
volume with respect to the in statu nascendi reactions is
where k is the multiplication factor for the given
medium. The factor k depends on the temperature
of the medium—or, more accurately, on the temperature of its electrons—and on its density. As the
multiplication factor approaches unity, the process
of energy release has an avalanche character and the
entire nuclear energy of an exoergic mixture is released
instantaneously. The stationary state for a slow
release of energy does not exist above the critical
temperature or above the critical density; even at a
temperature of absolute zero the exoergic mixture is
explosive.
A plot of Eth (Reí. 11) and Etot as a function of
temperature for 50% D-T mixture is given in Fig. 5.

As was pointed out previously,4 the maximum
impact parameter is, in general, a function of the
velocities of interacting particles, their masses and
charges, as well as of the external fields. In each
problem this parameter must be determined separately.
In the case of electrons bound in atoms, or Fermi
gas electrons, the determination of the maximum
impact parameter does not present any difficulty,
but in the case of plasma electrons it is the
subject of many discussions. According to Cowling,12
Chandrasekhar 13 and others, it is suitable to put the
maximum impact parameter equal to the mean
distance between the ions, but according to Landau,14
Cohen, Spitzer and Routly 15 and others, it must be
equal to the Debye radius.
From Eq. (2) it follows at once that in the limiting
case Fg<C VQ the atomic stopping cross section is independent of the assumed value of Z)maxTo determine the maximum impact parameter in
the second limiting case, Ve<^Vg, we must take into
account the fact that the charged particles of the
plasma are interacting with each other. Consider two
particles with charges + Ze and —• Ze and the distance
r between them : the Coulomb force between them is
(Ze/r)2. The transfer of momentum to such a binary
system from a particle | is negligibly small when the
force of interaction between the particle | and each
particle of the system is less than the force of internal
interaction, or: Z2(e/r)2 > ZZ^e/D)2. Taking into
account the mean value of distance between charged
particles in the plasma we finally obtain Dmâx ^ N~l.
The assumption that the maximum impact parameter is equal to the Debye radius will slightly change
the numerical results owing to the logarithmic dependence on Anax-
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Theory of the Energy Development in a Thermonuclear
Plasma of Deuterium and of Deuterium-Tritium
By Mrs. D. Magnac-Valette, E. Lacombe and P. Cuer *

We have studied the evolution of a thermonuclear
mixture for concentrations of 1018 and 1017 ions per
cm3 and for temperatures of (116 and 1160) X 106°K,
taking into account the contribution from secondary
reactions. It is assumed that no deuterium or
tritium are supplied during the evolution time. The
temperature is assumed constant and the pinching
of the charged species perfect. Neutrons leave the
mixture without causing any secondary reactions
because of their long mean free path.
We denote the different concentrations of
D

He 4

by x

У

n
z

He 4
w

T

p
и

Integration of these equations yields the total
nuclear power in the plasma, P¿(Mev/sec cm2), and
the power carried off by the neutrons, Pn. The calculations were made with the aid of an electronic
computer. The initial concentration is unimportant
since a scaling of the concentrations changes nothing
if the inverse scaling is carried out on the time variable.
The initial conditions which have been considered are
given in Table 2. It is assumed, moreover, that the
thermalizing time is negligible in comparison with the
mean life of the particles.

V

Table 2. Initial Conditions

and the coefficients (av) for the different possible
reactions are tabulated below (Table 1).

Case

A
В
С
D

Table 1
Reactions
D

+

D
D
D
T

+
+
+
+

D -> V
D -> n
T -> H e 4
He 3 -> H e 4
T -> H e 4

+
+
+
+
+

T
He3
n
P
2n

+ 4.03
+ 3.25

y z= \fix2

W —

+
+

— Ôxy

\$X2

+ OLVX

-\-

8V2

2

iy%
+ ÔXy
\у%% + °tvx
—
OLVX +

Xy +

£t 2

>

\&V2.

This set of equations can be reduced since u, w, z
represent inactive reaction products which are functions of xy y, v and because the conservation of mass
and charge give us two other equations
2x

X
x
x
X

10 6
10 6
10 6
10 6

10 1 8
10 1 7
10 1 8
10 1 8

0
0
10 1 7
0

The calculations were performed using a successive
approximation method in which the mesh size was
selected such that the error was always less than
10~6. The results are summarized below and in
Figs. 1 and 2 for the four cases given in Table 2.
I. On the curves marked A (T = 116 X 106°K, x0
= 1018 cm3), we note that the primary reactions
D (D, p)He3 and the secondary reactions D + T
make equivalent contributions to Pt, but that the
secondary reaction D+He 3 does not exceed that of
D (D,n) until after t = 0.61 sec. ; Pn being always
greater than Pc. The threshold, as determined from
the radiated power lost in the plasma and calculated
according to Post,1' 2 is not surpassed. Therefore,
it seems that a thermonuclear reactor cannot supply
energy even at this high temperature.
II. We have performed the calculation for T
= 175xlO6°K in order to compare our results with
those of Lawson.3 According to Lawson the threshold
is surpassed at this temperature for P¿ = P&. However, our numerical results do not agree with this
conclusion. We performed the calculation several
times and restricted ourselves to the evolution during
the first 35 msec.

Mev
Mev
17.58 Mev
18.34 Mev
11.32 Mev

X = — ¡3x2 — yX2 — OLVX — Ôxy

П =
v =

116
1160
116
175

vo(cm~3)

<ov>

The evolution of the mixture proceeds according
to the following differential equations

Z =

xo{cm~3)

T(°K)

3y + z + й + 3v + 4w = 0
2y
+ û + v + 2w = 0.

* Particle Physics Laboratory, Strasbourg.
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DEVELOPMENT

Moreover, according to Ruark 4 the threshold is
displaced to somewhere around 400 X 106°K. Generally, it can be said that at these temperatures it is
the triton which reacts and not helium 3, the temperature still being too low.
III. We also investigated the possibility of surpassing the threshold P& by adding to the deuterium an
amount of tritium determined from the initial conditions by making уо/хо = 0.1 as shown in example
С (T = 116 X 106°K, x0 = 1018 cm3, v0 = 1017 cm3).
The reaction T + T is cited although it does not play
an important role. While the tritium is being used
up, the threshold is surpassed at 14 msec, as is shown
rather badly on the power graphs but clearly on the
tables of numerical results. Afterwards, the development is similar to that in case A. It would appear,
therefore, that the reinjection of tritium would be
interesting from all points of view since the charge
[Z — 1) of this reaction is low and, therefore, the
radiation product losses are barely increased.
IV. Finally we studied a pure deuterium plasma
in case В (T = 1160 X 106°K and x0 = 1017); the
threshold temperature lies between A and C. Here
the threshold is surpassed because of the D D(p)
and D T reactions during the first 6 msec and also
due to the D He3 reaction which becomes paramount
and plays the role of a relay which prolongs the life

(of the reactor) to 0.31 sec. This can be explained
through the contribution to the 430 Mev resonance
by a significant portion of the Maxwell distribution
and because a large fraction of the reaction energy
(18.34 Mev) is completely utilized (no emission of
neutrons). However, the introduction of He 3 into
the plasma would be less interesting than the addition
of tritium because Z — 2 and the radiation losses
would be substantially increased.
In conclusion, we note that one must be cautious
in the calculation which we have done here with the
help of Post's formula. If we use the results of
Thomson and Redhead,5 Ръ is doubled and this
modifies the life of the reactor but does not alter the
general conclusions.
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ness. Most of the work to be reported in this session
is devoted to the solution of this kind of problem,
without which further progress is impossible.

Mr. I. E. TAMM (USSR): The first projects for
creating controlled thermonuclear reactions that arose
in the various countries were relatively simple in
principle. However the approximate theory on which
these projects were based has proven to be completely
inadequate in practice. We have been obliged to
fall back on calculations of a vast number of corrections and effects of the second or third order of small-

DISCUSSION OF P/365, P/2214, P/347 AND P/33
Mr. TAMM (USSR): There is now some time for
discussion. Since questions have not been forthcoming, and since there are close relations between
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these papers and the ones following—e.g. Dr. Rosenbluth's, and those of Shafranov and others—we shall
add this time to the next discussion.
DISCUSSION OF P/347, P/1, P/1307, P/2213,
P/2215, P/2300 A N D P/2292

Mr. P. HUBERT (France) : Dr. Rosenbluth, has the
United States practically realized a stabilized pinch
in which the magnetic field outside is opposite to the
magnetic field inside?
Mr. M. N. ROSENBLUTH (USA): Experiments on
this are just beginning. I believe that we have had
difficulties for other reasons, probably due to the
unstable plasma oscillations. I should mention that
the instabilities which are cured by having the external
reverse longitudinal field are actually very slow
instabilities, and therefore one has to have a quite
well stabilized plasma for these instabilities even to
show up; therefore we have not yet been able to cure
them.
Mr. S. CIULLI (Romania) : I should like to ask
Dr. Rosenbluth, what is the order of magnitude of the
oscillations of the electric field caused by the ionelectron separation?
Mr. ROSENBLUTH (USA) : I do not quite understand
the question. If you mean the unstable plasma
oscillations, this would seem to depend in great
detail on the distribution functions of the different
particles. In particular, if there is any tendency to
form beams of electrons one gets very rapid instabilities.
Mr. B. KURSUNOGLU (Turkey) : Mr. Leontovich, I
should like to ask how you calculated the bremsstrahlung. Have you used the Born approximation?
What kind of plasma potential did you use?
Mr. TAMM (USSR) : The main point of the paper
of Mr. Leontovich, which I should like to reformulate,
is the calculation of the intensity of the magnetic
radiation. One must take account not only of magnetic radiation at the gyromagnetic frequency, but at
the higher harmonics as well. If the magnetic field
is of such a magnitude that the magnetic pressure is
equal to the pressure of the gas, magnetic radiation
at the higher harmonics becomes most important,
making the dimensions of any working reactor of the
order of tens of thousands of meters.
Mr. F. CAP (Austria) : Do you see from your theory,
Mr. Leontovich, any possibilities of reducing the
radiation loss of a plasma?
Mr. A. LEONTOVICH (USSR) : Yes, for example, by
reflection, evidently.
Mr. R. F. POST (USA): I should like to ask
Mr. Leontovich whether he has calculated the effect
of the reflections from the walls suggested by Budker.
Also, is the absorption coefficient calculated by detailed
balance or another method ?
Mr. LEONTOVICH (USSR) : We have estimated the
reduction in magnetic-radiation losses that can be
achieved with reflecting apparatus. It is hardly
convenient to reproduce these estimates here, since
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they depend on the practical matter of what the
coefficients of reflection can be for the materials and
operating conditions. This depends on the temperature as well as on the materials. The results are
sensitive to the value of the reflection coefficient.
In contrast to what appears at first glance, the
appraisal shows that while the losses can be decreased,
it is hardly possible to gain an order of magnitude.
The non-uniformity of the magnetic field leads to a
broadening of all the absorption curves. Therefore,
it is obvious that in the principal range of radiation,
the absorption curve is rather monotone, without
sharp maxima.
It should be noted that the radiation losses are
material only if the magnetic field penetrates the
plasma. For example, if the magnetic field is that
of a current with a pronounced skin-effect, the radiation output will be small.
The numerical calculations expressed by the graphs
relate only to the special cases we indicated. It is
difficult to give a general formula.
Mr. S. A. COLGATE (USA) : Dr. Allen, you state no
assumption of electron adiabaticity but assume a
drift v = E X B. Does not this drift apply only
for adiabatic electrons?
Mr. J. E. ALLEN (UK) : No such assumptions were
made. The equations used were Newton's equation
of motion for the individual electrons. In fact, the
electron motion is not adiabatic, in the sense that the
energy is not proportional to the magnetic field, for
example. Nor are the electrons tied to lines of force;
rather, they move with respect to the lines of force.
Mr. COLGATE (USA) : But then E X В is not the
drift velocity, unless the electrons are unaccelerated.
Mr. ALLEN (UK) : We have not used any concept
of drift velocity at all.
Mr. POST (USA) : I should be grateful, Dr. Fainberg,
if you would please discuss whether there is a threshold
of particle density for the 109-fold enhanced Cherenkov radiation?
Mr. S. M. FAINBERG (USSR) : If it is a matter of
electron oscillations, then there really is a threshold,
since for densities of order 1013 or 1014 cm~3, say, the
degree of division of the waves is very small. The
dimensions of a bunch must be of the order of a millimeter and less to fulfil the coherency conditions.
Therefore it is necessary to make very short bunches.
However, this difficulty can be evaded by going to
longer wavelengths, to ion-acoustic oscillations or
other ion oscillations.
Mr. COLGATE (USA) : Mr. Sagdeev, have you considered the possibility of non-adiabatic electrons in
extremely strong shock transitions?
Mr. R. Z. SAGDEEV (USSR) : I have considered the
limiting case in which the shock width and the wavelengths greatly exceed the Larmor radius of the electrons, since the possibility of a shock wave is easiest
to understand in this case.
Mr. B. D. NAG CHAUDHURI (India): Can Mr.
Shafranov give us any information on the Cherenkov
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absorption coefficient as a function of the frequency
of the incident electromagnetic radiation?
Mr. V. D. SHAFRANOV (USSR): The Cherenkov
absorption of electromagnetic waves by electrons is
considered in my article in the / . Exptl. Theor. Phys.,
No. 6, 1958. The Cherenkov absorption of magneto-

hydrodynamic waves by ions was considered by
Braginskii and Kazantsev in Fizika Plazmy i Problema
Upravlyaemykh Termoyadernykh Reaktsii, 4, 24
(Moscow, 1958). This question was also considered
at the Kharkov Institute by Stepanov. It is discussed
in the paper of Fainberg in these Proceedings.
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Ion Cyclotron Resonance
By T. H. Stix and R. W . Palladino

at resonance, each ion will move around a line of
force in a tiny growing spiral orbit. In this manner, a
low density plasma can be heated very effectively.
At higher densities, say 1013 ions/cm3, this single
particle picture is no longer valid. Ion currents
induce an electric field inside the plasma which has a
decelerating effect on the ions, and heating a moderately dense plasma at the ion cyclotron frequency

Calculations and experiments have been made on
the ion cyclotron resonance phenomenon in a fully
ionized gas. One is especially interested in this
for directly heating the ions in a plasma. In ion
cyclotron resonance (Fig. 1), an ion is in a magnetic
field and a transverse electric field which oscillates
at the ion cyclotron frequency. The ion velocity
changes direction every half period, but so does the
applied electric field and they remain in phase with
each other. Energy is fed into the ion motion, and the
ion will move in a growing spiral orbit.
If now we try to induce such a transverse electric
field in a plasma, one asks whether some electron skin
effect might prevent the penetration of the applied
electric field into the plasma. However, the electrons
are tied to the magnetic lines of force and they cannot
carry a skin current. Thus, it turns out that if the
plasma density is sufficiently low, an applied electric
field will penetrate completely into the plasma and,
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* Project Matterhorn, Princeton University, Princeton,
New Jersey.
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experimental work, we will find evidence that the flow
of this neutralizing electron current along the lines
of force heats the gas.
Figure 3 shows the spectra for ion cyclotron waves.
The resonances are indicated as lines and are plotted
against magnetic field strength. We look first at the
picture denoted by "no waves". Here we have the
lowest densities and, as a consequence, single particle
acceleration of the ions in the electric field. The ions
move in growing spiral orbits and there is strong
power absorption by the ions from the electric field.
There are no waves at this very low density condition.
For moderately high densities (see Fig. 3) there
are ion cyclotron waves. The different lines indicate
the different radial mode numbers and, for the highdensity condition, all of the modes occur at magnetic
fields considerably stronger than the cyclotron field,
Bo. Once the ion cyclotron wave has been set up,
the ions do not absorb energy from the electric fields.
Therefore there is no damping of the wave.
The second picture in Fig. 3 shows the spectrum for
ion cyclotron waves for somewhat lower densities.
The various modes now occur at magnetic field values
which are somewhat closer to the cyclotron field, Bo.
There is still no damping of the waves. Now in the
third picture, the density is quite low and the modes
now occur at magnetic fields very close to the cyclotron
field, Bo. This is an intermediate case between the
ion cyclotron wave resonance and the single particle
resonance. For this condition we have waves, but the
ions begin to move in growing spiral orbits and pick
up energy from the electric field. In this case we
have ion cyclotron waves which are slightly damped.

Induction coil

becomes very inefficient. However, if one keeps
the frequency fixed, but goes to a slightly stronger
magnetic field, one finds the existence of natural oscillations of the plasma. These natural oscillations, which
we call "ion cyclotron waves", are in fact the shortwave, low-density limit for the extraordinary hydromagnetic waves described by Alfvén and Âstrom.
Figure 2 illustrates some of the standing wave patterns
for these " ion cyclotron waves "; a side view and a
cross section of a cylindrical plasma at the same instant of time are shown. The plasma is assumed to
have a uniform density, to be surrounded by vacuum
and to be in a strong axial magnetic field. Individual
ions move in circles around the lines of force, but the
phases and amplitudes of the ion velocities vary sinusoidally both in time and in space.
The ion flow has a non-zero divergence, which ordinarily would produce a large space charge and would
result in large electric fields. However, since the ion
flow pattern is periodic in the axial direction, the electrons are able to flow along the lines of force and neutralize the ion space charge. This axial flow of electrons is also illustrated in Fig. 2. Later on, in the
RF
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The transition from the undamped waves to the
slightly damped waves is particularly interesting
because it provides a method for thermalizing the
ion cyclotron waves; that is, for transforming the
wave energy quickly into heat. It turns out that it
is equally valid to talk about wavelengths instead of
about densities, and it is the short wavelengths which
are damped. To illustrate a plasma heating scheme,
we make an analogy with ocean waves running up on
a beach. A cross section of an ocean beach is shown
in Fig. 4. The waves are moving in toward the shore
and, because the water is getting shallower and shallower, the wavelength of the ocean waves becomes
shorter and shorter. Finally, in the shallow water,
the waves are unable to propagate and they "break";
the wave energy is transformed into heat. Similarly,
one might use an induction coil to generate rather long
wavelength ion cyclotron waves and allow these
waves to propagate along the magnetic lines of force
through a region where the magnetic field tapers off
and becomes somewhat weaker. The wavelength
becomes shorter and shorter and, finally, when the
wavelength is sufficiently short the waves damp out
and the wave energy goes into heating the ions.
It would be in this magnetic "beach" region where the
real heating of the gas would take place.
EXPERIMENTAL

The ion cyclotron experiments were performed on
the B-65 stellarator. A drawing of this machine is
shown in Fig. 5. It is in the shape of a torus or racetrack in which toroidal confining magnetic fields up to
20,000 gauss can be produced. It is equipped with
a divertor and also with helical windings to give a
rotational transform to the confining magnetic field.
The large iron-core transformer is used to induce an
ohmic heating current which flows along the magnetic
lines of force. The resonance box on the far leg of
the machine contains the induction coil for the resonance heating. A photograph of the induction coil
is presented in Fig. 6. The coil is made up of four
sections in which current flows in opposite directions
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in adjacent sections of the coil. The coil is thus two
wavelengths long and this establishes the wavelength
of the ion cyclotron wave which we are trying to generate.
The resonance box is shown in more detail in Fig. 7.
The induction coil surrounds a ceramic tube which is
53 cm long. The high voltage rf connection is
brought into the center of the coil and the two ends
of the coil are grounded. The windings for the
confining magnetic field, which is uniform to within
± 1 - 7 % over the length of the coil can be seen in
Fig. 7. Also, at the bottom of Fig. 7 is a plot of the
magnetic field intensity. Beyond each end of the
coil there are magnetic mirror fields with a 3-2 mirror
ratio. We have not yet installed the magnetic
" beach " geometry on a stellarator.
The time sequence of the operations is depicted
in Fig. 8. First the confining field rises and reaches
a peak in about six milliseconds. While it is rising,
an rf electric field directed along the magnetic lines
of force breaks down the gas. Ohmic heating is
turned on for a time just long enough to reach full
ionization. The ohmic heating is then turned off
and the resonance heating is turned on for two milliseconds (a diagram of the resonant heating circuit
is shown in Fig. 9). The inductance of the coil is
resonated with capacitors, and measurements are
made of the input voltage and the input current.
The phase angle between the input voltage and input
current was obtained from Lissajous figures.
The plasma loading versus the strength of the confining magnetic field given in Fig. 10. The plasma
loading graph is actually a plot of the input impedance
to the parallel resonant circuit, but we have calibrated
it in terms of the ratio, W, which is the rf power
which goes into the plasma divided by the rf power
which would be lost in the resistance of the induction
coil if the induction coil had a Q of 300. The upper
graph shows the plasma loading with an input power
of about 300 watts. Although the working gas is
deuterium, hydrogen comes into the discharge as an
impurity and there is some loading in the vicinity of
the hydrogen cyclotron field. The vertical line in
Fig. 8 indicates the cyclotron field value for the hydrogen single particle resonance, obtained from an independent calibration of the magnetic field. At higher
values of the confining magnetic field there appears
strong plasma loading in the vicinity of the deuterium
cyclotron resonance. Again, a vertical line indicates
the value for the deuterium single particle resonance.
Of particular interest is the asymmetry of the loading

I 5 MEGACYCLE
GENERATOR

Figure 9.

j O

Diagram of resonant heating circuit
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Plasma loading vs. confining field

curve, which shows greater loading at magnetic
fields larger than the cyclotron field. At these larger
values of the magnetic field one expects ion cyclotron
waves to be generated, and the asymmetry in the
loading indicates that power is going into this wave
generation. The ratio W reaches a value of 5.5 at the
peak of the resonance, which means that 5.5 times as
much power is going into the gas as would go into
an induction coil of Q equal to 300, or that the transfer efficiency from the induction coil to the gas is
85%.

The second loading curve is for an input power of
roughly 200,000 watts. The high-power loading
curve is remarkably similar to the lower power data,
but now there is a clearer separation of the single
particle resonance and of the wave generation resonance.
Some other effects which appear at the higher power
level in the vicinity of the double peak are illustrated
in Fig. 11. The top curve is the plasma loading in
the vicinity of the double peak and is the same data as
presented in Fig. 10, but is now plotted on an expanded
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scale. The second curve is the intensity of the
Balmer beta, D/3, spectral line of deuterium at 1.5 m sec
after the end of ohmic heating phase. The neutral
atoms which produce this light come back into the
discharge from the wall of the stellar at or tube. The
third curve in Fig. 11 is the intensity of the CIII line
Я4647А. Both of these light intensity curves reach
their peaks at the wave generation peak and indicate
that the wave generation process is maintaining the
electron density and the electron temperature at
moderately high values. It seems probable that
it is the electron neutralizing current (which flows
along the lines of force as part of the ion cyclotron wave
mechanism) which is keeping the electron temperature up through the processes of ohmic heating. The
Doppler broadening of the CIII line indicates an ion
6
temperature of about 5 X 10 °K and it seems likely
that the ions are in approximate thermal equilibrium
with the electrons.
The bottom curve in Fig. 11 is the neutron counting
rate measured with boron trifluoride counters. The
observed neutron flux corresponds to 104 to 105 neu-
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trons coming from the machine per pulse and the counting rate is very sharply peaked around the single
particle deuterium resonance. It seems probable
that these neutrons come from deuterons which were
in the low density region outside the region of the main
discharge column and which were accelerated to high
velocities by the cyclotron resonance process.
Summarizing the experimental work, both the
production of neutrons and the generation of ion
cyclotron waves indicate that we are obtaining at
least some penetration of the transverse electric
fields into the plama. Altogether, these rather preliminary data would seem to confirm the two extreme
examples of behavior which are predicted by theory;
namely, the low-density example where the single
particle picture is valid and small numbers of particles
may be accelerated to high velocities, and the highdensity example where ion cyclotron waves are generated. The interesting intermediate case, where one
generates ion cyclotron waves and then causes them
to thermalize in a "magnetic beach" geometry, has
not yet been investigated.

P/2211

Ukrainian SSR

Ion Cyclotron Oscillations and New Injection Methods
By L. V. Dubovoi, O. S h vets, S. Ovchinnikov, Y. В. Fainberg,
I. Kharchenko, R. Nikolayev, E. Kornilov, E. I. Lutsenko,
N. Pedenko and K. D. Sinelnikov

The studies which we are about to describe were
carried out in the Physico-Technical Institute of the
Academy of Sciences of the Ukrainian SSR at Kharkov.
We entered the extraordinarily interesting sphere of
thermonuclear physics relatively late; in fact, only
this year. We did not wish to embark forthwith
on the development of large installations like those
mentioned by Academician Artsimovich in his paper,
or like the stellarator in the USA or Zeta at Harwell.
This was not for lack of enthusiasm or inadequacy of
financial resources, but because we were convinced
that the necessary temperature of about a hundred
million degrees could not be reached by resistance
(ohmic) heating. True, our conviction was somewhat
shaken when we heard in February of this year of
the splendid achievements of Thonemann and his
fellow workers at Harwell. But, all the same, we
are still convinced that it will only be possible to build
working thermonucelar reactors after detailed study
of the various methods of supplying additional heat
to plasma at a not very high temperature—one of the
order of 5 x l 0 5 - 1 0 6 ° K . We therefore concentrated our efforts on the possibility of supplying additional heat to plasma by means other than ohmic
heating.
ION CYCLOTRON OSCILLATIONS
Methods where the external energy is supplied
directly to the ionic component of the plasma during
the period between Coulomb collisions of particles
are of special interest. Apparently the most promising
method of non-thermal heating is to utilize ion
cyclotron oscillations, or other kinds of ionic oscillations, in plasma confined by an external magnetic
field. The simplest types of ionic oscillations are
those at the ion cyclotron frequency defined by
coci = eHJMc where Я о > 0 is the magnetic field
strength and M is the ion mass. It must be mentioned
that this type of resonance can be obtained only
when coCi > cop, where cov = (4nnGe2/m)i is the
ordinary electron-plasma frequency. When the den-

sity of the plasma is high, the polarization fields in
the plasma must be considered; 1>2 the resonant
frequency then depends not only on Я о , but also on
n, the density of the plasma.
An increased plasma density produces a shift in
the resonant frequencies and substantially influences
the penetration of external electromagnetic fields
into the plasma. The shift of the resonant frequencies
is due to the fact that the polarization fields in the
plasma accelerate or decelerate particles gyrating
in the magnetic field. Thus the sign of the shift
in the resonant frequency depends on the direction of
the polarization fields relative to the direction of rotation
of the plasma particles. The magnitude of the shift
depends on the strength of the polarization fields and
is determined by the density of the plasma and
the length Яр of the wave excited in the plasma. If
the wavelength Яр is small, the induced polarization
fields are also small, as they are proportional to the
number of plasma particles situated in a distance
~ Яр/2. The magnitude of the shift of the resonant
frequency in this case is also small.
When the wavelengths are very long, polarization
fields of high intensity can be expected. These will
produce large shifts in the resonant frequencies.
Theoretical calculations show that in the first case
(Яр -> 0) the resonant frequency is very near to the
ion cyclotron frequency coCi even at very high plasma
densities : 3
CO = COci I 1 —

COc

In the second case (Я р ->оо) the resonant frequencies at high plasma density are substantially different
and approach the value
CO =

( )

The values of the resonant frequencies and the depth
of penetration of the electromagnetic fields into the
plasma, as functions of the plasma parameters, are
given in Ref. 3.
It must be mentioned that the short wavelengths
in the plasma that are necessary in order to observe

Original language: Russian.
* Ukrainian Physico-Technical Institute of the Academy of
Sciences of the Ukrainian SSR,
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ION CYCLOTRON
the resonance near the cyclotron frequency сос\ can
be produced either by the proper choice of geometry
and parameters of the plasma ("plasma waveguides" 4 ), or by the use of an external modulating
system.
We have carried out preliminary experiments to
prove that these resonances actually occur and to
evaluate, at any rate qualitatively, the kinetic ion
temperatures which can be achieved by these means.
The "Pyrex" discharge tube of 7-cm diameter
and 4.5-cm axial length was mounted between the
poles of an electromagnet, giving an axial field up
to 10,000 gauss. The poles of the electromagnet
were shaped so that the nonuniformity of the magnetic
field did not exceed 1 % in the region of the discharge
plasma. An oscillating electric field was provided
by means of parallel plate electrodes mounted outside
the discharge tube and coupled to a 400-watt rf
source.
Hydrogen was admitted to the discharge tube
through a heated palladium tube. Before the experiments the whole system was thoroughly outgased
for 4-5 hours and then rinsed with a stream of hydrogen.
In all these experiments we used the rf discharge
produced by the electric field of a capacitor (Edischarge), rather than a discharge produced by an
rf coil (H-discharge). The simplicity of the configuration in the crossed fields favours the E-type
discharge. Our previous experiments with electron
cyclotron resonance showed, moreover, that the experimental determination of the electron cyclotron resonant
frequencies depended greatly on the geometry of the
experimental arrangement in the case of an Hdischarge but gave consistent results in a frequency
range from 100 Me up to 4000 Me in the case of an
E-discharge.
The choice of a high magnetic field-strength was
determined by rather contradictory demands which
had to be fulfilled to achieve the best conditions for the
observations of ion cyclotron resonance. On the one
hand, the selective absorption of energy at the resonance is proportional to the density of the plasma. On
the other hand, in our preliminary experiments we
wanted to be sufficiently far from the ordinary plasma
frequencies cov. These demands could be partially
fulfilled by the use of strong magnetic fields. The
number of cyclotron periods during which the ions
increase their energy is determined by the mean time
between collisions, and by the value of the magnetic
field. The loss of particles accelerated by cyclotron
resonance to the walls of the discharge vessel is
diminished by an increased magnetic field, because
the dimensions of our discharge tube were comparable
with the radius of rotation R of the accelerated ions.
The numerical evaluation of the parameters of our
experimental set-up showed that the plasma polarization fields can be disregarded up to densities of
108 — 5 X 109 cm- 3 . The energy of the ions was
limited by the size of the discharge tube and the
strength of the magnetic field, and was several kev,

OSCILLATIONS
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The change in the conductivity of the plasma at
resonance was observed by measuring the plate and
grid currents of the rf oscillator or by measuring the
strength of the electric field near the tank circuit of
the oscillator. Experiments showed these quantities
depended in the same way upon the load of the oscillator; due to this, most of our experiments were made
with a small antenna measuring the decrease in the
strength of the electric field, which was proportional
to the power absorbed by the plasma.
The current in the antenna circuit was measured
together with the increasing current in the windings
of the electromagnet. These measurements were
made at a radio frequency of / = 11 Me and a
hydrogen pressure of 5 X 10~2 mm Hg. The value
of the magnetic field (<—» 7 gauss) at which resonance
occurs corresponds to the true value of the proton
cyclotron-resonance frequency. We did not use any
auxiliary electric field to start the gaseous discharge
and the oscillograph records show that the discharge
starts abruptly very near to the resonant frequency.
The power absorbed by the discharge is 100-150 watt.
By raising the plate voltage of the rf oscillator,
the energy absorbed by the plasma during resonance
could be appreciably increased. This leads to an
increase of the plasma density, the resonance becomes
less sharp, and the maxima of the resonance curves
are shifted to a smaller field strength. This shows
that at these densities the plasma polarization cannot be neglected, and the values of the shift of the
resonance curves are in qualitative accord with the
theory of Kôrper 2 and Fainberg and Kurilko.1
In
these preliminary experiments we had no experimental means to measure the density of the plasma
at resonance. However, assuming that the plasma
density depends only slightly on the frequency of the
rf field and is mostly determined by the pressure and
the absorbed rf energy, we have studied the dependence of a>ci/cor (where coGi is the ion cyclotron frequency and coT the frequency at which the absorbed
energy attains its maximum) on the frequency of the
applied field. These measurements were made at two
different power levels of the rf oscillator.
The experimental values are near the theoretical
values for a density of <—' 3 x 108 cm- 3 .
For the qualitative evaluation of the influence of
the collisions of protons with the chamber walls, we
investigated the resonances at different diameters of
the discharge chamber. By lowering a glass screen
into the discharge chamber, we could change the size
of the discharge space sufficiently
continuously
from 1.75 cm to 3.5 cm. The amplitudes display
a strong dependence on the size of the discharge
space, indicating that the cyclotron radius of the ions
is comparable to the size of the discharge space.
Very approximate values of the energy gained by the
ions due to the cyclotron resonance can be found,
supposing that the maximum values of B0R is determined by the size of the discharge space. Since
R ~ 2 cm and В = 7500 gauss the energy of ions
will be equal to ~ 2700 ev or the ion temperature
T i ^ S . l O 7 °K. More direct measurements of the
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kinetic ion temperatures by Doppler broadening are
in progress.
The above values for the energy of the ions are
definitely maximum and only a certain part of all
the ions can obtain such high energies, due to the high
cross sections for charge exchange with neutral
molecules.
We think that these preliminary results show great
potential promise, but it seems doubtful if they can
be used to heat a denser plasma. When the density
is greater than 1012-1013 ions/cm3 the resonant frequency approaches the value

these energies the ordinary ionization and Coulomb
losses are exceedingly small, being 108 - 109 times
smaller than the experimental coherent losses. This
method of plasma excitation can be applied at greater
plasma densities if other types of plasma waves are
used (ion plasma, ion cyclotron, acoustical, magnetoacoustical or hydromagnetic), with a longer wavelength to preserve the conditions necessary for coherence.

At such high frequencies the penetration of this
dense plasma by electromagnetic fields is greatly
diminished. To avoid this difficulty two methods
can be envisaged:
1. The ion cyclotron oscillations inside the plasma
can be excited, not by an rf field, but by a travelling
electromagnetic wave1' 5 or by a specially selected
configuration of standing waves in the discharge
space, as reported by Stix.8
2. The ion cyclotron oscillations can be excited
by an electron beam modulated at the ion resonant
frequency.

To conclude, we would like to make the following
comment : it is not difficult to predict the existence of
ion cyclotron oscillations in plasma; the very name
reminds one that such oscillations are being observed
in hundreds of laboratories all over the world, in
machines called " cyclotrons " or " omegatrons ".
There is an entirely different state of affairs in a
plasma of sufficient density, where the ions are effectively shielded by the electron gas from external
electric fields. It is due precisely to this circumstance
that no one previously observed ion cyclotron oscillations reliably in a sufficiently dense plasma. I had
expected that we would be the first to report success
in this domain. As you know, our expectations, possibly unduly bold, have not been realized, thanks to
Dr. Stix's beautiful paper.8

COHERENT EXCITATION OF PLASMA WAVES

The high values we find for the specific energy losses
dE/dz connected with coherence can be used for the
development of a new method for the injection of
charged particles into linear or toroidal magnetic
traps.

The interaction of the charged particles with the
stationary plasma can be greatly augmented by the
However, the novelty of the problem does not, I
inverse of the coherent acceleration effect. 6 In
hope,
deprive additional confirmation of the existence
the passage of a strongly-bunched beam of charged
of
ion
cyclotron resonance of value.
particles through the plasma at rest, there can be
large specific losses, at whose expense the electromagneI have already mentioned that we consider the
tic field energy increases.7 Since the separate bunches
transfer of energy to the ion component of the plasma
of electrons moving through the plasma can be made
by means of a modulated beam of electrons to be
considerably smaller than the wavelength of the
one of the most promising methods of the supplemenoscillation excited in the plasma, the interaction of
tary heating of plasma. The thought automatically
bunches with the plasma increases considerably due
springs to mind: should we not use the tens and
to coherence. 6 There is also an additional increase
hundreds of thousands of amperes of electron current
in cooperative interaction if the distances between the
that flow through apparatus of the Zeta or stellarator
bunches are equal to the excited wavelength. This
type for this purpose? It is possible, of course, to
idea was experimentally put to the test in our Instiattempt to bunch the stream of electrons flowing
tute in the early spring of this year.
into the plasma, albeit very weakly, with the assistance of an external electromagnetic system. But
The experiments were performed with a pulsed beam
of electrons. The energy was >—> 80 kev and the this does not seem to me to be necessary. The task
we have set ourselves is the following: How can the
pulse current 1 = 1 amp. The electrons were bunched
energy of the directed electron beam be most quickly
by an rf electric field of approximately the ordiand most fully transformed into energy of the ion
nary electron plasma frequency (/ = 3000 Me).
component? In plasma, as we know, it is possible
The geometrical length of the bunches was about
for a very large number of oscillations of different
1 cm, and the number of electrons in each bunch was
types to exist; and some of these are related to the
about 109. This bunched electron beam passed
electron component of the plasma. If, by judicious
through a cold hydrogen plasma with densities
selection of externally-controlled parameters, the fre10 n - 1012 cm-3. The results showed that the
quency of one of the types of oscillation of the electron
specific energy losses dEjdz of the bunched eleccomponent can be made equal to that of one of the
trons in the plasma approached the value 150
types of oscillation of the ion component, then, in
ev/cm, and that they could be increased manifold
principle, the transfer of energy from the electrons
by decreasing the primary energy of the electo the ions is entirely possible. Work is being carried
trons. The relatively high initial energy of the
out along these lines.
electrons, 60-80 kev, was chosen only because at
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Electron Cyclotron Resonance, Plasma
Wave Guides and Plasmoids
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ELECTRON CYCLOTRON RESONANCE
Investigations dealing with plasma resonance properties are of interest in ascertaining the possibilities
of heating the plasma by means of a high-frequency
discharge, and in developing methods of investigating
the plasma parameters and the physical processes
taking place in it.
The present work was carried out to investigate the
properties of an electrodeless high-frequency discharge,
and plasma parameters under electron cyclotron and
polarization resonance conditions.
Electron resonance in plasma has been discussed in
other papers. 1 ' 2 However, as far as we know these
investigations were not concerned with the plasma
parameters, i.e., its density and temperature.
The determination of the temperature and density
of a plasma produced by means of a high-frequency
discharge in hydrogen within an external magnetic
field was performed by a double probe method.3' 4
The control measurements of density were carried
out by means of the method of high-frequency double
probes,5 the probes being located outside the discharge
tube. The high-frequency signal fed to one of the
probes is propagated through the plasma and received
by the second probe connected with the resonance
amplifier. Assuming that the probe field is approximately a dipole field, it is possible to determine the
plasma density by the maximum in the transmitted
signal which takes place if the measuring signal
frequency equals the Langmuir plasma frequency.
The plasma densities measured by the two-probe
method and by a high-frequency probe coincide in
order of magnitude. The maximum density values
obtained with a 200-300 w generator at the frequency
of 30-33 megacycles lie in the range of 5 x 10 11 1012 cm- 3 . The volume of the ionized spaec did not
exceed 200 cm3. The resonance was observed
by measuring the power output of the generator
igniting the discharge as a function of the magne-

tic field at various pressures. At the same time
measurements of plasma luminescence intensity within
the visible light region were carried out with the aid
of a FEU-19t photomultiplier. The resonance curves
indicating the power expenditure and light flux coincide on the corresponding scale within measurement
errors (pressures being no lower than 10~3 mm Hg).
Figure 1 shows the dependence of power output
upon the magnetic field value at different pressures.
As was to be expected, the width of the resonance
curve decreases when the pressure reduces. Further
reduction of the pressure, however, causes an increase
in the resonance curve width (see Fig. 2). Apparently
it can be explained in the following way.
Under cyclotron resonance conditions the electron
is accelerated by a high-frequency field within the
interval between two collisions. A pressure reduction
and a corresponding increase in the interval between
two collisions result in an increase in the mean electron
energy and the electron orbit radius. Thus, when
an electron orbit diameter in the discharge approaches
the vessel dimensions, the electron acceleration
time is reduced due to collisions with the walls
which lead to a broadening of the resonance
curve. To check this hypothesis, measurements at
another frequency (120 megacycles) have been
carried out. The measurements revealed that the
resonance curve half-width continues to depend
qualitatively upon the pressure, but the pressure at
which the broadening of the resonance curve occurs
shifts towards higher vacuum.
If the above mechanism actually takes place, it
becomes possible to estimate the electron energy at
pressures which are close to the value at which the
abnormal growth of the resonance curve half-width
begins. If the vessel diameter is 4 cm and the
magnetic field value in resonance is 17 gauss, the
mean electron energy should not exceed 102 ev, which
corresponds to the temperature of 1.2 X 106 °K.
This value agrees in order of magnitude with the
maximum temperature value (4 x 105 °K) obtained
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* Academy of Sciences of the Ukrainian SSR, Kharkov.
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the discharge volume almost completely disappeared
simultaneously with the beginning of the increase in
the resonance half-width. This was accompanied
by an increase in generator power expenditure and the
appearance of blue luminescence of the retort walls,
which is usual during the bombardment of glass with
sufficiently fast electrons.

p = 1.5 X TO" 4 mm Hg

Plasma Resonance
Along with the cyclotron resonance determined by
the condition coc = eH/mc there takes place a polarization resonance, in which the resonance frequency
is determined not only by the magnetic field intensity, but by the plasma density as well. In this case
the resonance frequency and the electron velocity are
determined by the following relations.
Low Densities:

Figure 1. Electron cyclotron resonance curves. Power output
W in arbitrary units as a function of magnetic field H, for various
pressures p

by the double probe method for the pressure of
3 x 10-3 mm Hg (Fig. 3).
The resonance value of the magnetic field at the
generator frequency of 120 megacycles equalled
43 gauss. The vessel diameter being 10 cm, the
corresponding temperature was 1.5-4.5 x 107 °K.

(a) Inductive coupling between the generator and
the load {Еф(а) is given at the plasma boundary) :
vr = — ^

—'

т>ф = ivr.

(b) Capacitive coupling between the generator and
the load (Er(a) is given at the plasma boundary) :
2v

a

mcon

400'

10-2

10-3

10-5

300

Figure 2. Electron cyclotron resonance width as a function of
pressure p: (a) as determined by light measurements; (b) as
determined by power measurements

It should be noted that at the frequency of 33 megacycles the magnetic field value corresponding to the
electronic cyclotron resonance equals 12 gauss instead
of 17 gauss obtained experimentally. Such a difference in magnetic field intensities with an inductive
coupling between the generator and the discharge,
and with an external magnetic field perpendicular to
the axis of the coil causing the discharge, was also
observed in other experiments dealing with cyclotron
resonance in plasma. At the frequency of 120 megacycles resonance was observed for the magnetic
field value corresponding to cyclotron resonance.
However, during this experiment capacitive coupling
between the generator and the discharge was used.
The possibility of changing the resonance conditions
by changing the mode of excitation ensues from
the relations (1), (2) given below.
When the resonance took place at the frequency
of 120 megacycles, the plasma luminescence inside

200

TO" 2 mm H g

100

lO'1

10

2536.3

i Hg

20

H gauss

Figure 3. Electron temperature T as a function of the applied
magnetic field H, for various pressures p. Generator frequency
KA= Г>"Э
33 Me

(1)
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High Densities:
cop

2

2

(oc ;

œ = cop +

(a) Inductive coupling between the generator and
the load:
coc

.

Y еЕф{а)

(b) Capacitive coupling between the generator and
the load :
eEr(a)
(2)
r = Ô
v, = ivr,
2covv a tncoG
v

Here œ = generator frequency, cop = Langmuir electron frequency, coc = Larmor electron frequency,
v = collision frequency, vr and Уф = components of
the electron velocity in the plasma, and a = plasma
column radius. A photomultiplier was used to
indicate the polarization resonance and to determine
the maximum plasma luminescence. The increase
in the plasma density was achieved by increasing the
high-frequency generator capacity. Figure 4 shows
the dependence of the photomultiplier indications
upon the magnetic field intensity at different
anode currents of the high-frequency generator. The
plasma density increases with an increase in the
above current, and the resonance curve is shifted into
the region of large magnetic fields.
Investigation of noises generated by the plasma
produced by a high-frequency discharge is of greal
interest. Measurements of noise levels as a function
of the magnetic field were carried out. For this

1.5

1.0

0.5
I = 200 ma

1 1 = 250 ma

I = 150 mo
l g = 100 ma •

0
2536.4

200

400

600

800

1000
H gauss

Figure 4. Light intensity as a function of magnetic field H for
various currents /g of the hf generator. (Photomultiplier
voltage VPm as ordinate)

K. D. SINELNIKOV et al.
purpose an insulated probe was placed in the plasma,
and the induced signal was fed to an oscillograph.
Oscillations at the frequency of 1 megacycle and
relaxation oscillations were discovered among the
noises. An abrupt noise decrease in the region of
the cyclotron resonance (see Fig. 5) is characteristic
of the noise level dependence on the magnetic field
intensity.
PLASMA WAVE GUIDES
To investigate the possibilities of high-frequency
plasma heating, it is necessary to study the penetration of the high-frequency field into confined plasma
(plasma wave guides).
To construct linear accelerators, it is necessary to
have an effective moderating system where the phase
velocity of electromagnetic wave propagation would
be lower than the velocity of light, and a simultaneous
phase and radial stability of accelerated particles
could be provided. Anisotropic plasma wave guides
meet these requirements, in particular plasma wave
guides in a magnetic field. 6 ~ 12
This work includes an investigation of plasma wave
guides. The experiments also determined dispersion
properties, i.e., the dependence of the phase velocity
upon the frequency at the given plasma density.
They also determined the topography of high-frequency fields.
The plasma wave guide was formed with the help
of a high-frequency discharge in a quartz tube 30 mm
in diameter and 1800 mm long, where the vacuum
was sustained at about 10~3 mm Hg. The high
frequency gas discharge was ignited at one end of the
tube by a 500 watt high-frequency generator at the
frequency of 116 megacycles. The discharge plasma
filled the whole tube, its density falling off with the
distance from the generator.
A high-frequency signal with a frequency changing
within 50-500 megacycles, was fed to the plasma from
a separate low-power generator placed opposite the
ignition point.
Moving a loop connected with a resonance circuit
along the wave guide, we could observe howii^, the<^
component of the magnetic field of the standing wave,
propagated along the plasma wave guide. The standing wave field distribution is shown in Fig. 6. The
distance along the wave guide in cm is plotted on the
abscissa axis, the Нф values in arbitrary units being
plotted on the ordinate axis. A plasma wave guide
in a constant longitudinal magnetic field Ho is characterized by curve I; curve II was obtained for the
case Ho = 0. The distance between the mean
minimums equals a half wavelength in the plasma
wave guide. The ratio of this wavelength to the
wavelength Ao in the free space determines the
value of j8 = v^/c. It should be noted that the
plasma density differed somewhat from one experiment to another because the ignition conditions
changed. The results of measuring the dependence
of the phase velocity ¡}c upon frequency / with a
magnetic field (f}¿) and without it (/30) are summarized
in Table 1.

ELECTRON CYCLOTRON RESONANCE
It follows from Table 1 that with frequency changes
from 50 to 500 megacycles, the phase velocity changed
from 0.16c to 0.33c.
The influence of the constant magnetic field upon
the phase velocity is not great in the given region of
plasma wave guide parameter variation, and this fact
coincides with theoretical predictions.
Table 1. Dependence of Phase Velocity upon Frequency
in a Plasma Wave Guide
/(Me) . . .

A ....
te
.....
n x 10~
9

50
0.14
0.16
—

150 200
140
0.167 0.2 0.196
0.169 0.2 0.283
9.1
4.7 4.6

300
0.18
0.22
9.0

400
0.307
0.32
9.7

500
0.33
0
9

It should be pointed out that the density data given
in Table 1 refer to a plasma wave guide with no
external magnetic field. The superposition of the
magnetic field resulted in a change of the plasma
density by 10%-15%.
The determination of the plasma density was
performed by two methods. One method determined
the displacement Дсо of the proper frequency of a
resonant cavity along the axis of which the plasma
wave guide was placed. The frequency displacement
Aco is determined by the plasma density n0 = kAco
where k is a coefficient depending upon the geometry
of the resonant cavity and the plasma wave guide. 13
The second method was that of a high-frequency
probe. 5 The results of both methods are in accord,
showing that the plasma density in the wave guide
changed from 4 x 109 to 9.8 X 109 cm- 3 .
Measurements along the wave guide radius of the
electric field component Ez were carried out with
the help of a wire probe. These measurements
indicate that within the phase velocities of about
0.15 c-0.2 с the Ez drop from the wave guide boundary
to the centre is insignificant. Theoretical calculations
show that within these phase velocities the field Ez
should fall off by 10-20%. Having determined the
Ez(r) ratio outside the wave guide we can find the
phase wave velocity. For a typical case we have
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thus obtained f} = 0.2 which agrees well with the
measurement data produced by the standing wave
method.
PLASMOIDS
One of the possible methods of investigating the
relaxation effects inside a plasma which is subject to
the external magnetic fields, is studying the behaviour
of plasmoids confined in space during their movement
in non-uniform magnetic fields. We attach particular
importance to cases where adiabatic conditions obtain
only for the electron component of the plasma in the
interaction with external magnetic fields.
To obtain a sufficiently fast moving plasma, a
modified plasma source of the Bostick type 1 4 was
used. The modification consisted in adding a cylinder
nozzle 10 mm in diameter and 20 mm long to the
Bostick source, thus reducing the divergence of the
plasmoid to 20-30°. Hereafter the term " plasmoid "
will mean a neutral plasma beam, modulated in
density and stringently limited in space and time.
We found in the plasmoid no self-organizing properties
associated with its own currents or magnetic moments.
All measurements were conducted at a distance of
about 100 cm, and if there were any currents and
magnetic fields close to the source (at <—'10 cm),
as stated by Bostick,14' 1 5 they were extinguished
under the conditions of our experiment and could not
influence the measurements. The plasma density
modulation was due to the presence of ions of different
masses (chiefly of oxygen and copper) which within
10 /¿sec of movement could consolidate into closely
located, separate plasmoids. The ion density estimation of the leading plasmoid gave 1-5 X 109 particles/
cm3. The mean plasmoid speed was ~ 8 x 106 cm/
sec.
Figure 7 shows the scheme of the set-up. The
plasma, leaving the source (1), after covering a
certain distance gets into a non-uniform magnetic
field created by a short solenoid (2) which has a
magnetic field gradient of about 7 gauss/cm.
The basic measurements were carried out at a
magnetic density of /—' 100 gauss.
Different magnetic (4) and electric (3) probes were
used to measure the plasma parameters. The
magnetic probes were coils which could both encompass
the glass tube and be inserted inside, NS remaining
constant (NS is the product of the number of turns in
the coil by the area). The Faraday cylinder (3)
shown in Fig. 7 served as electric probe. It contained a measuring electrode 8 mm in diameter placed
in an isolated cylinder, which, in its turn, was separated by a copper cylinder from the bulk of the plasma.
The magnetic and electric probes were connected with
an oscillograph having a low resistance input (100 cm).
Signals arising in the magnetic probes were caused by
magnetic field changes in the coil at the moment the
plasma was crossing it. The signals were of diamagnetic type, i.e. the magnetic field was reduced at
the moment the plasma was crossing it. The magnetic
probes located on the chamber axis were helpful in
finding the diamagnetic signal which was at a maxi-
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Standing-wave field distribution in a plasma wave guide

mum when the plasma entered the magnetic field. The
signal disappeared gradually as the plasma was
sinking in the magnetic field, but when it left the
latter, the diamagnetic signal of the opposite sign
appeared again 3-4 times farther from the lens
centre. The outcoming diamagnetic signal was
3-4 times lower than the corresponding entrance
signal. An investigation of the dependence of the
diamagnetic signal upon the magnetic field value
showed that the signal reached its maximum value
when the magnetic field intensity was 60 gauss.
An examination of the plasmoid movement through
a non-uniform magnetic field carried out with the aid
of electric probes leads to the conclusion that diamagnetic signals can be observed at the moment the
electron component of the polarized plasma crosses
the magnetic probe.
As the magnetic field of a short solenoid is characterized by non-uniformity along z and r, the presence
of an Hz gradient must lead to the polarization of
the plasma along the z axis and consequently to the
appearance of uncompensated charges in certain parts
of the plasmoid.
The character of the signals obtained from electron
probes is given in Fig. 8a, which shows that plasma
crossing a heterogeneous magnetic field becomes
polarized in the longitudinal direction and has the
appearance of a sign-alternating chain. Charge topography in the plasmoid during its movement through

K. D. SINELNIKOV eî al.
a heterogeneous magnetic field was obtained by
means of electric probes. Fig. 8b, c, d shows the
dependence of the probe current upon time for
different positions of the probe in the magnetic field.
The position of the short solenoid is marked by a
dashed line and the probe location with respect to
the chamber axis is shown to the right of each diagram.
The diagrams indicate that electrons (the first
negative peak) entering the heterogeneous magnetic
field leave the plasmoid periphery and concentrate
around the plasmoid axis. This process is accompanied by a positive charge formation over the
periphery. Thus a plasma polarization takes place
in the radial direction which results from the presence
of an H gradient along r. The first negative peak
disappears at some distance in front of the magnetic
field, and the plasmoid front proves to be positively
charged. This shows that besides pressing electrons
towards the axis, the magnetic field slows them down,
thus enabling the ions to outstrip the electrons.
Analysing the behaviour of the first and the second
negative peaks we can see that the appearance and
disappearance of electrical polarization is asymmetric
with respect to the value of median lens density. This
is verified by diamagnetic probe signals, as mentioned
above. The behaviour of the ion peaks is also
asymmetric with respect to the magnetic field entrance and exit.
Knowing the charge distribution (shown in Fig. 8
b, с, d), the ion velocity, and the particle density, we
can estimate the polarization electric fields arising
during the plasma movement through a heterogeneous
magnetic field ; such an estimate shows that an electric
field of 500 v/cm can appear between the first positive
and negative peaks. Such local fields, naturally,
must cause a relative movement of plasma particles
and change the plasmoid configuration. The presence
of electric fields is also proved by an observed drastic
1.5-2-fold increase of the ion velocity which occurs
at a certain distance from the median plane of the
magnetic field. This ion acceleration approximately
coincides with the moment of the first negative peak
disappearance when the ions come to the front. To
summarize, the plasmoid movement through a heterogeneous magnetic field leads to a longitudinal and
transverse plasma polarization and to a change in
the configuration of the plasma formation.
3

4

X

Figure 7.

Apparatus for plasmoid studies.

1, plasma source; 2, solenoid; 3, electrostatic probe; 4, magnetic probe; 5, glass
tube; 6, pump; 7, oscilloscope
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(b)

Direction of
plasma velocity

Figure 8.

The appearance of polarization electric fields and
the movement of plasma particles inside the plasmoid
caused by them probably brings about an additional
energy exchange between the ion and electron plasma
components.
1.
2.
3.
4.
5.
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The Oak Ridge Thermonuclear Experiment
By C. F. Barnett, P. R. Bell, J. S. Luce, E. D. Shipley and A. Simon

beam leave the machine at once The trapped ions
are in the form of a highly organized beam The ions
of this beam cause îonization of the residual gas in
the machine and also become thermahzed by interaction with electrons and other ions

The production of a self-maintaining thermonuclear reaction m a mass of deuterium, or deuterium
and tritium, gas is the goal toward which many
different experimental programs are directed One
of the most difficult problems to be solved is that of
ignition, or the initial heating of the fuel gas to a
temperature high enough to make the reaction selfmaintaming The Oak Ridge Group is attempting
to solve this ignition problem by trapping an accelerated beam m a magnetic field container by a change
of the charge-to-mass ratio of the particles inside the
field By this means we hope to accumulate a high
concentration of energetic ions and hold them until
they have had time to randomize into a truly thermalîzed plasma at a high ultimate temperature
The success of the trapping method depends on the
properties of the mechanism used to induce the change
of charge-to-mass ratio We have found that certain
specialized arc discharges can cause the dissociation
of energetic deuterium molecular ions into atomic ions
and neutral atoms with high efficiency The atomic
ions are trapped m the field by virtue of having half
the radius of curvature of the original molecular ions
A successful device must produce efficient trapping,
but at the same time it must not cause a large loss
of the trapped ions through charge exchange or exert
a strong cooling effect upon the resulting plasma
г
The special arc discharges developed by our group
have proved to be satisfactory m this respect as will
be shown in the following sections
The ignition method is being tested by the injection
of deuterium molecular ions at an energy of 600 kev
into a direct current mirror machine (DCX) where
they pass through one of these special discharges, an
energetic carbon arc The 300-kev atomic ions produced by dissociation are trapped into a closed orbit
near the central plane of the machine, while the resultant neutral atoms and the remaining undissociated

DCX THEORY
The conditions under which an injected beam will
give rise to a thermonuclear plasma are considered
below The requirements for overcoming the neutral
gas background are considered in the next section
The steady state plasma temperatures are then studied
in the section thereafter Attention is paid in this and
the succeeding sections to the effects of cold electron
influx, impurities, heat transfer to the walls and electrons in the arc.
Burnout
The initial neutral gas pressure in DCX will he
somewhere in the range between 10~6 and 10~8 mm
of Hg, depending upon the vacuum system used
Under these conditions the trapped beam will remain
organized Each deuteron will lose very little energy
before being lost by charge exchange with a neutral
gas atom The essential reason for this is that the
charge-exchange cross section (orCx) for 300-kev deuterons m deuterium is about 2 x 10~18 cm2, while the
effective energy-loss cross section is less than 10~19 cm2
The effective Coulomb cross section (ac) for 90°
deflection by multiple collisions is about 10~23 cm2
As a result, there will be little energy degradation of
the input beam, and a plasma will not be formed unless
the neutral gas density can be further reduced
The injected ions, however, tend to destroy the
neutral gas atoms in two ways The first, and principal, mechanism is by îonization Since the îonization cross section (cri) at 300 kev is about 4 X 10~~17
cm2, there will be about 20 neutral atoms ionized by
each hot ion before it suffers a charge exchange
The slow ions which are produced scatter rapidly and
leave the system by following the magnetic lines to the
end walls or the arc cathode In addition to this,
charge exchange itself also destroys a neutral atom,
since the fast neutral atom which is formed will then
fly to the walls and bury itself with little sputtering
If the slow ions, which will be neutralized upon
striking a solid surface behind the mirrors, can be

* Oak Ridge National Laboratory operated by Union
Carbide Corporation for the US Atomic Energy Commission
The work reported m this paper is the outcome of the
joint effort of the members of the Thermonuclear Expenmen
tal Division with effective assistance from members of other
divisions of this Laboratory Active participation in early
theoretical work by A E Ruark and H S Snyder is greatfully
acknowledged and the continuing interest of these men
together with other consultants is likewise recognized with
great appreciation
298

299

OAK RIDGE THERMONUCLEAR EXPERIMENT

prevented from re-entering the system, the trapped
beam will effect a strong pumping action on the system.
However, in addition to this, there is a direct means
of virtually eliminating neutral gas from the plasma
interior even in the presence of a finite external
pressure. If the rate of ionization of neutral gas
inside the plasma can be made greater than the rate
at which neutral atoms enter, a process will take place
which we call " burnout ". The neutral gas density
will decrease, permitting an increase in the ion density
and leading to an even greater rate of ionization. As
a result, once this critical point is passed, the system
will tend to clean itself up quickly. As a practical
fact, the influx of gas represented by the beam necessary to achieve burnout is so great that a significant
fraction of the beam's pumping action must be realized
in order to keep the system's pressure from rising
disastrously.
An approximate expression for the critical injected
current, /crit, is obtained directly from the consideration above.
/crit = / 0 Ocx/(0cx + Oï)-

(1)

The ratio of cross sections represents the fraction
of ions removed per neutral atom destroyed, and / 0
is the total equilibrium current of neutrals into the
volume. If No is the neutral density external to the
plasma region, vQ the kinetic velocity of these neutrals,
and 5 the surface area of the plasma, then
/ 0 = iSNovo.
(2)
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dnjdt = (N0v0S/4V) - (n0v0S/4V)
— П+ По ((Тех + Ci) V.

(4)

Here / + is the injected current, v is the ion velocity,
and P is the probability of a randomly directed
particle having its velocity in the loss cone of the
mirror. The first term on the right of Eq. (3) represents the steady injection of ions into the plasma
volume, V. The second term accounts for mirror
loss by Coulomb scattering (which plays no role
until burnout has actually occurred), and the last
term represents the loss of ions through charge
exchange. Similarly, in Eq. (4), there is an influx of
neutral atoms into the plasma region, a loss by streaming out, and destructions by both ionization and charge
exchange. Note that 2V0 is the fixed neutral gas
density external to the plasma.
These equations have been solved by the use of an
analog computer. The results are shown in Fig. 1
for the case of a plasma sphere whose radius is about
equal to the Larmor diameter of a 300-kev deuteron
in a field of 10 kilogauss. The neutral gas density
is normalized to be unity when equal to the external
manifold density, No, and the ion density is normalized
to unity when it has reached a maximum value consistent with mirror scattering loss only. Note that
these results are plotted for three values of the près-
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Figure 1. Steady state ion and neutral atom densities as a
function of input current for various pressures

sure. The curves are shifted linearly with pressure,
as would be expected from the simple criterion of
Eq. (1). The critical currents predicted by Eq. (1)
are shown in this figure by use of arrows. This
equation is seen to give a good measure of the point
at which the neutral gas density has dropped appreciably and the ion density has started to increase.
For currents well above the critical value the normalized neutral-atom and ion densities approach the
asymptotic values given below:
v0S

More accurately, one can represent the time behavior
of both the ion density, n+, in the plasma region and
the neutral density n0, by the coupled equations:
—

+
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n+

1

(5)
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(Tcx

8

OÏ + (7CX

(6)

From Fig. 1 it may be seen that the critical current
at a pressure of 10~6 mm is about 80 ma and at a
pressure of 10~8 mm is about 800 ^a. It should be
remembered that these results are for the injected ion
current and that the total current of molecular ions
into the machine must be larger than this value by the
reciprocal of the fractional breakup actually occurring
in the arc.
Finally, it should be pointed out that a considerable assist to the burnout process would be given by
pre-ionizing a large fraction of the background gas.
Various schemes for accomplishing this are under
consideration.
Energy Transfer

Once burnout has been achieved, charge exchange
will no longer be the dominant mechanism. The hot
ions will begin to slow down by transferring energy
to the colder electrons and ions which may be present.
This process will continue until the background
electrons and ions are so hot that energy transfer
rates are reduced. When this occurs, appreciable
Coulomb scattering, as well as nuclear reactions, can
start to take place, and the thermonuclear condition
has been reached. It is of great interest to inquire
as to the actual values of the energies or temperatures
at which the plasma clouds will form. The proper
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way to calculate this is to use the Boltzmann equation
(or the Fokker-Planck equations) and solve for the
steady state solutions. Such computations are under
way by use of high speed digital computers.
There is a simple model, however, which gives
answers far more easily and which may be moderately
reliable. In this model, the injected ions are assumed
to degrade smoothly and uniformly, i.e., without
dispersion, until they go into a Maxwellian cloud of
ions at some average energy E+. The ions finally
are lost from the system by Coulomb scattering via
the mirrors. Similarly, cold electrons which may be
entering the system are heated in a uniform fashion
from some input energy Ec until they go into a plasma
of electrons at an average energy E-. The model
is illustrated in Fig. 2. Solid lines in the drawing
represent particle paths in energy space. The rate
of electron loss from the system is adjusted so that total
space-charge neutrality is conserved. The dotted
lines in the diagram represent the general directions
of energy flow. For example, the degrading ion
beam heats both the ion plasma and the electron
plasma below it, while the ion plasma transfers energy
both to the electron plasma and the electrons which
are heating up. The electron plasma loses energy
by bremsstrahlung as well as by heating of the input
electrons. Direct energy transfer from the input
ions to the input electrons has been neglected in this
model.
The rate of energy transfer by Coulomb collisions
from a " test " particle to a Maxwellian distribution of2
field particles has been given by Chandrasekhar.
The requirement of net energy balance in the ion and
electron plasma respectively leads to two equations.
Ion conservation and space-charge neutrality yield
two additional equations. These four coupled, nonlinear, integral equations in four unknowns, E+,
ÏL, n+, ft-, may be reduced directly to two coupled
equations in two unknows, E+ and £L. These two
equations depend on several parameters, of course,
such as the input ion energy, EQ, the input electron
energy, Ec, the mirror loss probability, P, and the
ratio, A, of electron input current to ion input current.
They are, however, independent of the actual input
ion current I + and the plasma volume.
These equations may be solved readily by hand
computation. Some of the results are shown in
Table 1. Details of the equations and additional
results will be given in future publications. The
results in Table 1 are for the case Eo = 300 kev,
EQ = 1 volt, and P = 0.3. These results are conserMIRROR

LOSS
BREMSSTRAHLUNG
ELECTRON

Figure 2. Idealized model of the DCX plasma
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Table 1. Equilibrium Mean Plasma Energies for Various
Ratios (A) of Electron Input to Fast-Ion Input
A
0
1
2
5
10
15
20

E+ (kev)

291
219
186
134
95
74
60

E- {kev)

221
78
56
33
21
15
12

vative in some respects. For example, it is assumed
that the entering electrons must heat all the way up
to the average electron plasma temperature before
leaving the system. In addition, an influx of cold
electrons which is 20 times larger than the ion input
(A = 20) seems rather extreme. On the other hand,
heat conduction to the walls, impurity radiation, and
possible cool electrons in the arc have been neglected.
These will be discussed in the next section.
In the most favorable case (A = 0) the final energies
are very high. With an input of 1 ma of ions into
a spherical plasma volume whose radius is equal to the
Larmor diameter of a 300-kev deuteron in a field of
10 kilogauss, one obtains an ion density of n+ ^ 10~~13
cm-3. The total neutron yield from the working
volume would then be about 1013 sec-1. It is important to note that the occurrence of such a large
neutron yield would be an unambigious signal of the
arrival at a thermonuclear state. For example,
if one were to fire 1 ma of deuterons into a block of
solid deuterium ice, the resultant neutron yield would
be only about 108 sec-1. An increase in the total
yield from 108 to 1013 could only be accounted for by
the heating of electrons and the formation of a hot
thermonuclear plasma.
Additional Effects

Impurities may be troublesome either by virtue
of a high nuclear charge, and hence increased bremsstrahlung, or as a result of being partially ionized and
producing resonance excitation radiation. These
will now be considered.
It is an interesting property of steady-state mirror
machines that the effect of impurities of high mean
ion charge, Z, is to decrease the working density in
the volume rather than to depress the temperature.
The steady state ion equation has the form:
where ac is now the effective Coulomb cross section
for scattering through 90° by multiple collisions, for
Z = 1, and (Z2)av is the mean-square ion charge.
On the other hand, the power radiated in bremsstrahlung has the form:
n- /(£-)
(8)
where f(EJ) is a function of the electron energy only.
At constant ion input and energy, increasing the
impurity level decreases the ion density in such a
way that the product (Z2)av^+ stays constant. Since
this same product occurs in the bremsstrahlung term,

p
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it is clear that this term is increased only by virtue
of an increase in n-, which is proportional to Z. This
is often a very small effect. For example, with 10%
carbon as an impurity, Z = 1.5 and (Z 2 ) a v = 4.5.
The resulting changes in the values in Table 1 are
minor. For A = 0, E+ changes from 290 to 285 kev.
Of course, the density is decreased by a factor of 4.5.
Probably the more serious problem is the possible
existence of partially ionized impurities which have
excitation cross sections of atomic dimensions
( ^ 10~16 cm 2 ). In many cases, especially where the
impurity consists of a 3-electron system (e.g., carbon
IV), the ionization energy may be considerably larger
than the excitation level. If radiation by these
partially stripped impurities is sufficiently large, the
electron energy will not rise high enough to ionize
and destroy the impurities. The system will be
stopped and no plasma will form. This possibility
has been studied by the use of a model very similar
to that employed in the temperature determinations
described in the previous section. The initial calculations assumed carbon IV as an impurity with an excitation level at 8 volts and an ionization level at
64.5 volts. It was found that with a 300-kev initial
injection energy, even an impurity density of 5%
failed to prevent the electrons from rising to temperatures of the order of kev. In actuality, this would
have completely burned out the impurities, i.e.,
stripped them and removed them as a source of trouble.
It would appear then that in the method used in
DCX, which involves heating from above, the problem
of impurities should not be a serious one.
One intrinsic difficulty of the ORNL ignition scheme
is the fact that the trapped ion is just one ion Larmor
diameter from the injection snout. Calculations of
the heat transfer rate from a plasma to the walls over
a distance of one Larmor diameter assuming a linear
temperature variation over this distance, give rather
large heat transfer rates, many times larger than
the bremsstrahlung loss. However, calculations of
this sort must be highly suspect. For one thing,
the actual plasma density near the walls will be
sharply decreased from that in the interior of the
plasma because of the high Coulomb scattering rate
of these cold particles and their subsequent loss
through the ends. Furthermore, the following very
rough calculation of the maximum possible energy
transfer rate, out of the plasma, indicates that the
final particle energy should still be quite high. Since
the collision rate per unit volume is approximately
%n+2ocv, the total collisions per second within a
Larmor radius, r0> of the wall is %n+2aGvr0S, where S
is the wall surface area. If the entire energy of both
colliding particles, 2E+, is transferred out of the
plasma per collision, then

7

1 ТГ

TP

\

ЛЛ

2 /T* et)/y V 77*

(Ql

in the steady state. The left hand side represents
the power input in the plasma. By use of the ion
conservation relation,
(10)
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this expression may be solved for E+.

The result is:

E+ = £ 0 /(l + r0S¡VP).
Now P ^ 0.3 and r0S < V.
E+ ^

Hence
= 75 kev.

(12)

Of course, this calculation is extremely crude. Nevertheless, it does indicate that a large energy depression
of the system will not be caused by collision heat
transfer mechanisms.
Another factor is the arc itself. There could be a
considerable density of cool electrons in the arc
regions through which most of the particles in the
plasma pass quite frequently. If the plasma particles
continued to pass through the arc there could be
appreciable energy degradation occurring. Fortunately, the ions should miss the arc after a short while
because of their small-angle Coulomb deflections in
the plasma itself. For example, a 300-kev ion moves
on a circle of 5 inch radius in a field of about 10 kilogauss. Since the arc radius is about J- inch, a net
scattering of 1/20 radian (i.e., <02> ^ 0.0025) is
necessary in order that a large number of ions miss
the arc. It may be shown that if the density of
electrons in the arc is not excessive (1014 or less),
sufficient scattering will occur before the energy has
seriously degraded.
Even if the ions do not miss the arc, reasonable
plasma temperatures may be obtained. Calculations
of the resultant plasma energy in the presence of a
given electron density n- at a fixed energy E- have
been made. The results are quite sensitive to the
actual energy distribution of the electrons and their
density. The reason for this is that the most rapid
heat transfer is from an ion to those electrons whose
velocity is smaller than the ion velocity. A Maxwellian distribution always has a tail of cold electrons
which will soak up the energy from the faster ions.
On the other hand, there is experimental evidence that
the electrons in the arc are far from Maxwellian.
For example, the high ratio of hard ultra-violet radiation to optical radiation in the arc (30 to 1 ) indicates
that almost all the electrons are in the 10 to 100 volt
energy range. There is also the high electric field
gradient ( ~ 1 v/in.), combined with the long mean
free paths, to be reckoned with.
Our preliminary results have been obtained by
assuming a Maxwellian distribution, however. The
effective electron density should be chosen to be equal
to the density in the arc reduced by the fraction of the
time a typical particle actually spends in the arc
region. This fraction will be of the order of 10~2
to 10~3. Since the electron density in the arc is
probably about 1014, the effective density should be
about 1011 to 1012. The results for £_ = 100 ev
and a variety of values of (effective) w_ are shown
in Table 2. It should be remembered that these
results will be grossly pessimistic if the very cold
electrons (1 ev or less) are missing. As a final note,
it should be remembered that the arc is thought of as
an ignition scheme rather than as a permanent feature
of a thermonuclear device. For example, if the arc
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Table 2. Effect of Arc on Plasma Operation
Input ¡on current per unit volume of plasma, I+/V, required to
sustain various plasma-ion temperatures, £+, when the plasma
is in contact with a Maxwell-distributed electron bath (the arc)
with fixed mean energy 100 ev, effective density n_. For D C X ,
V is about 10 4 cm 3
E+ (kev)

1
1
10
10
100
100

n-(cmrz)

I+IV{malcm3)

1011
1012

3.7 x 10-5
3.7 x 10-33
1.6 X 10-

ioni2

1.6 X lO-i
1.3 X lO-i
13

10 11
1012
10

should hold down the full development of the plasma
temperature, one might then shut off the arc after
the initial plasma has formed and use the residual
plasma for further breakup of the molecular ions and
heating. Indeed, if the temperature of the residual
plasma is above the ignition point, it would be possible
to shut off high energy injection entirely and turn
to injection of cold neutral atoms to increase the
plasma further.
Further details of long range plans for thermonuclear
devices based on the ORNL ignition scheme will be
presented at a later date. However, one feature is
clear. The present set-up will not allow the creation of
a self-sustaining plasma because the reaction products
will be sufficiently energetic so that they can reach
the walls. One way of removing this difficulty is
to compress the plasma after it has been formed. At
the same time, high energy injection would be discontinued, and the injection of energetic or cold neutral
atoms would then begin. Needless to say, the present
version of DCX makes no attempt to deal with economics but is, instead, concerned solely with the problem
of creating a thermonuclear plasma.
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equipment. The inner chamber, or liner, can be
heated to 400°C to remove occluded gases. Pressures
as low as 3 x 10~8 mm of Hg have been obtained in
this liner. The breakup arc enters the inner liner
through graphite baffles, which must be insulated
from the liner to prevent heavy currentsflowingfrom
the arc column to the baffle plates.
The energetic carbon arc г that is used to dissociate
the molecular ions in DCX requires some description.
When a gas arc is struck between graphite electrodes
in a magnetic field, a spontaneous conversion to a
carbon arc follows, if the arc power supply is large
enough. When the gas feed is discontinued, the
pressure in the container falls rapidly, and the arc
column becomes less brilliant and very sharply defined
and steady.
The arc will permit chamber pressures
below 10~7 mm Hg with pure electrodes. Since the
electrodes are placed off-axis in the magnetic field,
the arc column is strongly curved in following the
magnetic field lines. Fig. 5 is a photograph of the
arc taken from a port at the anode end of the equipment. The baffles are absent, so that the whole arc
length can be seen.
In usual operation, the arc current is from 200 to
300 amp, and the arc voltage is approximately 150 v.
The high efficiency of the arc for the dissociation of4
D2+ ions which was measured in other experiments
has been confirmed by measurements in DCX. The incoming beam and the dissociated beam were measured
with a Faraday cup, and dissociation efficiencies

DCX EXPERIMENT

The direct-current mirror machine (DCX) used in
the present experiments is shown in Fig. 3. The
vacuum chamber and coils are in the lower half of
the picture with the 600-kev accelerator mounted
above. The transformer-rectifier set that supplies
the accelerator is just beyond the right side of the
picture. The ion source used for molecular ion beams
up to one milliampere is of the Moak-Good type. 3
The beam from the ion source is focused into the
accelerator by an Einzel lens which has provision for
rapidly turning the beam on and off by means of
deflecting plates in the central element. After
acceleration, the beam is magnetically deflected
through an angle of about 10°, both to aid in directing
the beam through the arc and to remove the unwanted
ionic species from the beam. The molecular ion beam,
entering DCX in the central plane, strikes the arc at
the point of closest approach of the beam to the
magnetic axis. The point is chosen so that the
dissociated atomic ion beam has a circular orbit
concentric with the magnetic axis.
A dual vacuum system is used to obtain very low
pressures. Fig. 4 is a diagrammatic drawing of the

Figure 3.

Photograph of the Oak Ridge Thermonuclear
Experiment ( D C X )
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DCX schematic drawing

as high as 40 % have been obtained for a D2+
energy of 600 kev.
The arc further assists in the experiments by exhibiting a strong pumping action. Neutral atoms
entering the arc column are ionized and then are
constrained by the magnetic field to follow the arc
column through the baffle into the cathode region of
the arc. An auxiliary experiment has demonstrated
that an arc of this length gas a pumping speed of
7500 liters per second for deuterium gas in the pressure
region around 10~6 mm Hg. A further discussion
of the arc is found in the paper by Luce. x
The magnetic mirror coils produce a field, on the
axis, of 10,000 gauss at the central plane and 20,000
gauss at the coil centers. The coil exciting power of
2.7 megawatts is removed by direct water cooling
of the coils. With a D2+ energy of 600 kev, the magnetic field is adjusted to give a circular orbit of 10.6-in.
diameter for the 300-kev atomic ions.

The energetic neutral atoms produced in the ring
by charge exchange are measured by neutral atom
detectors and provide a measure of the intensity of
the ion ring, its profile, and its buildup and decay
time when the molecular ion beam is switched on
and off. The neutral atom detector customarily used
consists of a Faraday cup behind a 25-micro-inch
nickel foil. This foil is thick enough to make the
beam leaving the foil essentially an equilibrium beam
with respect to charge, irrespective of the charge state
of the incident particles. The intensity of the trapped
ring can also be measured by the current it induces
in a toroidal winding which is linked by the ring.
Neutron detectors, bremsstrahlung spectrometers,
and optical spectrographs are being used to study the
trapped ring and the resulting plasma.
The operation of DCX down to pressures of 10~6
mm Hg has been satisfactory. The off-axis operation
of the arc is easier than operation in uniform fields
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The anode is at

since the cathode can be arranged so that the part of
the ion stream that misses the cathode tip does not
strike the cathode mounting or insulators.
When DCX is operated without arc baffles, the
trapped ring is visible because of a large number of
incandescent particles or sparks which mark its location. These are small carbon particles which have
been torn off the arc electrodes and which fly about
invisibly until they are heated to incandescence in the
trapped ring. So many carbon particles would have
a disastrous effect on the trapped ring by absorbing
most of the ions. The baffles remove all but a very
few of them. Under typical conditions about one
particle per second is seen.
The trapped ring can be seen faintly at higher
pressures, but at a pressure of 5 X 10~7 mm Hg a
very faint glowfillsthe central region out to a diameter
of 10 or 11 inches with a similar axial length.
Recent runs using hydrogen have been made at a
reduced magnetic field to maintain the same ring

С F. BARNETT et al.

diameter. The decay times measured with the
neutral atom detector have been as long as 10 milliseconds at a pressure of 5 x 10~7 mm Hg. They
have been found to vary inversely with the observed
pressure, supporting the belief that charge exchange
is the dominant cause of particle loss in the range
covered so far. The 10-millisecond decay time
corresponds to a " wrap-up " of about 90,000 turns.
The injected current of H2+ was 200 //a and the
measured dissociated current was 40 /га. The current
in the trapped ring was thus 3.5 to 4 amp.
The ring could not be seen directly, even with this
circulating current, but the occasional sparks showed
that the greater part of the current was concentrated
in a toroidal region about three inches minor diameter
and ten inches major diameter. At the indicated
pressure, if the residual gas is assumed to be principally
nitrogen, it is possible to determine by how much
the current-to-pressure ratio must be increased in
order to reach the calculated burnout conditions.
For a surface area of the ring of approximately
2000 cm2, a pressure of 5 x 10~7 mm Hg, and an
input H+ current 40 /га, it appears that 14 times
more input current or less neutral atom influx is
required.
By flushing the system with hydrogen during
bakeout so that most of the residual gas is hydrogen,
it is hoped to reduce the factor lacking for burnout
to about 4. For a deuteron beam, burnout is expected
to be more difficult to achieve. Experimental steps
are being taken toward increasing the input current
and reducing background pressure.
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Intense Gaseous Discharges
By J. S. Luce

Much of the gas discharge research at the Oak
Ridge National Laboratory had its beginnings in the
ion-source development work carried on under the
war-time Electromagnetic Isotope Separation Project
which was begun at the University of California
Radiation Laboratory.1 Since the summer of 1954
many of the studies have been motivated by the needs
of the thermonuclear program. These studies have
led to the evolution of several new types of arcs which
exhibit certain interesting characteristics. These
discharges, all of which require an axial magnetic
field for stable operation, appear to possess properties
which are qualitatively different from those of previously investigated arcs. This paper describes the
development of these arcs, their use in the ORNL
thermonuclear program, and possible applications of
more general interest. A more thorough study of
such discharges may eventually lead to a better understanding of plasma physics.
In February 1955, the observation was made at
ORNL that energetic deuterons could be trapped in a
magnetic field by the injection and dissociation of
deuterium molecular ions.2 The idea is illustrated in
Fig. 1.
The essential feature of this method is the injection
of a D2+ ion across a magneticfieldand the subsequent
dissociation of this ion into a D + ion and a D° atom
or into two D+ ions and an electron. In either case,
each resulting deuteron has half the momentum of
the original molecule and hence half the Larmor
radius in the magnetic field. If dissociation occurs
over a certain range of the molecular ion orbit, the
resultant D+ is trapped and does not return to strike
the injector. It has been shown by calculation 3> 4
that if a sufficient number of deuterons with energies
of the order of hundreds of kilo electron volts could be
trapped, a thermonuclear plasma would be formed that
would maintain a high temperature and could then
be fed by much ]ess energetic fuel.
Much of the effort in the last three years has been
directed toward the development and exploitation
of devices designed to produce intense beams of molecular ions and devices to dissociate these ions with high
efficiency. This program has culminated in the

ORNL experimental device, DCX,4 in which an
attempt is being made to achieve a reacting plasma
by the means just outlined.
The ion-source development program has led to the
construction of sources capable of producing 2.5 amperes of D2+ ions and five amperes of D+ ions. This
program is described briefly in the Appendix.
Thefirstpart of the paper is devoted to the discharge
now used for dissociating molecular ions, which has
been given the name energetic carbon arc. A brief
description of the arc is followed by an account of
its evolution and development. The experiments
which established its high efficiency for dissociation
are discussed in some detail; some experimental
results on arc properties are described; and details
of techniques of operation complete the discussion.
The last part of the paper describes experiments
on the newly-discovered energetic deuterium arcs
and some speculations on their possible uses.
ENERGETIC CARBON ARC

The discovery which, more than any other, made
the high-energy molecular-ion injection and trapping
scheme appear feasible was that of a high-current dc
arc which was found to have a remarkably high
efficiency for dissociating molecular ions. This arc
is run between graphite electrodes in a magnetic
field of several kilogauss and is supported by carbon
from the electrodes with no supplementary gas input.
The arc is ordinarily struck as a dc gas arc with a
radio-frequency voltage applied for initial breakdown.
After the discharge has become established, the gas
flow is completely stopped. Initially, there is high
local pressure (1 to 5 microns Hg) resulting from
outgassing, and a secondary plasma is observed
around the arc. When the pressure has dropped
below about 0.1 micron Hg, the secondary plasma
disappears, the light emitted by the anode increases,
and the discharge is observed to separate into bright
blue filaments which move slowly across the magnetic
field. These filaments terminate at bright cathode
spots located on the cathode rim.
Most of the arc current appears to be carried in a
hollow cylinder whose diameter is roughly that of the
cathode, customarily about half an inch. Figure 2
shows a set of wafers cut from thin graphite plates as
the arc burned through them. The photograph was

* Oak Ridge National Laboratory, operated by Union
Carbide Corporation for the U.S. Atomic Energy Commission.
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Figure 1 . The trapping of energetic deuterons in a magnetic
field by dissociation of deuterium molecular ions

made shortly after the arc was extinguished; the
carbon pieces were still quite hot. In arcs which are
several feet long, the current channel appears to converge before reaching the anode.
Associated with the production and disappearance
of filaments, there appear to be electrical or thermal
gradients at the cathode which cause small pieces of
hot carbon to be ejected at high speed (10 to 20 meters
per second). Many of these particles rebound from
solid objects without disintegrating. A photograph of
an arc and some of these fragments is shown in Fig. 3.
It has recently been discovered that this arc is
but one of a broader class of arcs, all of which are
characterized by electron energies of tens to hundreds
of electron volts and, it is believed, by comparable
ion energies. These have been given the generic
name energetic arcs ; some preliminary results on their
behavior are given in a later section.

J. S. LUCE

A sufficient flow of gas is supplied through a hole
in the cathode to provide ionization and space-charge
neutralization at the cathode face with minimal
increase in pressure in the rest of the system. The
discharge is defined by the boundary of the cathode
itself. In striking, a radio-frequency discharge is
customarily used to provide initial breakdown of the
gas. In operation, a sheath forms at the cathode
face, providing an electric field to accelerate the ionizing electrons. Arcs of this type have been operated
with currents up to 5000 amp, and many of their
properties have been studied.
Their markedly different behavior under different
pressure conditions is worth noting. It was found
that at 50 microns pressure and no magnetic field
the arc would blow up to a diameter of several feet
(Fig. 6). At a pressure of 0.5 microns the arc would
spiral in several patterns depending on the current
and voltage applied (Fig. 7).
Experiments designed to measure the efficiency
of gas arcs of this kind for dissociating molecular ions

Developments Leading to its Discovery

The initial investigations in the program were made
with arcs of the type developed for the isotope separator (mass spectrometer) ion sources.1 It was with
such an arc that the ORNL experiments bearing on
the diffusion of ions across a magnetic field5 were
done. A typical arrangement of such an arc is shown
in Fig. 4.
The electrode which defined the arc column,
although useful in the original application, proved
to be a serious obstacle to achieving high arc currents
because of excessive electron drain between the filament and the defining electrode. Accordingly, modifications were attempted which dispensed with the
defining electrode. Figure 5 shows an early arrangement of this kind.

Figure 3.

Twelve-inch energetic carbon arc

were unsuccessful because of high gas pressure. In
the course of attempts to operate these arcs at successively lower pressures, it was found that under
proper conditions a discharge could be made to operate between carbon electrodes without a sustaining
gas input. It was later found possible to operate this
type of discharge in lengths of 6 feet or more. The
low gas pressure associated with this carbon arc made
it immediately evident that this was a strong candidate for use as a dissociating agent for molecular ions,
and experiments to test its efficiency were undertaken.
Molecular-ion Dissociation Experiments

Figure 2.

Half-inch carbon wafers, cut from graphite plates by
the arc

Of most immediate interest to the thermonuclear
program has been the energetic carbon arc's efficiency
for dissociating deuterium molecular ions D2+
which pass through it. The initial experiments were
conducted with 20 kev D2+ ions in a uniform magnetic
field of about three kilogauss. The ions were produced
in a modified source of the type originally used for
isotope separation. The exit aperture of the source
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Arc with defining electrode

was a slit oriented parallel to the magneticfield,which
produced a ribbon-shaped ion beam. The carbon
arc was placed at the opposite end of the orbit diameter, a location of first-order focus for the beam,
and current collectors were located on the anticipated
paths of the molecular beam and the dissociated
atomic beam. The configuration is shown in Fig. 8.
The current collectors were water-cooled and were
provided with raised portions around their edges to
prevent the loss of secondary electrons. The target
for the atomic beam was well shielded from the arc
by a water-cooled copper box. An average figure for
the molecular ion current during these experiments
was 60 ma. The pressure was always under 3 x 10~5
mm of Hg, and the arc current was 300 amp.
The intensity of the atomic beam was determined
both electrically and calorimetrically. The latter
determination was accomplished by measuring the
temperature rise of a metered flow of cooling water.
The two sets of data agreed to within a few per cent,
about as closely as would be expected with the known
intrinsic measurement errors.
The major result of the experiment was the observation that 40% of the molecular ion beam was dissociated. Allowing for the beam's imperfect focus, it
has been calculated that 70% of the molecular ions
which passed through the arc were dissociated. A
subsequent measurement made with 700 amp of arc
current was made inexact by beam losses due to high
pressure but indicated that approximately 90% dissociation was achieved.
No metered loss of ions was detected in the electrical
measurements. The sum of the currents in the R/2
and the residual D2+ beam (plates A and B, Fig. 8)
always equalled the current reading of the D 2 + beam
before dissociation.

Figure 6.

Behavior of 500 amp argon arc at 50 microns pressure
with no magnetic field

That dissociation occurs only within the arc was
shown by the good focus of the dissociated beam.
The existence of this focus is indicated by the following
observations: (1) probe-scanning of the focal line of
the D2+ beam (at the arc position) and the focal line
of the dissociated D+ (at the position of collector В
in Fig. 8) showed no appreciable difference in width
of focus; (2) stainless steel strips placed at the focal
line of the dissociated beam were readily melted
through even when a beam current as small as 10 ma
was used. Such a strip is shown in Fig. 9.
Only brief studies were made on the circulating
deuteron beam. These were sufficient to demonstrate
that the deuterons did remain in the system for a
substantial number of turns and to suggest that they
did not lose appreciable energy before leaving the
system. An indication of the shape of the circulating
beam was obtained by permitting it to burn through
thin aluminum foils. A comparison of the pattern
made by a single-pass beam with that made by a
circulating beam was obtained by making use of a
movable intercepting plate, as shown in Fig. 10.
The respective foils are shown in Fig. 11; the one
on the right shows that all of the circulating particles
have the same radius of curvature, indicating negligible energy loss in the arc.
The extremely encouraging results of the dissociation experiments led to the decision to incorporate
the energetic carbon arc in a device designed to
create a steady-state high-temperature plasma by
the injection and trapping of energetic deuterons.
This device, DCX, and the basis for its design are
described in another paper.4 One crucial point in

ANODE-CATHODE SHIELDS

Figure 5.

Cathode-controlled dc gas arc

Figure 7. Behavior of 500 amp twelve-inch argon arc at
0.5 microns pressure and two magnetic field values
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Figure 8. Experiment to measure dissociation efficiency of carbon arc

determining the feasibility of the 600 kev D2+ injection energy chosen for DCX was that the dissociation
efficiency of the arc remain substantial at that energy.
Experiments 6 verified that this was so.
Properties of the Energetic Carbon Arc

The remarkably high dissociation efficiency of the
carbon arc and the prospect of forming a thermonuclear plasma adjacent to it have occasioned a
considerable interest in its detailed properties. The
measured dissociation efficiency for 600 kev D2+ ions 6
implies that the product of particle density and cross
section for the event is of the order of 0.1 cm-1. Thus,
either both quantities are extremely high in terms
of ordinarily expected values (w~1013 cm-3, a>—Ю-16
cm2), or one quantity is anomalously high. Studies
so far have failed to provide unambiguous answers
to these and other key questions. Therefore, only
a list of experimental results will be given here; no
attempt will be made to use these results to analyze
the arc.
1. The energetic carbon arc has been operated at
lengths of from 6 inches to 6 feet. The arc voltage, with an arc current of 250 amp, was found to
be 55 v for a 12-inch length and to increase roughly
linearly to 120 v for the 6-foot length. It was found
to be a slowly-varying function of the arc current,
the voltage increasing for increasing current. For
any configuration, there was a critical current below
which the arc would not continue to run. For a
12-inch arc, this current was as low as 50 amp for a few
seconds.
2. Measurements were made of the arc's efficiency
for stripping additional electrons from 20 kev N+
and He+. The experimental configuration was the
same as that shown in Fig. 8. The change of charge
on the stripped ions reduced their radius of curvature
by a factor of 2. The results were: for nitrogen,
12% stripping efficiency; for helium, almost zero.
3. Spectroscopic observations 7 showed lines requiring the presence of 43 ev electrons for their excitation.
The dominant spectra were those of C + , C+ + , and

C+ + + . The relative intensities of these lines varied
with arc length, the spectra corresponding to higher
stages of ionization increasing in intensity as the arc
length became greater. The resonance line of neutral
carbon at 2478 Â could not be detected in the center
of a 6-foot arc. Doppler shifts observed in the
long arc indicated ion rotational energies as high as
50 ev. Velocities parallel to the axis were found
to correspond to energies of only a few ev except m
the vicinity of the cathode.
4. An experiment was performed to measure the
amount of energy radiated from a one-foot section
at the center of a 6-foot arc. Figure 12 shows the
arrangement of the apparatus for this measurement.
A water-cooled cylinder was placed around the arc
and shielded from the electrode radiation by baffle
plates which fit closely around the arc. The power
absorbed by the cylinder was determined from the
temperature rise of its cooling water, whose flow
was measured. With an arc current of 240 amp and
an applied potential of 120 v, it was found that the
energy transferred to the cylinder varied between
2.5 and 3 kw, depending somewhat upon pressure.
If this number constitutes a good average figure for
the power radiated along the arc's length, about
half of the total arc power input is thus accounted for.
Experiments6 suggest that most of this radiation
comes off in the form of hard ultraviolet light
(A—'1200 Â). This is a plausible finding in view of
the fact that the resonance radiation from C+, C+ + ,
and C+ + + lies in the hard ultraviolet region. Radiation balance calculations yield a probable ion density
range of 1013 to 1014 ions/cm3 depending on the
electron energy assumed.
5. Probe measurements and arc-current studies
showed that the operation of the arc was accompanied
by considerable rf oscillation with frequencies at least
up to tens of megacycles.
6. Preliminary results of microwave experiments 8
indicated the arc to be strongly absorbing for fourmillimeter and twelve-millimeter waves. The sug-
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Figure 9. A 0.005-inch stainiess steel strip burned through by a
beam of deuterons produced by dissociation of D 2 + in a carbon arc

gested density is above 7xlO 1 3 electrons/cm3, if the
theory is adequate.
7. Studies of the vacuum properties of the arc 9> 10
indicated not only that it would be useful as an ion
pump, but also that the deposited carbon adsorbs
gases and thereby provides additional pumping
action. This action was found to be strong enough
to make it possible to valve ofí the diffusion pumps
of apparatus in which the arc was operating. The
base pressure under such circumstances was of the
order of 10-5 mm Hg. When the arc was run through
a chamber from which the electrodes were excluded,
a base pressure of 2 x 10 -7mm Hg was achieved in the
(unbaked) chamber.
Techniques for Carbon Arc Operation

In the two years since its discovery, the energetic
carbon arc has been operated with several markedly
different magnetic field configurations. Initially,
it was run in the uniform field of a mass separator
unit with its length limited to about 12 inches. There,
the assembly was arranged roughly as shown in Fig. 5
with the anode at ground potential. The major
auxiliary components were the floating baffle plates
which prevented damaging strike-overs from the
cathode assembly.
The feasibility of operating a 6-foot carbon arc
was first demonstrated in the long solenoid shown in
Fig. 13. Typical electrode assemblies are shown
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in Fig. 14. These are inserted in opposite ends of the
solenoid. In the experiments it was found convenient
to replace the floating cathode shields with pieces of
quartz tubing slipped over the cathode holder and
with a floating baffle plate to prevent the backstreaming ions that miss the cathode proper from
striking the cathode holder.
In the magnetic mirror apparatus, DCX, the carbon arc has been operated in both on-axis and off-axis
positions (Fig. 15). The electrodes are customarily
placed as much as 10 inches outside the magnetic field
maxima. With the arc off-axis it was found that the
backstreaming ions no longer struck the supporting
assembly for the cathode; the need for the quartz
cover was thus eliminated. This method of operation
also provided the first opportunity to study these ions.
It was found that an insulated plate in their path
acquired a positive potential as high as 110 v with
respect to the cathode. When the plate was operated
at anode potential, it drew a current of 20 amperes.
The total arc voltage was about 140 v.
In order to reduce the conductance for gas flow
between the two parts of the DCX dual vacuum
system, it was found necessary to pass the arc through
a series of close-fitting baffles at each end of the inner
chamber. This method of arc operation presented
two problems, one of mechanical alignment and the
other of baffle insulation. The alignment problem
was solved by burning holes through the baffles
with the arc at low current and with some gas feed,
then mechanically reaming the holes to a larger diameter. In order to achieve stable arc operation
through the baffles it was found necessary to insulate
the baffle holders carefully, since inadequate insulation allowed a part of the arc current to be by-passed
through the baffle assembly.
ENERGETIC DEUTERIUM ARCS

The discovery of a deuterium arc capable of dissociating 20 kev D2+ ions resulted from a proposal by
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Foils burned through by deuteron beams in a uniform magnetic field. Width of single-pass beam is 2 inches

P. R. Bell. He suggested that a gas arc could be
made to operate in a manner similar to the carbon
arc if some way were found to limit sharply the extraneous gas emitted into the vacuum chamber. He
proposed to achieve this by improving the tubular
anodes (which had formerly failed to produce adequate gas arcs) by making them longer and making
them fit the arc closely. With this improvement,
gas fed in at the anode base would have to pass
through a considerable length of arc before it could
be emitted into the vacuum chamber and would thus
have a high probability of being ionized.
Several attempts were made with a tungsten anode
5 inches long and bored to an inner diameter of
five-eighths of an inch. The outer diameter of the
tungsten cathode was half an inch. Electrons
from the cathode were thus expected to clear the
anode wall by one-sixteenth inch. Eventually, a
low pressure arc (5xlO~5 mm Hg) was established
with a current of 150 amp and a potential of 200 volts
applied across a 4-inch gap. An arc of this type
was demonstrated to have a 10% efficiency for dissociating 20 kev deuterium ions.
A subsequent discovery, which will be described,
led to an improved version that provided 25% dissociation, although in all these cases tungsten impurities
may have played a part. The electrode configuration
is shown in Fig. 16. Investigations of this arc are
still in their initial stages, and very little is known
about the mechanism of its operation. The arc
has, however, displayed some unexpected properties.
Investigation of these has led to several variations in
arc configuration and has suggested possible applications of much broader interest than originally anticipated.
One curious feature of these arcs is the fact that they
can be run from the inner surface of a hollow cathode,
thus depending on emission across the magnetic field.

BAFFLE

Hollow cathode arcs are not uncommon in applications
in which little or no magnetic field is present, but in
this casefieldsup to 6000 gauss have been used and no
decrease in the emission observed. One hypothesis
which has been advanced to explain this fact is the
following. Electrons are accelerated radially from
the inside wall of the cathode across a very thin
sheath. Some of those that suffer collisions before
returning to the wall are trapped and thereupon are
drawn out of the cathode by an axial potential gradient in the arc. The idea is demonstrated in Fig. 17.
The hypothesis is supported by the observation
that at low pressure the arc current appears to be
carried in a thin hollow cylinder close to the inside
cathode wall. Under certain conditions, the current
flow to the anode was found to take place in a welldefined ring, giving rise to intense local heating.
Figure 18 shows the result of insufficient cooling of
a tungsten anode. Improved cooling was achieved
for both the cathode and anode by inserting the
electrodes into thick copper jackets, as shown in
Fig. 19. The hole in the copper was made undersized

BAFFLE
ANODE

CATHODE
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Figure 12.

Experiment for determination of power radiated by
the arc

Figure 13.

The ORNL long solenoid apparatus
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High-current vacuum carbon arc electrode assemblies

to the extent that it was necessary to heat the copper
to several hundred degrees in order to insert the tungsten. During operation the copper was water-cooled;
the differential expansion, which occurred when the
tungsten was heated by the arc, produced a very
tight fit and resulted in good heat transfer.
As might be expected from the cross-field emission,
the deuterium arc was found to require a much higher
applied voltage than the carbon arc. The arc voltage
was found to vary inversely with the gas input. The
exact part played by the hollow anode is hard to
understand, since the highest efficiency for molecular
ion dissociation was achieved when all of the supporting gas flow was into the cathode. This might have
been due to contamination (tungsten) from the anode.

Figure 16.

remaining cathode to a voltage as great as the anodeto-cathode voltage. This phenomenon is believed
to be closely related to the "Mode II" arc behavior
studied at ORNL.11 The arrangement is shown in
Fig. 20.
This arc has even higher resistance than that shown
in Fig. 16. It has been operated at potentials up to
one kilo volt. A power supply which will provide
2.5 kv is now under construction.
Formerly, arcs with large cross-sectional areas
were almost impossible to obtain because of current
limitations and uneven emission. Even in small
arcs, emission tends to run from cathode spots. The
cross-field emission described here provides a large
surface area from which electrons may enter the
system. The total current required to run the arc
is considerably reduced since the electron stream is
confined to a thin cylindrical sheet.
When the pressure is lowered below some critical
value, adequate space-charge neutralization is provided inside the cathode but not in the main volume.
In one test, a quarter-inch diameter hollow stream
of electrons was "blown up" to more than 3
inches in diameter in a distance of 5 inches. The
mechanism for this spreading is not entirely understood, inasmuch as the arc was operating in a 3000
gauss magnetic field, but it does seem clear that it

Figure 15. Off-axis arc in D C X . About three feet of arc are visible

This last observation led to experiments with arcs
running between hollow cathodes and solid anodes.
For these experiments, anode heating was minimized
by the use of a rotating anode assembly, which effectively spread the electron bombardment over a larger
surface area. Both carbon and copper anodes have
been used, the former arranged to permit anode gas
feed. These experiments are still in progress and
will be described in a future report.
The need to reduce anode heating with its consequent emission of impurities led to energetic arc
experiments with a reflex (Phillips Ion Gauge, or
PIG) geometry. In one arrangement, hollow cathodes
were used at each end of a long tubular anode. An
insulated plate substituted for one of the cathodes
was found to charge negatively with respect to the

An energetic deuterium arc with a cup anode

TUNGSTEN CATHODE

ELECTRON PATH

Figure 17.

Possible mechanism for arc operation from inside
a hollow cathode
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Hollow tungsten anode burned through by an
energetic deuterium arc

was associated with imperfect space-charge neutralization. The oscillatory electric fields produced when
streaming electrons are present in a plasma often give
rise to organized ion motion of considerable energy.
This effect has been observed by several investigators.11
The high-voltage, high-resistance characteristics of
the energetic PIG arc should enhance this process.
One of the first projects undertaken by the ORNL
Thermonuclear group was the development of a system whereby a high potential (50 kv) could be sustained between a solid gas arc and a surrounding hollow
gas arc running coaxially, or between an arc and a
coaxial cylinder.12 It is notable that in the highvoltage energetic PIG arc, there has been a return to
a very similar geometry.
It is interesting to extrapolate to the future somewhat and to speculate on possible applications of this
new class of arcs. Since fairly high electron and ion
energies appear to be involved (of the order of that
which would be imparted by the arc potential), an
attractive proposition would be to pinch off a section
of arc between two magnetic mirrors and compress it
so as to multiply the energy and perhaps thereby
achieve ignition of a thermonuclear plasma. The
design of an experiment to test this concept is now
under way. The energetic PIG arc concept is applicable also to toroidal geometry, with or without
compression (see Fig. 21). The most exciting possibility presented by the hollow energetic arcs, however,
is that of surrounding a reacting plasma with an arc
wall. Should this concept be brought to its ideal

Figure 19.

Electrode and holder for energetic gas arc

fruition, the sputtering problem would be eliminated,
because a thermonuclear plasma contained inside a
hollow arc would be protected from cold neutral atoms
which would normally flood in from the walls of the
vessel.
The applications will almost certainly not be limited
to the thermonuclear field. For instance, P. B. Moon13
has considered the breakup of H2+, using a gas target,
as a method of injection into proton synchrotrons.
The energetic arcs, capable of high dissociation efficiency, sharply localized dissociating action, and lowpressure operation would be admirably suited to such
a use. Heavy-ion accelerators could also make profitable use of such devices for stripping successive
electrons from the ions to be accelerated.
CONCLUSION

The ORNL concept of producing a high-temperature plasma by the dissociation-trapping of energetic
ions was brought within the bounds of feasibility by
the development of high-current molecular ion sources
and by the discovery of the energetic carbon arc.
An experiment, DCX, is now under way to determine
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Figure 20. Energetic PIG arc experiment
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even more interesting, applications than that of a
dissociating agent. A few of these have been mentioned above.
The study of energetic arcs is clearly in its infancy.
Some of these arcs may even now constitute plasmas
which have extremely high temperatures.
ELECTRON REFLECTOR

APPENDIX
Development of Ion Sources yielding Ampere
Currents of Atomic or Molecular Deuterium Ions

OSCILLATING
VOLUME

MAGNETIC

Figure 21.

FIELD

Energetic PIG arc in toroidal geometry

whether this trapping system is, in fact, capable of
producing a thermonuclear plasma. None of the
experimental results to date has indicated the presence of insurmountable obstacles to the achievement
of this goal. However, if such an obstacle should
be found to be presented by the energetic carbon arc,
there is now available for substitution the energetic
deuterium arc. In addition to the obvious advantages
of an arc which does not contain heavy, partiallystripped ions, the deuterium arc has been shown to be
capable of a flexibility of operation which should
permit a considerable measure of control over its
effects on the plasma. In addition, the deuterium
arc appears to be susceptible to other, and perhaps
MAGNETIC

The approach to the establishment of an energetic
deuterium plasma by molecular dissociation and its
promise in the thermonuclear program pre-suppose
the existence of intense currents of D2+ ions for injection purposes. In 1955, certain modifications of
calutron hot-cathode sources were explored, and
operating conditions in hydrogen were sought, under
which the molecular ion fraction of the output current
could be maximized. It was soon found that, in such
an ion source, the output can be controlled at will so
as to give an ion yield that is either predominantly
atomic or predominantly molecular, and that the
most important determining factor is simply the
pressure. The atomic ions are favored at high pressures (red color of discharge) and the molecular ions are
favored at low pressures (blue color). This behavior
can be qualitatively explained on the basis of a
difference in the mean energies of the electrons in the
ion source plasma. The minimum electron energies for
the various processes are as follows:
1. H2 + e->H + H

11.4 ev

2.

13.5 ev

H+e->H++e

15.6 ev

3. H2 + e->H + +e
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from which it would appear that if multiple collisions
degrade the energy of the electrons under conditions
of high pressure, a combination of the first two processes might dominate over the third process A
corollary of such an explanation would be that process
3 is primarily responsible for the production of molecular ions rather than a succession of processes 1 and
2 followed by recombination The physics of the
situation has been discussed m greater detail by Massey
14
and Burhop
The use of metal walls m an ion source to enhance
the output of the molecular species is well known,
in the adaptation of the calutron source for this purpose, water-cooled tantalum has been found to be
suitable, and indeed it is especially important in the
exit slit of the device Figure 22 shows a grid"
ion source m its adaptation for work with deuterium
The over-all length of the device is about 8 inches
In the output, H+ dominates at high pressure and
current, H 3 + at intermediate pressure and current,
and H 2 + at low pressure and current The pressure
setting suffices to allow one to choose between the
following operating ranges

Favorable to H+
Favorable to H3+
Favorable to H2+
a

Voltage a

Currenta

80 v

15 amp

100
150

10
5

Measured between cathode and arc chamber

An output of 2 5 amp of ions with an H 2 + content
of 85% has been achieved from a grid source of this
kind having an arc area of three square inches
Under appropriately altered conditions, five amperes
of ions have been extracted from one square inch of
arc area, of which 95% were atomic
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Effect of an Applied Pressure Gradient
on a Magnetically CoUimated Arc
By R. V. Neidigh* and C. H. Weaver t

This report describes experimental observations
made in connection with a magnetically collimated
arc having an applied pressure gradient along its
length and presents possible explanations of the
phenomena observed. It is believed to be pertinent
to thermonuclear research because it involves the
transport of a plasma across a magnetic field and
the acceleration of ions without use of solid electrodes
and furnishes evidence concerning the behavior inside
magnetically collimated arc discharges as the pressure
is decreased. The observations are repeatable to an
unusual degree and are believed to be sufficiently
interesting to be reported at this time, even though
a thorough understanding of the entire mechanism
involved has not been reached.
The apparatus used for the study was so designed
that a pressure gradient could be established along
the center-line of the arc, between the limits of 10~3
and 10~6 mm Hg. A schematic diagram of this
apparatus is shown in Fig. 1. The two end plates
are made of one-half inch copper, are approximately
six inches square, and are at ground (zero) potential.
The circular holes in the end plates through which
the arc passes are approximately one-fourth inch in
diameter, and a tube feeds into the left hole from an
external gas supply. The hot cathode and associated
shield shown at the left plate are connected to a
voltage source, so that they can be operated at voltages from 0-500 v with respect to ground, and at
currents from 0 amp to 5 amp. The shield shown
behind the right plate is floating electrically, being
connected to ground through a high resistance voltmeter. The probe used to study the region adjacent
to the arc is made up of a one-sixteenth inch diameter
copper wire covered, except at its extreme end, by a
quartz tube and an external copper shield that is
grounded. Thus the probe makes available an
electrical signal from one " point " in the region
adjacent to the arc. The pressure in the entire closed
region is controlled by the gas feed rate and pumping
rate. The pressure is measured by an ion gauge

(not shown) placed inside the hole (defining slot) of
the left end plate. Gases used were H2, He, N2, Ne,
A, Kr and Xe ; the results are qualitatively the same
for all these gases.
Two distinct types of gas discharges are obtainable
in this apparatus, and are here designated Mode I and
Mode II. The Mode I type of arc exists when a
negative voltage is applied to the hot cathode and
pressures in both the defining slot and the probed
region are of the order of 10~3 mm Hg. In such case,
the arc is as shown in Fig. 2 (upper), with edges
clearly defined, with uniform brilliance along its entire
length and with associated colors corresponding to
the type of gas being fed in. The right-hand insulated
shield assumes a potential approximately equal to
that applied to the hot cathode and shows signs of
intense particle bombardment (heat and wear). With
this type of discharge only small dc potentials and
small random oscillations are observed on the point
probe adjacent to the arc.
Consider now that the pressure external to the
defining slot is decreased by increased pumping, while
the pressure in the defining slot is maintained constant
(say at 10~3 mm Hg) by the gas feed. Then, when
the range of 10~4 10~5 mm Hg is reached, an abrupt
visual change takes place in the arc as indicated in
Fig. 2 (lower). From this figure it is seen that after
the transition takes place a mildly glowing plasma
exists in the region surrounding the arc and the intensity of the central arc column diminishes markedly
toward the right end plate. This type of arc is called
a Mode II arc and is further characterized by a
marked cooling off of the right-hand shield, which
assumes a negative potential approximately twice
that of the hot cathode potential.
The following experimental observations were made
in the course of a detailed study of the Mode II arc:
1. Figure 3 shows a typical periodic potential
variation observed on a floating point probe inserted
in the glow surrounding the central arc column.
Typical peak to peak potentials are of the order of
100 v. It was also found that when floating point
probes were placed around the arc at equal angular
intervals equidistant from the arc, signals were

* Oak Ridge National Laboratory.
t Consultant to Oak Ridge National Laboratory from the
University of Tennessee.
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potential at that time; and in fact, the exact reverse
of this interpretation was used to obtain the plot.
Thus this plot shows the complete time varying signal
picked up by a floating point probe anywhere near the
arc. It should be emphasized that the potentials
shown are total potentials (as is also the case in
Fig. 3), with positive up and zero at the bottom of
the trace.
2. A marked degree of sputtering was observed
on the right-hand end plate, with none on the left
except when a mirror coil was placed at the right-hand
plate. The circular pattern had its center at the
arc center and its edges coincided with the edges of
the
'///////////A external glow. Figure 5 shows such a pattern,
with a bafne placed just above the plate in order to
secure some indication of the paths taken by the
bombarding particles.

Figure 1. A schematic diagram of the apparatus which was
used to produce the Mode II arc. The terminal plate at the
right-hand end of the arc column is insulated, and typically
assumes a potential of about minus 300 volts with respect to
ground. Both end plates are grounded

observed that were identical except for a phase displacement identical to angular displacement. The
phase lag was in the direction of positive ion rotation ;
that is, for a magnetic field into the paper, the signal
on some probe B, 60° counterclockwise from some
probe A, would lag that of probe A by 60 electrical
degrees (one-sixth of a period). The frequencies
observed varied from 20,000 to 100,000 cycles per
second, depending on the system parameters (gas
feed, pressure, accelerating voltage, etc.).
This correspondence of time and space phase
permitted the diagram of Fig. 4 to be constructed.
The interpretation of this diagram is as follows:
if any point away from the arc ribbon is heldfixedas
the pattern is rotated, the values of the contours
crossing the point at any time give the instantaneous
Figure 3. The floating-probe potential as a function of time.
This is a photo of several oscilloscope traces superimposed by
triggering the oscilloscope at a given probe potential. Time is
from left to right. The period of the fundamental component
of the signal is 40 micro-seconds and represents one revolution of
the plasma potential. The peak-to-peak potential is about 70 v
in this case. Current measurements to biased probes located
ions and electrons in positions shown. Light emitted was
observed with a photo-multiplier

Figure 2. The upper photo is the normal arc without a pressure
gradient along its length. The lower photo is the corresponding
arc with the pressure gradient. All other parameters are the

3. A Faraday collector with a curved entrance
channel was used as shown in Fig. 6 (left). The
current measured was in such a direction as to
neutralize positive particles striking the collector.
The assembly has considerable length into the paper
in order to accept particles having a velocity component along the field. Values of current received are
shown in Fig. 6 (right).
4. Spectroscopic examination of the Mode II discharge by J. R. McNally of the Oak Ridge National
Laboratory showed the slant or Doppler effect
illustrated in Fig. 7. In this photograph, the central
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5. Signals were observed on a floating probe biased
in steps over a range of positive and negative values.
These time varying signals were compared with an
unbiased signal observed on a probe at effectively the
same point, in order to establish a time interdependence. Large increases of low energy electrons were
indicated at the valleys of the unbiased signal; small
increases of high energy ions were observed just to
the left of the valleys. These results are indicated
by vertical arrows on Fig. 3.
6. Light emitted from the glow surrounding the
central arc columns was observed by means of a
photo-multiplier cell and compared with the signal
from an unbiased probe located in the region under
examination. Results indicated that the flow was
made up of light pulses that always occurred in the
valleys of the unbiased probe signal. These results
are also shown in Fig. 3.

Figure 4. Floating-probe equipotential lines in the plasma surrounding the arc in Mode II. The numbers indicate positive
potentials with respect to the end walls. These are typical
of the potentials assumed by a floating probe at any instant.
The field rotates as a unit about the arc in the direction indicated

arc column is across the paper, with edges at the top
and bottom of the intense central glow. Thus it can
be seen that the slant inside the central arc column
is opposite that outside the arc column.

The experimental results listed above indicate
certain apparent characteristics of the Mode II discharge. First, it would appear that positive ions are
shot out of the region of the arc centerline, with
velocity components across the field and toward the
right end plate. This is indicated by the sputtering
patterns, the Faraday cup collector signals, and
Doppler slant effects observed spectroscopically.
Second, it would appear that the energies associated
with such ions can amount to as much as twice the
potential placed on the hot cathode. This is indicated
by sputtering patterns and collector currents obtained
for a given gas, hot cathode potential and magnetic
field. Third, it would appear that a rotating dis-

Figure 5. Cold cathode end plate with the obstacle in place (left) and with the obstacle removed (right). Note the azimuthal displacement of the shadow with respect to the obstacle. The black dots are holes in the end plate and are not germain to this experiment
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Figure 6. The schematic diagram on the left shows the Faraday
collector with the curved entrance channel. It could be rotated
30° about the collector as shown. The peak current to the
collector occurs when the channel is in the position of the dotted
line at A as is shown on the graph at the right

charge is set up to one side of the arc centerline,
having a rough wedge-shaped cross-section and extending between the end plates. The rotation is always
in the direction a positive ion would take and the
speed of rotation is in the range of 20,000 to 100,000
revolutions per second. This is indicated by the
frequency, phase and shape of the electrical signal to
the floating probe, by the light signal to the photomultiplier and by the large increase in low energy
electrons observed in the valleys of thefloatingprobe
signal.
It is important to note here again that the frequency
of oscillation (speed of rotation) was in no way related
to the Larmour frequency of any ion of the gas under
study.
From this, it would appear that the Mode II type
of discharge can be thought of as made up of two
phenomena, linked together by the accelerated ions.
The first phenomenon occurs outside the central arc
column and is the subject of the above discussion.
The second occurs inside the arc column and furnishes
the accelerated ions; it is the subject of studies now
in progress. (One difficulty here is the tremendous
damage sustained by any probe inside the central
arc column.)
It is possible to formulate a tentative model of the
rotating plasma eñect external to the arc column.
Thus, at the onset of Mode II, positive ions are
sprayed into the region surrounding the column. Some
of these ions undergo charge-exchange with the neutrals
in the region, forming slow ions, and thus a positive
potential is built up. This is indicated by the
smoothly rising portion of the floating probe signal
shown in Fig. 3.
The ions that do not undergo charge-exchange strike
the right-hand end plate, causing sputtering and giving
rise to free electrons. Thus, the increasing potential

and available electrons eventually cause a gas discharge along the magnetic field at some point away
from the central column. This is indicated by the
steep potential drop shown in Fig. 3.
The discharge now establishes itself in some mode
compatible with the given boundary conditions. It
cannot remain still, since it has destroyed the potential
that established it. However, examination of the
potential map of Fig. 4 shows that a radial E field
directed outward is associated with the high potential.
When electrons are accelerated into the high potential
region from the end plate, they are shifted in the
direction a positive ion would rotate (counterclockwise) by the eñect of this field crossed with the
magnetic field. Thus, propagation of the discharge
is favored in the direction of this shift due to the
ionizing eñect of the shifted electrons at the edge of
the discharge.
Another asymmetry which favors rotation can be
seen from Figs. 4 and 3. Positive ions accelerated
from the arc column into the zero potential region of
Fig. 4 are favored over those accelerated into other
regions, as is shown from the biased probe studies
(see Fig. 3). This means that the greatest number
of ions are striking the right-hand end plate on the

Figure 7. Ha, showing intensity distribution across the arc
column. Note asymmetries in the region near the arc column
due to ordered Doppler motion, presumably of H+ observed as
radiative-recombination spectra

counterclockwise edge of the discharge and again
counterclockwise rotation is favored.
The overall picture of the rotating discharge is then
as follows: The discharge always rotates into a high
potential region and leaves behind it a region of zero
potential. However, the continuous spray of ions
rebuilds this potential at a steady rate, thus maintaining the high potential region toward which the
discharge moves. The speed of rotation is governed
by the time necessary for the potential to rebuild
at any one point and therefore should be a function
of system parameters other than the magnetic field.
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Theoretical and Experimental Discussion of Ixion,
a Possible Thermonuclear Device
By K. Boyer, J. E. Hammel, C. L. Longmire, D. Nagle,
F. L. Ribe and W. B. Riesenfeld *

The plasma drift in crossed (radial) electric and
(axial) magnetic fields is the essential mechanism in
a thermonuclear device called Ixion. It has been
demonstrated by Baker and collaborators г that large
amounts of energy can be stored in such drift rotation
of high density plasmas. Post and collaborators 2
have investigated the use of " magnetic mirror "
configurations in which the axial magnetic intensity
increases with distance away from the median plane.
The essential principle of Ixion consists of applying
electric fields to magnetic mirrors in such a way as to
provide additional mechanisms for both heating and
containment of the plasma:
(a) Appreciable heating may be obtained, i.e., useful cyclotron motion may be superimposed on the
drift motion, in those cases where the ion motion is
generated abruptly, for example when molecules
suddenly become ionized in the presence of the
crossed electric and magnetic fields. This results in
the ions taking up cycloidal motions composed of
roughly equal portions of drift and cyclotron motion.
(b) The azimuthal plasma drift enhances the axial
confinement which occurs in a magnetic mirror as a
result of the cyclotron motion of the particles about
the В lines. The existence of this centrifugal mirror
enhancement, produced by the B x E drift, was
recognized independently by both the UCRL and
Los Alamos Groups.
One must provide extra magnetic pressure in Ixion
devices in order to contain the centrifugal body forces,
even in the absence of cyclotron (thermal) motion.
This limits the amount of plasma which can be contained.
In the following we present theoretical discussions
of the diamagnetic effects and of the mirror enhancement brought about by the ion centrifugal force.
This is followed by a discussion of the experiments.

and centrifugal effects for an ideal Ixion device of
infinite length, ignoring axial dependences and mirror
effects. The results are used to predict the behavior
of Ixion as a capacitive circuit element.
Figure 1 is a diagram of an experimental model
which illustrates the basic geometry of the device.
We choose a cylindrical coordinate system with the
z axis oriented along the axis of the machine and let
er, e#, ez represent unit vectors in the г, в, and z
directions. The inner and outer electrodes are
located at r = a and r = b, respectively. (In the
present model, Ixion 3, the inner electrode is replaced
by a plasma "center rod".) Ignoring dependences
upon the z coordinate, we write the magnetic and
electric fields in the form
= B(r)ez,

E =

(1)

Ions of mass M, charge e, and electrons of mass tn,
charge -e occupy the region a <Ç r <Ç b, and assumed
electric neutrality leads to equal particle densities
N(r) for both species. The first-order drifts due to
the combined effects of electromagnetic and centrifugal forces are purely in the 0 direction and there is
a net diamagnetic drift current density due to the
centrifugal force. Letting vjy and ve stand for the
ion and electron drift velocities, and using the definitions vj, — eBr/Mc, VE = cE/B, we may express the
balance of radial forces in the form
{m/M)vG2 - VLVe - VbVE = 0.

(2)

The solution of Eq. (2) for the ion drift velocity is
1 + (1 — 4vB/vi)*l

(3)

so that vjy ^ VE for VE/VL <C 1.
Combining Eqs. (2) we obtain an azimuthal diamagnetic drift-current density

THEORETICAL DISCUSSION
Diamagnetic Effects of the E X В Drift
In this section we treat steady-state diamagnetic

je = {Ne/c)(vB - ve) = -

(NM/Br)
X [vv2 + {m/M)ve*¡-

(4)

If ф is the applied electrostatic potential, the assumed
electric neutrality leads to an electric field given by

* Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico.
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which satisfies the condition that the applied magnetic field be completely cancelled at r = a. This
condition may be taken as a criterion for magnetic
containment and leads to the following relationship
between ф and the magnetic field B(b) at the outer
electrode :

(

m
M

(5)

The diamagnetic current density of Eq. (4) decreases
the magnetic field m the central region, creating an
outward magnetic pressure gradient which balances
the centrifugal body forces. The magnetic field
distribution is found by solving the V X В Maxwell
equation together with Eqs. (4) and (5). This
procedure is simplified if N is arbitrarily taken to be
independent of r and if the solutions of Eq. (2) for
VB and vQ are expanded in powers of VE/VI, only the
first order terms being retained. The resulting solution is
m
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ф y

ВЩ

a2b2
2

\ Inb/a

b -

a2'

(7)

With B(b) = 10 kilogauss and an average applied
electric field of 64 esu, the maximum contained
particle density is roughly 2x 1013 cm-3.
The initial applied magnetic field Bo may be related
to the field distribution of Eq. (6) by assuming that
the flux inside the machine is the same before and after
the onset of plasma drift. Such an assumption yields
the relationship
drrB(r)

(8)

In the present approximation the net change in
magnetic energy density and the particle kinetic
energy density are, respectively,
/32

Wji =

/3 2

°- and ir p = \X{m + M)vE\

(9)

The total energy per unit length is that of a capacitor
with capacitance"per unit length given by

Plasmo

Valve

Electric- E
Magnetic- В

Figure 1.

Diagram of Model III of Ixion, a deuterium plasma machine utilizing the E X В drift of a radial electric field and
an axial magnetic field
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IXION
С = -г-тгг
ó со J

dr27ir(WB + Wj>).

(10)

By use of Eqs. (3), (5), (6) and (9) this result may be
expressed in the form
2

С = 2n 1 +

ж)

NMc

(11)

where
ex — b/a
F (a)

2

1

=2y {lnoc)-

(1 - -f)%* - 1

~ 2 ( ж 2 - 1)* J
dx [x*(x* -

(12)

The effective dielectric constant is given by

(is)
Thus the usual dielectric constant ev of the polarized
plasma is modified by the factor F (a) which depends
upon the geometry of the system. A numerical
evaluation of Eq. (12) for oc = 4 and oc = 8 gives the
values 1.49 and 1.46 for F, respectively. It is seen
that the centrifugal effect leads to an increase of the
dielectric constant.

where pz, pr, and pe are the canonical momenta
appropriate to the cylindrical coordinate system.
2
Since H is independent of 6, pe = mr d + xp is a
constant of motion. Therefore, Eq. (17) may be
regarded as the Hamiltonian of a particle moving in
two Cartesian dimensions in an effective potential 'V
given by the sum of the last two terms in Eq. (17).
We shall assume that the particle is positively charged,
so that У is positive.
We first consider the case V = 0. Ixion particles
start their cycloidal orbits from rest, and hence
positive particles have positive pe.
For a given value
of z, pQ — xp will then vanish at some radius. The
effective potential i^ also vanishes and thus has a
minimum at this radius. The locus in the r — z plane
of these minima forms the centerline of a potential
trough, with the centerline following а В line. The
two-dimensional particle moves in this trough, oscillating between the two flux surfaces for which У
equals the total energy.
If there is an applied electric field, the equipotential
surfaces of У will be altered. For a given value of z,
the minimum of i^ occurs where di^/dr — 0. From
the form of У it follows that this condition holds
when the relation
(18)
is satisfied, where vj, = eBzr/Mc, VE = cEr/Bz as before.
If Er were zero, this would give the minimum at
V — Pe a s a bove. Comparing with Eq. (3) we see
that motion along the bottom of the potential trough
implies that the expression

Particle Orbits and Mirror Confinement in
Ixion

— xp •= — MfVjy

In this section we present a more detailed treatment
of the particle orbits, with particular attention to the
effect of the magnetic mirrors at the ends of the
machine. It will be shown that the rotation about
the axis of symmetry increases the confinement provided by these mirrors.
The magnetic field, which has no в component and
which has axial symmetn^, can be derived from a
vector potential of form

(19)

is satisfied. Since — Mrvjy = Ljy, the angular momentum of the drift motion, Eq. (19) states that

+ xp — pQ = constant.

(20)

Thus the quantity Ljy + ip is an adiabatic invariant
for the general drift case, a well-known result which
can be proved in a variety of ways and which can be
used directly to calculate the centrifugal confinement
effect of the mirror fields. If Er is negative (outer
S. = A(r,z)ee]
B-VxA.
(14)
electrode positive), the sign in Eq. (19) can be shown
to lead to an orbit which moves outward across flux
It is convenient to define a flux function by the relation
surfaces as it enters the mirror region, and conversely.
(15)
xp{r,z) = {elc)rA{r}z),
To calculate the mirror confinement effect in the
presence of the E X В rotation it is convenient to perwhich implies that (2тгс/е)хр is the flux enclosed by a form a transformation to eliminate the radial electric
circle of radius r. The potential energy of a particle
field. This is done by introducing an equivalent flux
of charge e is given by
function ip' which includes the radial dependence of
V. For given pe and z, xp' is defined by the relation
(16)
V(r,z) = еф(г,г),
where ф is the electrostatic potential. В lines are
assumed to become approximately equipotentials due
to the free longitudinal motion of electrons. It follows
that V = V(xp). The Hamiltonian of a particle under
the influence of these fields is
271/

' 2M

2Mr*

(17)

2Mr2
where K(z) is the minimum value of the left hand side
for the given value of z. This allows pQ — xp' to
vanish at the minimum, and allows xp' to be a smooth
monotonie function of r, as is required of a flux
function. Equation (17) becomes
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(22)

corresponding to the Hamiltonian of a particle in a
mirror magnetic flux distribution ip' and an axial
electric field with potential K(z). The mirror reflection problem is reduced to that of finding the efíect
of K(z). We first determine K(z) in the approximation г>#/г>ь <C 1. This is done by expanding
iPe ~ v)2l2Mr2 and V about the point r = r0. A
brief calculation then shows that K(z) is the negative
of the term (рв — гр)2/2Мг2 evaluated at the minimum
of У, and hence Eq. (19) enables us to write
K(z) = —

(23)

where vE is the E X В drift velocity evaluated on the
same гр' flux surface for each z. On a given flux
surface, В ос 1/r2 and E oc 1/r so that К (я) ос — l/B
(z). Thus К (2) is more negative in the center of the
machine than in the mirror, leading to a suppression
of particle leakage. To evaluate this efíect quantitatively we use the law of energy conservation for
motion along a flux tube in the form
w±(c) + z£/n(c) + K(c) = w±{m)
+ w,(m)+K(m),

K. BOYER et al.

vacuum envelope. The magnetic intensity is typically 9 kilogauss at the median plane and increases
with distance from the median plane to a maximum
of 20 kilogauss ("mirror throat"). Five coaxial
cables at each end of the device (one of which is
shown) connect it through 0.1 microhenry to a
75 microfarad capacitor bank. Deuterium gas is
admitted for approximately 100 microseconds through
the valve, which is opened electromagnetically with
precise timing. Following the opening of the valve,
a portion of the gas is ionized and driven along the
axis into Ixion proper by the magnetic shock coil and
the guide field. Details of the operation of this and
similar injectors are described by J. Marshall,3 who
developed them. In operation a luminous cylindrical
region of plasma about 3 cm in diameter (indicated by
the heavy shading in Fig. 1) is visible after the
injector is fired. This plasma center electrode is in
contact with a pair of tungsten ring electrodes located
at the mirror throats. Each ring electrode connects

(24)

where w± and w H are the perpendicular and parallel
kinetic energies, and (c) refers to the center and (m)
to the mirror. From adiabatic theory we have
w±(m) = w±(c)Bm/Bc.

(25)

In order to pass through the mirror, a particle must
have ^„(m) > 0. By use of Eqs. (23), (24), (25),
and the relation K(z) oc — l/B(z) this condition
becomes

Current

ге-,(с)>ге; ± (с)[(В т /Вс)-1]
c)(l ~BG/Bm).
(26)
The last term gives the efíect of K(z), making it more
difficult for a particle to leak. Physically, the
improved containment arises from the centrifugal
force of the E X В rotation which keeps particles from
approaching the axis, as they must in order to pass
through the mirror. In an Ixion machine, ^Mve2
may be about equal to the total Larmor energy w±.

voltage

voltage applied
1.2
1.0

EXPERIMENTAL RESULTS

We report on the successive operation of three
models of Ixion, covering a period of about eight
months up to April 17, 1958. The models differed
primarily in the ranges of electric and magnetic fields
which were used and in the series inductances of the
electrical leads which in each case connected Ixion to
energized capacitor banks. Models I and II had
metallic center electrodes, while the latest version,
Ixion III, has a " plasma center electrode ".
Figure 1 shows Ixion III. The vacuum envelope
is a stainless steel cylinder 24 cm in diameter and
86 cm long which is normally evacuated between
discharges to 2x 10~6 mm Hg. The magnetic field is
provided by pulse coilds, shown surrounding the
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Figure 2. Oscillograms А, В and С represent the behavior of
Ixion III for three different values of applied axial magnetic field
and fixed applied voltage and injected deuterium pressure.
Graph D shows line profiles of C" 4267 Â light intensity vs.
monochromator wavelength setting for opposite directions of
applied axial magnetic field

IXION
(along the path shown dashed in Fig. 1) to the center
conductors of five of the coaxial cables. A pair of
hat-shaped insulators prevents arcing at the ends of
the container.
Figures 2A, 2B and 2C are typical oscillograms
taken at a sweep speed of 200 //sec/cm, showing the
time behavior of the voltage and current at the
terminals of Ixion. About one micron of D2 was
injected, followed 400 microseconds later by excitation
of the shock coil and simultaneous initiation of the
oscilloscope sweep. For about 200 microseconds after
application of the voltage (about 10 kv) negligible
current was drawn, even though plasma from the
injector had arrived promptly. The initial slope of
the voltage trace was caused by the external circuit.
After the 200 ¿¿sec delay, which could be shortened
or lengthened as the relative delay between plasma
injection and voltage application was lengthened or
shortened, a sudden discharge occurred. This discharge was accompanied in the cases of Fig. 2A and
2B by (a) the occurrence of a sudden impulse of
current (about 20,000 amperes) which lasted about
25 //sec and transferred a major portion of the capacitor-bank charge to Ixion, (b) a drop of the voltage
of the system to about one half its initial value as
charge was shared between Ixion and the capacitor
bank, and (c) intense emission of light due to atomic
deuterium as well as to impurities. Following the
impulsive discharge, the voltage decayed to zero in
about 500 /¿sec.
In the case of Fig. 2C the discharge was oscillatory,
having a period characteristic of the cable inductance
and bank capacitance. This latter type of oscillogram was obtained if the magnetic field was lowered,
the voltage raised, or the pressure raised excessively.
Here Ixion presented a resistance of a small fraction
of an ohm. Such oscillograms indicate that under
oscillatory conditions the plasma is not contained. It
was found, however, that the voltage for " breakdown ", or loss of containment, varied according to a
much lower power of В than the second, as would be
indicated by Eq. (7).
In connection with the behavior illustrated in
Figs. 2A and 2B, the current spike and sudden drop
in voltage are interpreted as being caused by the
development of a rotating plasma containing internal
energy of cyclotron motion. Ixion at this time
presents an impedance to the external circuit which is
partially capacitive and partially resistive. The
absence of the oscillations which might be expected
owing to circuit inductance at the time of the voltage
drop may be caused by the damping effects of plasma
heating. The subsequent decay of the voltage is
attributed to the loss of plasma to the walls. Tuck
has shown that because of azimuthal momentum
transfer between ions and electrons, an outward radial
drift of the plasma is to be expected.
In order to see how well the capacitance of Ixion
could be predicted by the considerations of Section II,
the following experiments were performed. Data of
the type illustrated in Fig. 2A were taken for various
values of applied magnetic field Bo. The ratio Q/V
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of the total charge transferred to Ixion divided by its
voltage immediately after discharge was found to vary
approximately as the inverse square of Bo as predicted
by Eq. (11), although the exponent could be made to
vary between 1.6 and 3.3, depending upon discharge
conditions. For Bo = 8 kilogauss and an injected
D2 pressure of 1.5 microns, Q/V was typically 42 microfarads.
In order to determine what portions of the charge
Q corresponded to reversible initiation of plasma rotation and to irreversible processes, the following
measurement was made. After the process of transfer
of the charge Q to Ixion and while its voltage has the
resulting value V, Ixion was short-circuited by means
of a timed ignitrón, and the amount of charge corresponding to the short circuit was measured. It was
found that 1/5 of the original charge Q could be
recovered, corresponding the the value 8.4 microfarads for its capacitance under the foregoing conditions of applied magnetic field and injected D2 pressure. Assigning F in Eq. (13) the value 1.5, this
capacitance corresponded to an amount of rotating
deuterium plasma of equivalent pressure 5.6 microns.
The discrepancy between this figure and the injected
pressure of 1.5 microns may be accounted for either
by the pressure of impurities or by larger values for
the enhancement function F than would be calculated
on the particular assumptions used in Section II.
The circuit behavior illustrated in Figs. 2A and 2B
has been obtained only with Ixion III. In an earlier
model (Ixion II) with a metal center rod, it was found
that large diamagnetic signals during the oscillatory
discharge (Fig. 2C) could be detected by means of a
magnetic probe coil inserted along its axis. The diamagnetic signals corresponded to almost complete
removal of the axial magnetic field from the center
of the machine. The diamagnetic effect decreased to
zero as the probe was moved axially from the central
plane to the mirror throat.
The high impedance or " waiting " phase was
investigated in detail with Ixion II. It was shown
that during this phase an electron sheath surrounded
the anode and kept the electric field from penetrating
the main body of the gas. The same effect can partly
explain the waiting period in Ixion III. However, the
situation is complicated by the fact that the bulk of
the gas from the valve reaches Ixion III about a
millisecond later than the " plasma electrode ". Some
experiments were performed which indicated that the
waiting time could be reduced by using auxiliary
electrodes designed to help the electric field to penetrate the gas. Work is continuing in this direction.
Bursts of neutrons appear at the time of the current
spike of Fig. 2C. At 40 kilo volts applied potential
there are roughly 105 neutrons per discharge. Even
at 10 kilo volts neutrons are detected under conditions
where the deuteron drift energy is less than 200 volts.
At 10 kilo volts, the neutrons can be made to disappear by raising the magnetic field to the point
where the capacitive type of signature (Fig. 2B) is
obtained. The neutrons have not been satisfactorily
accounted for.
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Several experimental facts demonstrate that the
present behavior of Ixion is strongly influenced by
impurities. We find that the discharge releases gas
from the walls, the amount being about one micron
in the case of the non-oscillatory discharges, and
several microns for the other discharges. The analysis of spectrograms reveals about 30 spectral lines,
among which those of H, Cu, Feí, Fen, Sini, Sin, and
On are prominent. Time-resolved studies show the
impurity light appearing very soon after the start of
the current spike and lasting about as long as the
current. For H and D the light lasts as long as
100 /¿sec after the spike of current.
Time-resolved studies of the light were made with
a 0.5-meter Ebert-type monochromator looking into
the lower window shown in Fig. 1, along a line perpendicular to the axis and 11 cm below it at the median
plane. Changing the wavelength setting of the monochromator in one or one-half Angstrom steps on
successive discharges, line profiles were obtained.
The resolution of the monochromator was about
1.5Â full width at half maximum. Figure 2D shows
profiles of the line Cn (4267Â). The data were taken
for Bz pointing north (solid line) and Bz south (dashed

K. BOYER et ai.

line) without any other changes. The lines are seen
to be asymmetric and somewhat displaced from one
another, presumably because of the Doppler effect of
the plasma drift. The amount of Doppler shift here
indicates a drift velocity of about 4 X 106 cm sec"1,
a result consistent with what we calculate from the
applied electric and magnetic fields. It appears that
the impurities are spinning. Similar studies on
deuterium В aimer lines showed extreme broadening
and some structure for which at present we can not
satisfactorily account.
We believe that these experiments demonstrate the
containment of a rotating plasma, although impurities
are limiting the energy that can be contained.
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Liquid Conductor Model of Instabilities
in a Pinched Discharge
By A. Dattnery B. Lehnert * and S. Lundquistf

The problem of the stability of a pinched discharge
has been studied with great interest during the last
decade because of its importance in the field of controlled fusion research. A number of workers
1
2
3
(Cousins and Ware, Kurchatov, Golovin and many
others) have reported experimental results showing a
pronounced tendency of a pinched discharge to be unstable. The problem has been discussed theoretically
by K'nskal and Schwarzchild,4 Tayler,5 Shafranov,6
Rosen bluth, 7 etc. Their discussions show that a
cylindrical column of ionized gas carrying electric
current along the axis cannot be kept in confinement
by the current's own magnetic field alone. Other
means have to be used to stabilize the system, such as
an external longitudinal magneticfieldand conducting
walls. The above methods have been applied in
ZETA, giving fairly satisfactory results.
However, in order to understand the nature of the
problem, one would like to be able to study the
structure of the instabilities in great detail. In this
respect the experimental physicists doing pinched
gas discharge experiments seem to have been handicapped by the great speed with which the instability
develops as well as by the light coming from impurities
instead of the main body of pinched gas. In the
present work we have used a liquid conductor to eliminate these difficulties.

around the plates in order to give no appreciable
magnetic field in the vicinity of the beam. А, В and
С are made of copper and the supports are insulators.
The current source is a battery of 6-volt accumulators.
The whole apparatus can be put into a magnet
giving an axial magnetic field variable up to 8000
gauss. The current used in the experiment was
variable up to 400 amps.
PERFORMANCE OF THE EXPERIMENT

The time of passage of a volume element of mercury
from A to В is roughly 0.15 sec. During this time,
all the processes we wish to study have to be completed. Since the processes were too fast for visual
study they were recorded with a high-speed film
camera, Eastman Kodak type III, taking up to
3300 frames per second. The stream of mercury was
situated between a powerful light source and the
camera, and in this way the shadow of the mercury
was filmed.
A study of a pinch was made with and without
the axial magnetic field. In cases with a magnetic
field, the currents and fields were chosen so as to give
a longitudinal magnetic field equal to or three times
the azimuthal field at the boundary of the mercury
stream.
DISCUSSION OF THE RESULTS

APPARATUS

Two representative photographs are shown in
Figs. 2 and 3. Figure 2 shows a sausage-type instability arising when the external axial magnetic
field is absent. This seems to be the most common
type under such conditions. In most cases, the
column of mercury remains remarkably symmetric
in relation to the axis in spite of the deformation,
but in a few cases combined sausage- and kink-type
instabilities were observed. The characteristic time
for the growth of an instability of the sausage type,
from the moment when the diameter starts to decrease and until it has decreased by a factor of two,
is of the order of 30-50 msec for currents of the order
of 200-350 amps.
The mechanism of such an instability can be qualitatively explained by reference to the fact that a

The apparatus used is schematically shown in
Fig. 1. The vessel A having a circular hole in the
bottom contains mercury. The liquid runs through
the hole, thus creating a cylindrical jet of 4-mm
diameter and 14 cm length. The bottom of the vessel
is designed so as to prevent the formation of vortices.
The bottom container В collects the falling mercury
which then is pumped back to A. The circular
plates С are soldered to A and В respectively and
serve as connections between the current circuit and
the mercury stream. The leads are distributed
* Dept. of Electronics, Royal Institute of Technology,
Stockholm.
t Swedish State Power Board, Stockholm.
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The stabilizing action of the surface tension is small
and the instabilities develop easily.
The case with an external magnetic field is somewhat more complicated. The diffusion velocity of
the field lines given by Lundquist 8 is
v =

1708

Figure 1. The apparatus

local decrease in the radius of the column causes an
increase in the azimuthal magnetic field since В ^> I jr.
The consequence of this is an increase of the inward
force, F — ' I x B , reducing the diameter still more,
etc. The mercury in the compressed region is pressed
upwards and downwards, increasing the diameter
above and below the pinch. Above and underneath
this region the same type of depression is then likely
to occur again giving rise to a number of sausages,
each of which seems to approach a spherical shape.
In this connection, surface tension should not be
forgotten.
Figure 3 shows the process in a longitudinal magnetic
field. The situation in this case is different. As soon
as the stream of mercury is no longer parallel to the
axis, a force acts on the component of the current
perpendicular to the axis. A semicircular kink in the
vertical plane is turned towards a horizontal position
because its upper part is rotated in one direction while
its lower part is rotated in the opposite direction.
Once it has reached a nearly horizontal position all
its parts receive an acceleration outwards until it
breaks up. The photograph is taken at such a
moment. One can say that the stream tends to
approach such a shape that the magnetic field generated is parallel to the external magnetic field. The
radial velocity of the expanding spiral is of the order
of 2 m/sec at currents of the order of 300 amps and
magnetic fields of the order of 300 gauss. The total
length of the spiral can reach 30 cm without breaking
up, which is more than a straight, freely falling jet of
mercury of the same diameter can reach without
breaking up into droplets. This can be explained
by the fact that the latter breaks up under the action
of the surface tension which, in the case of the spiral,
does not act sufficiently quickly. The sausage-type
instability is also too slow a process to occur. In
some cases, however, sausages along the spiral were
observed.

where ¡x = the constant of permeability for mercury
— \n X 10~7 v/sec/amp/m, a — the conductivity of
mercury = 106 o h m ^ m " 1 and Lc = a characteristic
length = 0.5 x 10-2 m, thus v ^ 200 m/s while the
radial velocity of the expanding spiral is of the order of
2 m/s. Hence the magnetic lines of force are not
frozen into the medium; they can " escape " from the
medium. In this case the magnetic field has no
stabilizing effect. The influence of conducting walls
around the mercury column will be studied in forthcoming experiments.
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CONCLUSIONS
The study of the results shows that in the case
without an external magnetic field there is a striking
similarity between the behavior of the pinch in a
stream of mercury and in an ionized gas column.

Figure 2. Sausage instability
for В = 0

Figure 3. Spiral instability
for В = 300 gauss
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Magnetic Compression of Shock Preheated Deuterium
By Alan C. Kolb *

In order to use externally generated magnetic
fields to compress a high-density deuterium
plasma (1016-1018 ions/cm3) with a ratio of the
external magnetic pressure to the gas pressure near
unity ( p ~ l ) , preheating is necessary to establish
a high conductivity initially. The utilization of
magnetically driven axial shock waves for preheating has been under investigation in one phase of
the controlled fusion research at the Naval Research
Laboratory and is discussed in the first part of this
paper. The magnetic compression of the preheated
plasma is accomplished by discharging a large condenser bank into a coil system surrounding the shock
tube. With this general arrangement, axial magnetic
fields of the order 100-500 kilogauss can be generated
with currents of 1.5-8 X 106 amp. The high magnetic
pressure raises the gas to high temperatures and highenergy radiation has been observed with a scintillation
counter for time intervals of the order 10 ¡isec.
The second part of this paper is concerned with the
study of the magnetic compression and stability of
high-[3 plasmas without the complications introduced by
the generation of axial shock waves with an auxiliary
capacitor discharge. In order to carry out experiments of this type, in which a pulsed electrodeless
discharge is used to compress a plasma with (3 ~ 1,
the final high-temperature plasma is actually produced
in four steps:
(a) Partial ionization, by means of a 27 Me, 1 kw rf
electrodeless discharge.
(b) Preionization, by means of a high-power, highfrequency capacitor discharge through a single-turn coil
with magnetic mirrors surrounding the discharge tube.
(c) Shock pre-heating (Г~100 ev), by axial and
radial shock waves set up in the ionized gas when the
main bank begins to discharge into the coil with magnetic mirrors.
(d) Adiabatic compression, by means of the continued increase of the magneticfieldafter the transient
shock phenomena have terminated.
With this latter technique it has been possible to
establish, in a reproducible way, a fully ionized,
spectroscopically pure plasma with a compression
ratio greater than 100.

PROPAGATION OF STRONG SHOCK WAVES
CONFINED BY MAGNETIC FIELDS

A deuterium plasma can be accelerated along a
quartz tube by striking a high current discharge
(100-300 kamp in 0.3-0.5 pisec) between a
pair of electrodes at one or both ends of a quartz tube.
A magnetic field perpendicular to both the current
path and the axis of the tube causes the acceleration
and resultant shock wave.1 To prevent cooling
by heat conduction to the tube walls an axial magnetic
field along the tube is used to drive the plasma
radially away from the walls.2 A shock tube with
field coils is shown in Fig. 1. The tube is 30 cm long
with an inside diameter of 3 cm. Two shocks are
produced at both ends of the tube which collide at
the center. This collision brings the plasma to rest
and raises the thermal energy to ~ 100 ev/particle
as deduced from the measured shock velocities.
Streak camera photographs (see Fig. 2) show that
the high injection velocities can be maintained by
the external field as a result of the compression.
Image rotators are used to observe the compression
at two points along the tube. The shock velocity
decreases after the time of maximum compression
and peak current. The radius of the plasma column
at the shock front is very nearly that of the tube
radius. The radius of the plasma column behind
the front decreases with increasing distance from the
front.
HIGH COMPRESSION EXPERIMENTS

In order to generate strong magnetic fields in a
long single-turn coil or in a tube surrounded by
several single-turn coils connected in parallel, very
high currents are required. For a tube 20 cm long and a
current of 8 x 106 amp the field is ~ 500,000 gauss.
Furthermore, the inductance of such coils is low (of
the order ~ .01 [xh for a radius of ~ 4 cm) so that a
very low inductance external circuit is required for
efficient energy transfer to the electro-magnetic shock
tube. To meet these requirements, a capacitor bank
with a short circuit current capability of 15 X 106 amp
has been constructed. The other electrical parameters
are tabulated in Table 1.
The capacitors are connected by parallel copper
plates with eleven switches. Each switch consists

* U.S. Naval Research Laboratory, Washington D.C.
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citor bank in the room below. The width and separation of the coils are one centimeter. The inside diameter here is 3.6 cm. A shock wave can be initiated
at one or both ends of the tube. Notice also in Fig. 3
that there is no center turn. As a result there is a
magnetic mirror geometry 3) 4 with a mirror ratio of
2.5:1. The usefulness of such mirror geometries for
high p experiments at high densities for plasma
trapping is one of the major problems now under
study.
Table 1.

Figure 1.

Shock tube and field coils

simply of a gap in the transmission line acioss which
the current flows when triggered from an external
spark. The parallel plate geometry is therefore
maintained and the switch inductance is small
('—- .001 ¡ih for eleven switches). The external inductance is somewhat variable depending on the
number of switches that are fired. The magnetic
field of the plate for the return current drives the
ionized gas generated by the switch discharge away from
the dielectric insulation. This " magnetic insulation "
is very effective and will be described more fully
in a separate publication. The effective operation
of this capacitor bank and switches has shown that
discharges with tens of millions of amperes and magnetic fields in the megagauss range are entirely feasible
for large systems by scaling up the present apparatus.
One of the magnets used for the highfieldwork is shown
in Fig. 3. The coils are designed to withstand magnetic pressures up to 2 x 1010 dynes/cm2. They are
connected to a transmission line 2.5 m wide which
passes through the floor and is connected to the capa-

Characteristics of Entire Bank

Voltage
Number of capacitors
Total energy
Total capacitance
External inductance
/short = V (СЩ Vt
(dl)dt) short = VjL
Rise time, short
Load inductance (typical coils)
Number of switches
/load
Яшах
Rise time with load

. . .

20 kv
99
285,000 joules
1430 [xf
/ ^ 0.003 (¿h
~ 15 x 106 amp
~ 8 x 1012 amp/sec
»—> 2.8 [¿sec
~ 0.007-0.05 jxh
11
up to 8 X 106 amps
~ 500,000 gauss
/-^ 5-10 (¿sec

Equations for the Compression Cycle

In certain experiments, shock waves are sent into
both ends of the coil. After the initial acceleration,
the collision of the two shocks at the center of the
tube will bring the plasma to rest in a rising magnetic
field. Calculations of the compression cycle after
a high-temperature plasma has been formed in the
tube by shock heating have been carried out. In this
analysis it is assumed that the compression is adiabatic
since the velocity of radial compression is slow
compared to the speed of sound in the hot plasma.
Exact solutions of the equations of motion for the
plasma boundary can be found for а у = 2 gas initially at a uniform temperature, To, and density No
With field

E
и

T
Image
rotators
E
и

T

No field

20
Figure 2.
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Streak camera photograph with and without confining field. H = 15,000 gauss; P = 400 microns deuterium. Time scale
is in microseconds
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(ions and electrons)/cm3. The effective y of the
plasma could be greater than 5 / 3 at high temperatures
due to non-equilibrium velocity distributions so that
taking y = 2 is not too unrealistic for the present
purpose. In any event, the qualitative results are
not very sensitive to the value of y, and assist in the
selection of experimental parameters.
After the collision of the two primary shocks the
current in the coil continues to rise until at a time /0
the magnetic pressure at the surface of the plasma
exceeds the gas pressure, NQkT0 (the subscript zero
refers to values of the various variables at the time
/ 0 ). At this time the plasma begins to contract.
The voltage F L across the coils (load) is given by
d

Ht

[7 (1 -

(1)

where LG is the inductance of the coil with no plasma
inside the tube, Rv is the plasma radius and Rc is
the coil radius.
The appropriate circuit equation is
F L = Fft -

Idt = Lo

С

dt

[(1-Д Р а /Дс 2 )/].
(2)

In addition we have the relation for the pressure
balance
Я2/8тг = NkT,
(3)
the expression for the field in a solenoid with n
turns/cm

Я = 4nnl/cl,

(4)

the adiabatic relation
T/To = (N/No) У-\

(5)

and the density ratio after radial compression
N¡N0 = (До/Яр)*,

Figure 3. Coils system for high field experiments

where V, C, are the voltage and capacitance of the
capacitor bank, respectively, and
T

=(LcC)-K

(t~t0)

<p — т/т
1 1
ol m

^ 0 —
Lo

= LC(R<? -

Lo

= Lo -\- LQ

Le

= external inductance

Im

= 7(C/Le)%(l -

I*L,;iV*C)*

t0

= ( V Q K sin-i

(I0*L0'IV*C)*.

R0*)/Rc*

The compression ratio, final density and temperature can be expressed in terms of the quantity J>0 :
С \У*

= 4*- = \v

(6)

\У21-1

2

\

VC
v

where Ro = Rv(0) is the plasma radius at t — 0.

lc
n

Equations (3), (4), (5), (6) yield
I = I0 (RJRv)y,

T 2 T

(7)

where / 0 is the current required to start the compression and is given by

^ / J

Using the expression Lc = Aiz^R^jcH, for a single turn
coil (и = 1), gives
i

V0C/2

To

Ro

2

Substituting (7) into (2) yields a differential equation for the plasma radius Rv. With у = 2, the
solution of this equation in terms of appropriate
dimensionless variables is
/ = F(C/L 0 y/ 2 sin [(r + tol(LcC)V>)(Lc/Lo')y*]

(9)

for 0 < t < t0; and

0—

I// o - T/To = N¡N0 = (Д0/Др)а = Л " 1 sin т + cos т

for¿>/ 0 ,

where iV0 = N0nR0 1 is the total number of atoms
in the tube initially. Now for high compression ratios
the energy stored in the capacitor bank is large
compared to the magnetic energy in the load at the
time the plasma first pulls away from the walls.
This implies that V2C > / 0 2 Lo, so that

(10)

~^?

i?.

/ Energy stored initially \% RG
\Plasma energy at t = tj
Ro

(14)

i?n
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With this result, one finds that at the peak of the
compression cycle sin т ~ 1,
T
max — -* о

and the detachment time is
to = W/V

1

^—
/

Re

/

(15)
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for initial conditions iV0 = 1016 с т - 3 ; Г 0 = 106 °K\
Io= 1.5 X 104 I amp, t0 == 1.5 X 104 V-4L0' (¿sec
and s0 = 0A4nR021 joule for Lo' in microhenries and V
in volts.
PLASMAS PREHEATED WITH EXTERNALLY
GENERATED SHOCK WAVES
Stability of the Compressed Plasma
In the coil shown in Fig. 1 the axial magnetic field
has ripples near the wall of the tube due to the finite
coil spacing. With this field configuration, the plasma
formed behind the advancing shock front is compressed
by the first half-cycle of rising magnetic field and it
has been observed in streak camera photographs that
the confined plasma appears to be radially stable
(see Fig. 2). It is seen that the radius follows the
field in an adiabatic fashion for the first half-cycle
of the axial field. The compression generates a
radially imploding shock wave on the next half-cycle
after the shock pre-heated plasma has cooled by wall
contact. A more detailed account of these particular
experiments, using the apparatus of Fig. 1, can be
found in Ref. 2.
In the coil shown in Fig. 3 the axial magnetic
field is more uniform because of the large coil dimensions. It has been observed that there is a tendency
for the plasma behind the advancing front to develop
radial oscillations with an amplitude ranging from
a few millimeters to a centimeter, so that the plasma
may or may not be carried to the wall. Oscillations
of a similar type are observed in the center section
of the coil, between the magnetic mirrors, after the
collision of two shock waves generated at opposite
ends of the tube. Here again the amplitude of the
radial oscillation is small (see Fig. 5B, 5C) or is large
enough to carry the plasma to the walls as in Fig. 5A.
The qualitative difference between the experimental
results pertaining to the propagation of shock waves
in axial magnetic fields obtained with the coil of Fig.
1 and the coil of Fig. 5, may be associated with ripples
in the magnetic field near the wall, the field being quite
uniform along the magnetic axis in both cases.
If there is no confining field the plasma fills the
tube as seen in 5D. The time between compressions
(half cycle) in Fig. 5A, В, С is six microseconds.
(The expanded time axis in Fig. 5A resulted from
operating the streak camera at a higher writing
speed.) Because of the curvature of the field between
the mirrors one would expect some instabilities to
arise. However, these experimental observations
suggest that for sufficiently large tube diameters such
instabilities are not necessarily fatal in high compres-
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Adiabatic compression of a y = 2 plasma

sion experiments of the type described. A final
answer to these questions must await further studies
under a variety of conditions.
Observations with a Plastic Scintillator
In Fig. 6 an oscillograph trace of signals from a
plastic scintillator shielded by 2 cm of lead is compared with the background transient noise from the
discharge. The neutron sensitivity is one scintillation
per 4 X 103 neutrons. The bursts at 4 and 12 (¿sec
correspond to two current maxima. These maxima
arise from a programmed discharge in which part of
the bank was fired just as the shock entered the coil
and part was fired 8 (¿sec later. The current at the
second maximum was 2 x 106 amp and 1.5 X 108
amp at the first. The peak field was 100,000 gauss and
the ambient pressure was 100 microns. The pulse
height to be expected for an individual neutron
scintillation is about 1/10 of a division as checked by
observing 0.66 Mev y-ray signals from a cesium source
which has about the same average pulse height.
Streak camera photographs showed that the plasma
column did not touch the tube walls in this experiment. In no case have we observed signals if there
were severe oscillations of the plasma which carried
the plasma to the walls. Scintillations have also
been observed when dl/dt is zero. In one event
pulses were observed for ~ 30 fxsec over three halfcycles of the axial field. If the signals are due to
neutrons, then a yield of the order 5 X 104 neutrons
in the second and third oscillations is indicated and
if they are due to neutrons of thermonuclear origin,
then it appears that the impurities picked up at the
wall when H c^.0 do not seriously contaminate
the discharge for some time. Experiments to distinguish between neutrons and y rays have not been
completed.
With the magnet shown in Fig. 3, the scintillator
output is sporadic from shot to shot, presumably due
to the unpredictable plasma oscillations which
appear in the streak camera photographs. Since
these oscillations did not occur with the coil configurations shown in Fig. 1, it is hoped that these
difficulties can be overcome in a properly designed
coil.
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HIGH-COMPRESSION EXPERIMENTS WITHOUT
EXTERNAL AXIAL SHOCKS
Experimental Apparatus
The experimental arrangement is shown in Fig. 7.
The magnetic fields are now generated in single turn
steel coils with magnetic mirrors. The coils are split
and bolted together to facilitate the insertion of quartz
tubes in close proximity to the coil. This method of
construction has been found to be suitable for generating magnetic fields up to approximately 300,000
gauss. At higher field strengths arcing in the area
of the split causes difficulties. The use of inductively
coupled mirrors offers one possibility for circumventing this trouble in future high field experiments;
a schematic drawing is shown in Fig. 8. The mirrors
are steel discs with a hole and slot, insulated from the
main body of the coil by mica and plastic. The
parallel plate transmission line leading to the coil is
clamped together by large bonded fiber glass blocks
so as not to distort the symmetry of the magnetic
field unnecessarily (see Fig. 7).
The circuit diagram is shown in Fig. 9. The operation of the system is as follows: a 70 kv, .01 juî, 1 Me
capacitor is discharged to generate a high voltage
pulse leading to 23 trigger electrodes in a magnetically
insulated switch of the type described earlier. The
23 cables and preheater bank can be seen to the
right of Fig. 7. The preheater bank is connected by
copper plates directly to the main collector plate.
This switch closes the preheater circuit and a voltage
is applied across the coil. About 0.5 ^sec after the
preheater is switched, a high-voltage pulse arrives
through a delay line to trigger a second 70 kv capacitor
which, in turn, sends a high-voltage pulse through
the 55 coaxial cables leading to trigger electrodes in

ALAN С KOLB
the switches on the main capacitor bank. These
multiple triggers fire the switches in several places
as can be seen in Fig. 10.
The large collector plate on the top of the main
bank has an area of 7.5 m2 and has a capacitance Cp = 0.15 [xf. The collector plate inductance is small compared to the load inductance so
that the collector plate and coil constitute a resonant
circuit with a frequency / = (LCCV)VÍ/2TZ, in the
10 Me range. The preheater bank is used to drive this
resonant circuit at high power levels in order to preheat and ionize the molecular deuterium. Typical
current and voltage characteristics, calculated on an
analogue computer, for different load and preheater
inductances, Lc and L^, are shown in Fig. 11. With
the preheater charged to 40 kv, the circuit on discharge rings at approximately 1 Me and is modulated
by an rf signal of approximately 10 Me having an
amplitude of approximately 20 kv. The average rf
power from this discharge is approximately 4000 Mw.
The maximum currents are several hundred kiloamperes. This discharge is damped in about 2 microseconds.
The calculated and observed characteristics of the
circuit are, during the early phases of the preheater
discharge, in good agreement. The preheater bank
consists of 9 specially designed low-inductance capacitors each with an inductance somewhat less than 10~8 h.
The total capacitance, Ch, is one microfarad. Because
of the low-inductance properties of the capacitors
and switch, a high voltage appears across the coil.
This combination of a high-frequency voltage pulse
and high current (200 kiloamperes) very effectively
pre-ionizes the plasma, so that the surface currents
flow in times in the order of 0.5 microseconds and the
plasma is closely coupled to the primary coil. In
these experiments a 27 Me, 1 kw rf signal is used to
partially ionize the gas initially.

200 Microns deuterium
Figure 5.

Streak photographs of the radial compression (A, B, C). In D there is no confining field.
produced axial shock waves

Preheating by externally
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Magnetic Compression without the Preheater
Discharge

Figure 6. Observations with a plastic scintillator. Time scale
2 [xsec per division. A) Output of plastic scintillator, B) Background noise

Figure 7.

If the deuterium is weakly ionized with the rf
excitation without the preheater discharge, the
magnetic field penetrates into the plasma and is
trapped in the ionized gas at later times. A weak
imploding shock wave is generated on the first halfcycle and the plasma is finally compressed at low (3
to about one third of its original diameter. On the
next half-cycle the plasma which was preheated on
the first half-cycle implodes with high velocities
('—y'107 cm/sec). In addition, strong shock waves
with about the same velocity are generated by the
magnetic pressures in the magnetic mirrors. These
shock waves move along the axis of the tube and
collide at the center. This behavior is similar to the
phenomena observed using an auxiliary capacitor
for the axial shock generation. The shock propagation is also shown schematically in Fig. 8. Streak
camera photographs of this behavior with an f/3
camera (writing speed here was 2.2 mm/(jisec) are
presented in Fig. 12 for two different experiments
under the same conditions. The behavior of the
plasma is reproducible and the oscillations of the
type previously discussed (see Fig. 5) are not present.

Experimental apparatus
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DIS CHARGE TUBE
MAGNETIC

MIRRORS

IH SU L AT ЮН

IMPLO 01H G
SHOCKWAVE
AXIAL
SHOCKWAVE
"DEUTERIUM
PLASMA

^CONDENSER BANK
Figure 8. Electromagnetic shock tube with magnetic mirrors
showing direction of shock propagation

The plasma radius as a function of time is given in
Fig. 13. At t = 0 the plasma begins to contract and
a shock wave labeled (A) is formed. The boundary
between the plasma and the magnetic field is labeled
(B). The shock wave is reflected from the axis and
moves outward until at (C) the reflected shock meets
the magneticfield-plasmainterface and is brought to
rest at (D) by the pressure of the rising axial magnetic
field. The shock bouncing is then repeated as in the
ordinary dynamic pinch until at (G) the axial shock
waves collide at the center of the tube. The collision
of the axial shocks raises the internal energy of the
plasma so that it expands to about one-half the
original radius. The rising magnetic field then
compresses the plasma to about one-tenth its original
diameter. Then at (I) the plasma begins to undergo
large amplitude collective radial oscillations. The
mechanism responsible for these oscillations is not
yet understood completely. A series of experiments
are in progress to determine their origin. These
radial oscillations are not observed on the first halfcycle of the discharge even though the peak current
is twice as great as on the second half-cycle.
Spectroscopic observations with an f/2 spectrograph
7
with a time resolution of 10~ sec (Fig. 14) show that
MASTER TRIGGER SWITCH
TRIGGER ELECTRODE

U TRANSMISSION
LINE SWITCHES

Figure 9. Schematic diagram of magnetic compression system
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the luminosity on the first half is due to deuteriumline radiation. During the second half-cycle, after
the imploding shock waves preheat the plasma, the
Balmer lines disappear and only a continuum can
be seen when the axial shock waves hit at the center
of the tube. These observations are consistent with
low temperatures on the first-cycle because of the
poor inductive coupling of the capacitor discharge
to the rf excited plasma. For comparison, a spectrum obtained when the plasma touches the wall of
the tube due to oscillations of the type discussed
in the preceding section of this paper is presented.
In that case the impurity spectrum dominates.
The next question is: What is the nature of the
radial oscillations that occur near peak compression?
A streak camera photograph showing the compression
at several position along the tube (Fig. 15) shows that
these oscillations occur uniformly along the confined
column of plasma. As remarked eailier, a complete
understanding of the origin of these oscillations must
await further investigation.

Figure 10. 285,000 joule condenser bank with switches firing
at 13 points. Trigger capacitor and cables in foreground

The voltage, dl/dt, and current are shown in Fig. 16.
The spikes on the second half-cycle are caused by
the rapid contraction and expansion of the plasma
column. These spikes are not observed without the
rf pre-excitation as shown in Fig. 17. With a
streak camera one also observes that no radial shocks
waves are produced.
To summarize these experiments without a preheat er discharge, we observe that high velocity radial
and axial shock waves can be generated on the second
half-cycle of a high power capacitor discharge by
passing the high current through a single turn coil
with magnetic mirrors. In addition, the plasma is
spectroscopically pure and in a high state of ionization
as can be seen from the broadening of the Balmer
lines during the first half-cycle and by observing the
continuum during the second half-cycle.

MAGNETIC COMPRESSION OF SHOCK PREHEATED DEUTERIUM

Voltage = Vc
40 kv/ctn
0.1 /is/era
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Current = l c
200 ka/cm
0.1 /is/cm
12 x 10- 9 h.

6 x W9h.

3 x 10"9h.

12

6 x 10- 9 h

3 x lu'9 h

Figure 11.

Preheater voltage and current for various values of the inductance of the external circuit, Lh, and coil, Lc.
computation

Analogue
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14 16

18

24

22

26

Time in microseconds
Figure 12. Smear-camera photograph of radial compression without the preheater for two experiments under the same conditions:
p = 0.3 mm deuterium; V = 15 kv; С == 392 [ií; R = .003 £1; I = 20 cm; mirror ratio 2/1 ; /x = 1580 ka; /2 = 790 ka, where 1г and
/2 are the current maxima on the first and second half-cycles

Magnetic Compression with Preheater
Because the main discharge is damped, only onehalf the maximum current can be utilized for magnetic
compression on the second half-cycle after 75% of the
energy in the bank has been dissipated.
If the preheater bank is fired before the main
bank is discharged, one observes the shock bounces,
the burst of continuous radiation when the axial
shocks collide and the radial oscillations at high
compression on the first half-cycle of the discharge.
Streak camera photographs snowing this behavior
are shown in Fig. 18. The coil here was 10 cm long
with a mirror ratio of 3/1. The first flash of light is
due to the discharge of the preheater bank. At
t = 0, the main bank is switched and the preheated
plasma implodes with a high velocity (again of the
order 10~7 cm/sec) depending on the circuit parameters and ambient gas pressure. At times the
radial oscillations do not appear (Fig. 18). The behavior on the first half-cycle is similar to that observed
previously without the preheater on the second halfcycle.
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where the symbols have the meaning as in the previous calculation: with V in volts, Lo in henries,
p in gm/cm3, RQ, Rv and / in centimeters and / in
seconds. The curves are for various ratios
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We have made a theoretical analysis of the shock
implosion (Fig. 19) using a model in which the plasma
is carried toward the axis on a thin shell and the
magnetic forces balance the inertial forces. The
calculation is similar to the calculation by Rosen bluth 5 for the pinch effect. The solid curve is
the plasma radius and the dashed curve is the velocity,
both in dimensionless units, as a function of an appropriate dimensionless time. The velocity and compression are given by the relations

15

2

25

3 35

4 45

5 55 S 65

7 75

8

85

TIME IN MICROSECONDS

Figure 13. Radial motion of the compressed plasma on the
second half-cycle without the preheater. Same conditions as
in Fig. 12

of the external to internal inductance. This parameter is essentially the ratio of the magnetic energy
stored outside the electromagnetic shock tube to that
stored inside.
The theoretical time for the implosion phase in our
present experiments is of the order 0.2 ¡isec, which
agrees closely with the observed times. Therefore,
it is possible to predict with some accuracy the shock
velocity and plasma energy during the initia] dynamic
stages of the compression. For a discharge with V =
15 kv, using 1/8 the energy of the large bank and for an
ambient deuterium pressure of 0.1 mm, the shock
heating raises the plasma temperature to about 80-90
ev. This is also consistent with a pressure balance
calculation just after the axial shock collision. The

MAGNETIC COMPRESSION OF SHOCK PREHEATED DEUTERIUM
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Radial compression

H,

Time

H

î
H,

Figure 14.

H

Spectrograms of the radiation with (top) and without (bottom) instabilities that throw the plasma to the walls. The
radial compression is shown on the same time-scale as the time resolved spectrogram at the top

Quartz tube

8

10

12

14

16

18

Time in microseconds
Coil
Figure 15. Smear camera photographs of the radial motion at three points along the tube.
mirror ratio 3/1

V = 15 kv; С = 392 pif; I

10 cm;
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R F Pre- lomzation

Figure 16. Typical electrical characteristics of the main discharge
Same conditions as in Fig. 12

adiabatic compression constricts the plasma by
additional factor of 5, so that for y = 5/3 a temperature of 7.3 x 106 °K is indicated for a final volume
of about 0.7 cm3. The field in the central region is
about 75,000 gauss and the calculated final density
is 1017 ions/cm3. At full bank power with a central
field of the order 200,000 gauss, temperatures of
several kev are energetically possible.
Observations with a plastic neutron counter m our
early experiments at higher power levels (Fig. 6) are
consistent with a plasma energy of about one kev
because thefinalfieldstrength and initial temperature
from the shock preheating are higher than in the
previous example. The relatively quiescent behavior
of the plasma for several microseconds and the correlation of the scintillations with maximum current

6

Figure 17. Voltage across the coil with (top) and without
(bottom) RF pre-excitation

support this view. Independent measurements of the
temperature and electron densities from X ray and
optical continuous radiation have not yet been com-

8

10

12

14

16

T i m e in microseconds
Figure 18. Radial motion of the plasma with preheating. V = 1 5 kv; С = 392
voltage 25 kv. vs. t i m e .

i; p = 0.1 mm deuterium, preheater
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collective nature. Further study will undoubtedly
disclose their origin and it may be possible to eliminate
them or at least to determine their effect on the state
of the plasma. They may in fact provide a heating
mechanism.
Experiments in a toroidal geometry should help
to clarify the situation (Fig. 20). This will show
whether the radial oscillations are due to the presence
of the magnetic mirrors. The torus consists of large
steel plates connected to the transmission line. A
photograph of one plate with a circular groove to
contain the discharge tube is shown in Fig. 21. The
major diameter here is 30 cm and the bore is 6 cm.
With full power of the 285,000 joule capacitor bank,
a field of 100,000 gauss can be generated in this
device. The experiment should also give some basic

Figure 19. Radius and velocity of the imploding plasma vs. time
as discussed in the text

pleted but it is hoped that they will yield an independent estimate of densities and temperatures.
However, because there may be large accelerating
voltages resulting from the radial oscillations, there
is a good possibility that hard radiations are caused by
this mechanism. Situations of this kind have been
encountered in many other plasma experiments and
it would be no surprise if this were the case here.
One is encouraged, however, by the fact that the
plasma can be kept away from the tube walls for
many microseconds in a high state of compression
and that the radial oscillations show a certain degree
of symmetry, reproducibility and appear to be of a

WIN CONOENSER
BANK

INSULATION
HIGH FREQUENCY
PRE HEATER
CONOENSER BANK
Figure 20.

Schematic drawing of the torus

Figure 21.

One-half of the steel torus

information on the magnitude of the drift velocity of
a plasma in a known field gradient.
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Acceleration of Plasma into Vacuum
By John Marshall *
solenoid. Such a situation actually can exist just
after the passage of a sufficiently strong shock wave
in an axial direction along the tube.5 Now let us
imagine a wave of increased axial magnetic field to
move along the tube. The magnetic lines of force, as
the wave approaches a given position, are pushed
inward toward the axis of the system, and expand to
their original position again as the wave passes. The
lines of force ahead of the magnetic wave diverge so
as to produce a forward component of force on the
plasma ahead. Inside the magnetic wave the magnetic pressure is high and, in the case of equilibrium,
so would be the plasma pressure. If the magnetic
field is high enough it will exert enough pressure on
the plasma trapped at the center to drive the plasma
forward ahead of the field, and thus to carry along a
considerable mass of plasma at the speed of the magnetic
wave. The situation is superficially quite similar to peristalsis in the gastro-intestinal tract of an animal. In the
same way that a contractile wave along the esophagus
of a giraffe can propel a gulp of water from ground
level up to its stomach, so can a wave of increased
magnetic field propel a mass of plasma along the axis
of our tube.
As an example of the pressure which can be exerted
on a plasma by a magnetic field let us consider a field
of 30,000 gauss. This is approximately the strength
of the magnetic piston employed in some of the
apparatus to be described below. B2/8n for this field
strength is 3.58 X 107 dynes/cm2 or about 35.4 atmospheres. Ordinarily one might expect to accelerate
rather small masses of plasma so that a 35-atmosphere
pressure, if exerted over a suitable distance, should
lead to respectable velocities.
The most convenient method of producing a moving
magnetic piston appears to be the discharge of a
capacitor bank into one end of an artificial delay line
composed of a solenoid loaded with capacitors at
intervals along its length. The velocity of such a line
is given by v — 1/V(Z/C') and its characteristic
impedance by Zo = V(L'C'). Here the velocity will
be in cm/sec and the impedance in ohms if L' and С,
the series inductance and shunt capacitance per unit
length, are expressed respectively in henries/cm and
farads/cm. It is quite plain that the parameters L'
and С can vary as a function of distance along the
line, so as to produce an accelerating magnetic piston,
exerting a constant force over a considerable distance.

The first part of this paper is a discussion of the
magnetic acceleration of plasma. The second part
contains a description of some experiments which
have been performed.
Work similar in some respects to that described
here has been reported by Thonemann, Cowling and
Davenport,1 by Bostick 2 and by Kolb.3' 4 Thonemann and his collaborators studied the effect on a
plasma of a radio-frequency traveling wave in a
capacitor-loaded helical delay line. They found a
net negative electric current to flow in the direction
of the traveling magnetic waves, presumably because
the electrons in the plasma were dragged along more
efficiently than were the ions. Bostick has developed
a source capable of propelling puñs of plasma into
vacuum at speeds of the order of 107 cm/sec. His
plasma gun employs a vacuum spark between gasloaded titanium electrodes. The plasma, which consists of a mixture of ions of titanium and the gas with
which the source is loaded, is driven away from the
source by the magnetic field of the current flowing
through it. Kolb has used programmed external
magnetic fields to accelerate shock waves. Since his
shock waves move through a gas which is initially at
low temperature, dissipât i ve processes are involved
and the result is the heating of plasma rather than its
acceleration to high velocities.
In the work reported here the intention is :
1. To produce a burst of gas in vacuo.
2. To ionize the gas and heat it to such an extent
that it becomes a good electrical conductor.
3. To accelerate the plasma thus produced into
vacuum by the use of external time-varying
magnetic fields.
MAGNETIC ACCELERATION OF PLASMA

Let us consider a cylindrical tube surrounded by a
solenoid, carrying current so as to provide an axial
magnetic field, and containing a hot plasma. The
plasma might form a cylindrical body down the axis
of the tube excluding by its diamagnetism and surface
eddy currents, the magnetic field produced by the
* Los Alamos Scientific Laboratory, University of California,
Los Alamos, New Mexico.
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It is not inconceivable that really high plasma velocities could thus be achieved.
Let us again use our example of a 30,000-gauss
piston, and compute the velocity which could, in
principle, be given to a lump of plasma of reasonable
mass. Assume that the piston velocity is so adjusted
as to exert the full pressure of a 30,000-gauss field
against the plasma over a distance of 50 cm. Assume
that the plasma to be driven corresponds to 0.02 cm3
of deuterium at normal temperature and pressure for
every square centimeter of area. This would amount
to about 3.5 [jig of plasma per cm2. These particular
numbers are chosen because they correspond to an
amount of plasma which has been driven in this work,
although not under these ideal conditions. Remembering that the velocity attained under constant
acceleration a through a distance s is given by v =
V(2 as), and substituting an acceleration of 3.6 X 107
(dynes/cm2)/3.5 X 10~6 (g/cm2) = 1013 cm/sec2, we
compute a velocity of approximately 3 X 107 cm/sec.
The kinetic energy of the plasma j et would be approximately 180 joule/cm2, and its momentum about
100 g cm/sec per cm2 of area.
The system of a magnetic piston driving a lump of
plasma has phase stability similar to that which a
nuclear particle accelerator, such as a synchrotron
or a linac, must have in order to operate successfully.
The plasma rides on the front of a wave as does a
surf board. If the plasma at some point should be
moving more slowly than the wave, it will drift backward relative to it and find itself riding higher where
there is more force available to drive it. If it should
move faster than the wave, it will get ahead; the force
will decrease and the wave will catch up again. Thus
the speed of the piston does not have to be precisely
adjusted. The plasma will tend to adjust its speed
and to stay ahead of the piston. However if the
accelerating process relies on phase stability, the full
pressure of the magnetic piston cannot be used. The
plasma must necessarily ride part way up the wave.
If it should pass over the crest and find itself on the
back of the wave, it will be decelerated somewhat and
left behind.
Somewhat more latitude for error in the matching
of piston and plasma speed can be provided by the use
of a piston with a flat top. This can reduce the danger
of the slipping of the plasma on to the back slope of
the wave. The resistance of the lump of plasma to the
penetration of magnetic field implies that if the
piston tends to catch up on the plasma, the plasma
will make a hole in the magnetic field and thus automatically adjust its rear boundary to move at the
maximum possible acceleration. A flat-top piston,
of course, requires more energy than does a peaked
one of equal strength.
If the back end of the plasma mass rides imbedded
in the front of the piston, however, it will be compressed sideways by the magnetic pressure in the
piston and its cross-sectional area will be reduced, as
for instance has been observed in the Los Alamos
experiments on shock channeling.5 This will tend
to limit the amount of plasma which can be driven.

J. MARSHALL

With such an arrangement, really appreciable fractions of the energy of a magnetic piston might be
transferred to the jet of plasma. Of course as energy
is taken out of the piston, its strength will decrease
and, to produce the effect described, means would have
to be found to feed more energy into the piston as it
drives the plasma.
From the point of view of efficiency of energy
transfer, the traveling wave magnetic piston is nearly
ideal. The magnetic wave carries all the energy of
the driving capacitor bank (assuming negligible
resistive losses) and in principle should be able to
transfer a large fraction of it to the plasma. The
traveling wave, however, is not the only method of
producing such a piston. Another method would be
to have a large number of separate coils arranged along
the acceleration system and excited from separate
capacitor banks in a programmed manner. Also it
would be possible in principle to use a long coil,
tapered in such a way as to produce a magnetic field
larger at one end than at the other. If the current
through the coil is raised slowly the effect is, to some
extent, that of a moving piston. In both of these
alternate methods, the energy required to produce the
magnetic field is much larger than in the traveling
wave method.
In order to drive plasma electromagnetically it must
be highly ionized and heated to a high enough temperature so that there will not be serious penetration of
field during the driving process. What appears to be
a satisfactory method of heating and ionizing is the
passage of an intense shock wave along the tube just
before the piston circuit is energized. A convenient
method of generating such a shock wave is to discharge
a capacitor through a one-turn coil looped around the
acceleration tube. 6 The shock wave, as it passes
through the gas, ionizes it and incidentally imparts to
it an initial velocity in the direction in which it is to
be accelerated.
Quick-acting Valve
A mechanical valve has been developed for producing the burst of gas at the input end of the plasma
acceleration system (Fig. 1 ). Basically what the valve
has to do is to admit something of the order of 1 cm3
of gas to the system in a time of the order of 100 [xsec.
In 100 [jisec, deuterium, which is the gas used in most
of the experiments described here, moves approximately 10 cm at the molecular velocities characteristic of room temperature. Thus it becomes possible
to have a pressure of deuterium gas of about one millimeter of mercury in the input end of the system
while the rest of the system remains temporarily at
high vacuum. Under these conditions the plasma
produced by the ionization of the gas can be accelerated unimpeded through the system.
The valve is very simple and diners very little from
an ordinary mechanical valve such as might be used
as a water faucet. The main differences are that it is
held shut by a spring, that it uses a teflon (polyperfluoroethylene) gasket, and that it is opened by a
hammer blow. The spring tension on the valve

ACCELERATION OF PLASMA INTO VACUUM
GAS INLET

SOCKET DRIVE SET SCREW
^ f O R SLOW LEAK
TEFLON
"GASKET

SPRING

8 0 cm

ANVIL BLOCK
355.1
Figure 1 . Q u i c k - a c t i n g valve. O n e of t h e
many possible
a r r a n g e m e n t s f o r such a valve. Gas f l o w i n g t h r o u g h t h e leak
i n t o t h e small p l e n u m in t h e valve s t o p p e r can be a d m i t t e d t o t h e
system by a l l o w i n g t h e h a m m e r t o fall and s t r i k e t h e anvil block

stopper is used so that the hammer blow can be
absorbed non-destructively by an elastic system.
Teflon is used as a gasket material because of its nonsticky properties. In such a valve it is essential that
opening can be achieved with a very small though
sudden motion of the stopper. Any gasket stickiness
would tend to increase the stopper motion necessary
to open the valve, and almost certainly would reduce
the reproducibility of performance from one shot to
the next. For this reason teflon was chosen and
worked very well in the first model. No other material
has been tried, and no experimental information has
been obtained that it is actually better than any other
material. A hammer blow was chosen to open the
valve simply because it provides a sudden motion
that is easily controlled in strength up to and beyond
the elastic limits of the materials used. The original
hammer consisted simply of a brass cylinder sliding
under the action of gravity along a length of drill rod.
The cylinder can be dropped from a variable height
so as to strike, with an adjustable impulse, against an
anvil block attached to the end of the rod. The
impulsive wave produced moves back along the rod
at the speed of sound in steel (4500 m/sec) and serves
to open the valve. With this arrangement all other
functions of the apparatus are timed to occur subsequent to the hammer blow and are controlled by an
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electronic delay unit started by an electric contact
made by the hammer in striking the anvil.
In some experiments it is inconvenient to have all
functions of the apparatus timed to start after the
hammer blow, and it becomes expedient to use some
substitute for the falling weight which can be timed
precisely after other events. For this purpose an
electromagnetic hammer has been built (Fig. 2). It
consists of a small coil in close proximity to an aluminum anvil block. A capacitor is discharged
through the coil by means of an ignitrón, and the
magnetic pressure of the field generated by the low
inductance coil produces an impulse similar to that
produced by a hammer blow. The design of the coil
is such that most of its inductance is due to the high
concentration of magnetic field where it is squeezed
between the coil and the anvil block. Since this gap
is originally very small, the inductance is also small at
the beginning of the current pulse and the complete
impulse can be delivered in less than 50 (¿sec.
Three methods are readily available for regulating
the amount of gas admitted by the valve. They are
control of (1) the volume emptied by the valve (this
implies that the valve is opened far enough to empty
the volume involved), (2) the pressure of the gas
behind the valve and (3) the impulse delivered to the
valve stopper and, therefore, the degree to which it
opens. The first method, which involves an adjustable plenum just behind the stopper, is an attractive
one in that the valve may bounce and open more than
once without affecting the amount of gas admitted.
For most purposes, however, a combination of the
second and third methods is easier and appears to be
capable of giving highly reproducible results from shot
to shot. In most cases, it turns out to be unimportant

BRASS

CUP

ALUMINUM
ANVIL BLOCK

STEEL ROD

355.2
Figure 2.
Electromagnetic
hammer.
Spiral coil w o u n d
of
copper r i b b o n is p o t t e d solidly in e p o x y resin so as not t o be
distorted by its o w n blows.
Magnetic lines of force are c r o w d e d
by skin effect so as t o pass t h r o u g h 0.3 m m gap b e t w e e n coil
face and anvil block.
H a m m e r blow effect in steel rod is produced
by discharging 2-3 kv capacitor t h r o u g h coil by means of an
ignitrón
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The apparatus used in studying this phenomenon
(Fig. 4) has been a glass tube approximately 125-cm
long connected at one end to a vacuum system and
at the other to the quick-acting valve. Over most of
its length, the tube was of approximately 10-cm outside
diameter and was wound with a solenoid which could
be connected to a capacitor bank through an ignitrón
so as to produce an axial magnetic field. At each end
the tube was reduced through conical transition sections to a 5-cm diameter, and a two-turn shock driving
coil was located about halfway along the transition
at the end near the quick-acting valve. The shock
driving coil could be connected by means of a spark
gap to a 22.5 [xf capacitor bank, charged to 20 kv.
The timing of this spark gap and of the ignitrón on
the axial field (Bz) bank could be accurately controlled
by a variable electronic delay circuit triggered by the
hammer blow of the quick-acting valve.
The shock wave is launched from the shock driving
coil described above by magnetic interaction of the
primary current in the coil and secondary currents
induced in the low pressure gas inside it. Experimentally it is observed that the gas will break down only
at times at which the magnetic field inside the coil
is passing through zero. At such a time the gas can
-PREIONIZING SHOCK COIL
B z WINDING
-TRAVELING

355.3
Figure 3. Typical construction of piston coil. In this case the
solenoid is tapered in pitch so as to produce a line with increasing velocity. Capacitors are connected at the pairs of tabs between turns by coaxial cable paralleled in groups of four. Ground
return conductor is held close to axial transition sections of
solenoid so as to cancel asymmetrical field and reduce inductance.
Coil is insulated with teflon and potted in glass-reinforced epoxy
resin to give it strength to withstand magnetic forces

WAVE COIL

TO PUMPING
SYSTEM
-—PHOTOMULTIPLIER

[J

TELESCOPE

GENERAL ARRANGEMENT

whether or not the valve opens more than once.
Everything of interest for one shot is over long before
the valve has a chance to bounce open again.

O.I Л TERMINATING RESISTOR
7.5uf

SPARK GAP

CAPACITORS

23/¿f, 2 0 Kv

Plasma Jets from Shock Wave Blow-off

It has been mentioned above that an intense shock
wave provides a convenient method of preheating and
ionizing the gas. Actually the passage of a shock
wave through a gas which decreases in density, so that
the shock runs into vacuum, is in itself a method of
introducing a jet of plasma into vacuum. Presumably
the plasma jet consists of the particles more or less
within the last mean free path of the gas. Since these
particles have no more particles in front with which to
collide, they simply keep on going. If the shock wave
and the blow-off plasma jet are arranged to move
parallel to a magnetic field, along the axis of a currentcarrying solenoid for instance, any sideways motion
of the ions is averaged out and the jet tends to move
along the lines of force. Neutral gas, however, which
may accompany the jet or be produced therein by
recombination, is unaffected by the magneticfieldand
consequently is lost through the sides, leaving the jet
fully ionized.

PLASMA ACCELERATION SYSTEM SCHEMATIC

FALLING HAMMER STRIKES ANVIL BLOCK
OF FAST ACTING VALVE
-IGNITRÓN EXCITES

Bz WINDING

HAMMER SIGNAL ARRIVES AT VALVE, TRAVELING
"AT SPEED OF SOUND IN STEEL VALVE STEM*,
VALVE OPENS
IGNITRÓN EXCITES
"PREIONIZING SHOCK COIL

О

200

300

L

SPARK GAP EXCITES
TRAVELING WAVE COIL

400

¿i SEC
355.4

TYPICAL TIMING SEQUENCE

Figure 4. Arrangement of equipment for accelerating plasma
with a moving magnetic piston. The arrangement depicted here
has been superseded by one employing much higher voltages on
the shock driving coil. Note that here the magnetic piston is
produced in a line which is tapered by varying the intervals at
which capacitors are connected
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be ionized by the back emf produced by the rapidly
changing flux inside the coil. A ring gas current
results, of such magnitude and direction as to shield
the regions inside the discharge from the field of the
coil. The magnetic pressure external to the discharge
drives the plasma toward the axis of the system,
picking up gas ahead of it, pinches it off and squirts
it out axially in both directions away from the coil.
The effect is as if there had been an explosion, and
shock waves are produced traveling along the tube in
both directions.
The shock driving coil and the capacitor bank which
drives it constitute a resonant system which rings so
as to produce a train of damped oscillations. Generally a new shock wave is generated each time the
current in the coil passes through zero ; at least this
is true so long as there is gas present to be driven.
At very high voltages applied to the coil, the gas
appears to be swept out completely by the magnetic
field and only one shock wave is generated, but with
the arrangement described here, a long series of shock
waves is produced. In order to make the apparatus
generate a shock wave on the first half cycle of the
train of oscillations, it is necessary to pre-ionize the gas.
This is done with an electrode brought into the tube
in the vicinity of the shock driving coil and connected
to a small capacitor through a current limiting
resistor, the capacitor being charged to a potential
of 10 kv relative to ground. Without pre-ionization
the first shock wave appears after one half cycle and
on a number of successive half cycles thereafter.
The propagation of the shock wave and of the plasma
jet which it produces is conveniently observed by
photomultiplier telescopes connected to a multibeam
oscilloscope. Each photomultiplier is arranged with
a lens and a slit so as to be exposed to light from just
one point along the axis of the tube. With such
an arrangement, it is observed that the shock wave
accelerates as it moves into gas of lower density and
that it becomes less steep. Presumably the sharpness
of the shock front is related to the mean free path of
the particles under the conditions prevailing at that
point and with that particular shock intensity. When
the shock runs out into vacuum, the jet that it produces begins to separate into slow and fast plasma;
the fast particles moving out in front, leaving the slow
particles behind. In the absence of particle-particle
collisions, this would have the effect of reducing the
temperature in the forward and backward degree of
freedom, while leaving the sideways degrees of freedom
unaffected.
Unfortunately very little data have been taken
which can contribute to a quantitative study of the
phenomenon. This is partly the result of pressing
onward toward the problem of acceleration with a
moving magnetic piston, and partly because of the
non-existence of instrumentation for the measurement
of the rapidly changing gas densities and velocities
involved.
Systems identical with that described in this section
have been adapted or are being adapted as plasma
injectors for thermonuclear machines. One has been
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in operation for some months on Ixion, the crossed
electric and magnetic field spinning plasma machines
under development at Los Alamos.7 Another is being
installed on a large linear pinch machine which is being
studied currently.8
Magnetic Piston

As mentioned above, the most convenient method
of producing a moving magnetic piston appears to be
the use of an artificial delay line consisting of a coarse
solenoid loaded at intervals with capacitors. The line
currently in use consists of a solenoid of 2.7-cm radius,
with the turns spaced 3.8 cm. It is loaded with one
7.5 (¿i capacitor for each turn. Such a line has an
inductance of 2 x 10~8 henry/cm, a characteristic
impedance of 0.1 ohm and a phase velocity for low
frequencies of 5 X 106 cm/sec. A low impedance
source of emf V applied suddenly to one end of this
line should produce a magnetic field rising in a step
to a value В = 3.30 V. This would mean that a
20 kv capacitor
discharged into the line would produce
a 6.6 X 104 gauss field falling off exponentially after
a sharp rise with a time constant given by т = RC,
where R is the 0.1 ohm line impedance and С is the
capacity of the bank. Actually the rise time of the
signal is lengthened by the imperfections of the line,
so that a 22.5 [xf capacitor bank produces only about
half the magnetic field in the wave front that one
would compute.
In order to simplify the effects observed and also to
lengthen the life of capacitors and spark gap, the line
is terminated at its output end with a 0.1 ohm resistor.
This reduces reflections from the end of the line and
makes it so that the current in the line can be described
as a single pulse moving at line velocity from one end
to the other. Some difficulty was encountered in
developing a resistor suitable for this service. It must
be capable of carrying pulse currents of at least 105
amp, have low inductance and absorb the full energy
of the capacitor bank each time the equipment is
pulsed, 1500 joules for the present arrangement. Also
it should be of thin enough material so that skin effect
does not materially affect its resistance for the important frequency components of the pulse. A
successful design consists of nichrome ribbon clamped
between brass plates with teflon insulation. The
teflon appears to be able to stand the momentary
high temperatures and the brass plates provide good
mechanical support as well as a low inductance return
current path.
Each capacitor as well as the terminating resistor
is connected to the line through 4 parallel 30 ohm
coaxial cables about 70 cm in length so as to achieve
low inductance. The central wires of each group of
four cables connect to one turn of the solenoid while
the outer conductors connect to a ground return
strap. The return strap is as close as is practical to
the connection in the axial direction between solenoid
turns so as to reduce inductance and avoid distortion
of the field. Insulation between turns and from the
turns to the ground return strap is of teflon and the
whole coil is potted in epoxy resin with glass tape
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reinforcement so that it will be strong enough to
withstand the electromagnetic forces. The coil in use
at present has 10 turns and has a total length of about
38 cm.

355.6

Shock Driving Circuit

The shock wave which pre-ionizes and heats the gas
to be driven by the magnetic piston is, in the present
arrangement, produced by a one turn coil connected
through a spark gap to a 0.88 [iî capacitor which has
been operated as high as 60 kv. The inductance of the
coil is approximately 0.065 [xh while that of the entire
circuit is computed from the ringing frequency to be
0.295 [xh. Thus only 22% of the voltage applied to
the capacitor appears across the coil. A good fraction
of the parasitic inductance of the circuit is in the
spark gap, which is of the four electrode type and is
operated in air at atmospheric pressure. The spark
gap is triggered from a 0.1 [xf capacitor through 3
ignitrons connected in series so as to be capable of
withstanding 50 kv.
PERFORMANCE

The apparatus in its present form appears to be
capable of driving appreciable masses of plasma at the
speed of the magnetic piston. The speed is measured
by photomultiplier telescopes focused at intervals
along the axis of the drift tube into which the piston
drives the plasma. An accurate measure of speed is
somewhat difficult using this technique because of the
diffuse nature of the plasma jet. However, gross
features of the luminosity vs. time curve can be followed from telescope to telescope (Fig. 5), and it
appears that within 20% or so the plasma moves with
piston speed.
The momentum acquired by the plasma has been
observed by two methods. One of them employs a
capacitor microphone and the other a ballistic pendulum. The capacitor microphone is placed on the axis

355.5
Figure 5. 4-beam oscilloscope record of data from typical
shot with magnetic piston. This shot used 9 kv two-turn
shock coil preheating with piston line tapered by varying interval between capacitor connection positions. Trace 1 shows B z
beyond end of guide field solenoid. Traces 2, 3 and 4 are photomultiplier telescope records at positions 53.7, 77.4 and 97.3 cm
from the shock driving coil. The small pips are 10 [isec time
markers. W i t h each trace is a null trace, obtained in the same
way as the traces carrying the signals, but with no gas admitted
to the system

Time (msec) '

'

^

Figure 6. Tracing of oscilloscope record of microphone signal.
Upper trace shows early ringing signal due to plasma impact on
diaphragm. Lower trace shows neutral gas signal alone

of the system on a probe extending well into the
solenoid which provides the axial magnetic field in the
drift space. A grounded aluminum foil, stretched in
front of a high impedance pick-up electrode charged
to 300 v, is exposed to the plasma and the electrode
voltage is registered on an oscilloscope by means of a
cathode follower. Since the ringing period of the
microphone foil is long compared to the blow given it
by the plasma, its behavior is really that of a ballistic
pendulum, the initial ringing velocity being proportional to the impulse. However, its period is short
compared to the time for un-ionized gas to reach it
from the quick acting valve, and so it can separate
the two impulses.
With the capacitor microphone (Fig. 6) it is observed
that the neutral gas admitted by the valve arrives
more or less with a sharp front at the other end of the
tube, and that it moves at a velocity of approximately
1250 m/sec. The plasma is observable as a considerably larger impulse arriving long before the gas. The
capacitor microphone is somewhat difficult to calibrate accurately because of the complicated response
of its diaphragm to the plasma.
A ballistic pendulum method has been developed to
measure momentum transfer from the plasma. The
pendulum is suspended in vacuum with a bifilar
support beyond the end of the Bz solenoid, but with a
disc on an extension arm inside the solenoid to
receive the impulse from the plasma. The pendulum
has approximately a 1.6 second period and a mass of
17.5 g. The disc which receives the impulse is 4 cm2
in area and is non-conducting so as not to be affected
by the electromagnetic forces of pulsed magnetic
fields.
Impulses of up to 80 g cm/sec have been delivered to
each unit area of the pendulum by a shot. The valve
alone, with no electrical apparatus triggered, delivers
about 16 g cm/sec per unit area of the pendulum disc.
This is very nearly equal to the momentum which
would be carried if all of the 2.25 cm3 atmos of gas
admitted in one shot were to move at the 1250 m/sec
observed gas front velocity. Actually, of course, all
of the gas will not move at this speed but, on the other
hand, the molecules will recoil from the disc and
deliver probably twice their axial component of
momentum to it.
Subtracting the effect of the neutral gas we are left
with an impulse of 64 g cm/sec delivered by the
plasma to each unit area of the disc. At the observed
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speed of 5 X 106 cm/sec (which is also the speed of
the magnetic piston) this would be the momentum
carried by about 13 [Jig of plasma or a little more than
3 (jig/cm2. If the plasma jet were of the same crosssectional area as the tube in which it moves, it would
have a total mass of about 50 ¡ig and would correspond
to somewhat more than 0.25 cm3 of deuterium gas at
normal temperature and pressure.
It has been found necessary to use rather high
voltage on the preheating shock driving coil. Initial
attempts with a low voltage system, like that used in
the shock wave blow-off experiments described above,
were not very successful in driving large amounts of
plasma. A considerable amount of momentum is
imparted to the plasma by the high-volt age shock
alone and, if the present state of the apparatus were
the final one, there might be no point in the use of
the magnetic piston. This report is written, however,
at an intermediate stage in the development of the
technique and it is hoped that it may be possible, in
the future, to accelerate plasma jets in this way to
considerably higher velocities.
Preliminary observations have been made of a
phenomenon which may be quite interesting. A
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search coil was inserted into the end of the system on
a movable probe so as to generate an emf proportional
to the time derivative of the z component of the
magnetic field along the axis of the system. With the
output from the search coil integrated electrically so
as to display Bz on an oscilloscope, very complicated
but highly reproducible patterns were obtained. The
effect was strongest just outside the end of the Bz
solenoid, but was still observable approximately
20 cm farther out. It appears to be due to some sort
of magnetohydrodynamic oscillation induced when
the plasma jet crosses the diverging lines of magnetic
force at the end of the solenoid.
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S. Khvaschevski, V. A. Khrabrov, N. G. Kovalski, N. V. Filippov, T. I. Filippova,
V. E. Palchikov, I. M. Podgorny, Y I K G. Prokhorov and M. M. Sulkovskaya !

Pulsed gas discharges may be called " fast " if the
inertial forces arising during the accelerated motion
of the gas are important. In these discharges the
time for the current to rise to the first peak or break
in the curve i(t) is comparable with the time of gas
contraction towards the axis of the discharge chamber.
Several papers dealing with the discharges of this kind
have been published.1"9 This paper presents results
of the study of the phenomena that occur when such
a powerful pulse discharge passes through gas. The
experiments were conducted under the following conditions: capacitor voltage was 20 to 120 kv; maximum
current was 200 to 1600 ka; rate of current rise at the
beginning of the process was from 1011 to 1012 amp/sec;
energy stored in the capacitor bank was up to 5 X 105
joules. Mainly discharges in deuterium were studied.
Some experiments were performed with discharges in
other gases.
At large energy densities, where more than 10 joules
are given off per square centimeter of chamber surface
during the process, the subsequent development of
the process may be effected by the gas given off by the
ceramic walls even during the first stages of the
powerful pulse discharge. It was found in the
experiments that metal-walled chambers give off less
gas, but the character of the pulse gas discharge in
them differs greatly from that in chambers with
non-conducting walls. The development of magnetic
and electric phenomena inside the column of the gas
discharge will be described for chambers having both
non-conducting and conducting walls. Detailed studies
of neutron radiation and high-energy electrons in chambers with conducting walls are presented in the last two
parts oi this paper, by separate authors given there.

conditions, contamination of the gas by particles
from the chamber walls being prevented, then two
or more transients are found in the voltage oscillogram at certain values of the initial pressure and voltage, while breaks are seen in the current oscillogram
at the corresponding moments.1 These oscillograms
indicate that the inductance of the gaseous gap
changes periodically; that is, the plasma column
contracts periodically. The inductance of the gaseous
discharge gap can be determined from the current and
voltage oscillograms, and from this inductance the
effective column radius can be found, as a function
of time and the rate of contraction. The data
obtained in this way agree with that obtained by
other methods and will be given below
More detailed information concerning the development of the discharge can be obtained by measuring
the magnetic field inside the discharge by means of
minute coil-type magnetic probes. If the magnetic
field distribution is found then the current density
distribution along the section of the chamber, the
magnetic field energy, and the inductance of the
gaseous gap can be determined as a function of time.
In our experiments the magnetic field was measured
simultaneously at four points inside the discharge.
Current, voltage and the neutron pulse (for discharges
in deuterium) were also registered. Symmetry of the
gaseous column was checked beforehand, and all
calculations were fulfilled up to the moment when the
symmetry still existed.
Figure 1 shows curves for the inductance of the
gaseous gap during a typical discharge. They were
calculated in two ways : from the current and voltage traces I(t), V(t) (neglecting resistance)

DISCHARGES IN CHAMBERS W I T H
NON-CONDUCTING WALLS

L*{t) = Г V{T)dr/I{t);

(1)

Jо

and from the values of the magnetic field inside the
discharge

Current and Voltage Oscillograms

The general character of the gas discharge can be
derived from the current and voltage oscillograms.
If the experiment is carried out under sufficiently pure

Щ = IX10-8

j*H¿r,t)drlI'(i).

(2)

Thus, the assumption that the resistance may be
ignored in our process is verified because these two
curves coincide well enough.

Original language: Russian.
* Academy of Sciences of the USSR.
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no magneticfieldin the central zone is registered at all.
The initial voltages here are equal to 40 kv.)
By the time of the first voltage transient the current
reaches the center of the discharge chamber. Then,
the current begins to rise rather sharply near the
walls of the chamber while it continues to increase in
the central zone. This redistribution of current
results in a lower inductance of the gap and in a
corresponding drop in voltage and rise in total current.
A similar redistribution of current occurs at the
time of the second voltage break. During the time
interval between the first and second voltage transients, the current in the central zone rises somewhat
at first, then falls, and rises again. Some time after
the second or third voltage transients the current in
the central zone vanishes and does not reappear there
until the very end of the process. By the time of the
second voltage transient, the instabilities characteristic of this type of gas discharge become essential.

Figure 1. Inductance of the gas discharge (calculated in two
ways) and the effective radius a of the current column as a function of time a discharge in deuterium at p0 = 0.05 mm Hg and
Vo = 40 kv. The discharge chamber is a cylinder 90 cm high
and 40 cm in diameter. The capacitance of the bank is 80 juf.
The current curve is shown on top

The effective plasma column radius variation is given
in this figure as well. This plot was calculated from
the values of inductance. Figure 2 gives the results
of calculation of the energy introduced into the
discharge and the magnetic field energy. The current
density distribution over the cross-section of the
discharge column at different moments at the same
discharge conditions is shown in Fig. 3.
Magnetic field measurements show that after the
plasma column has separated from the wall (this
occurs some time after the process has begun), a considerable part of the pinched current is concentrated
within a cylindrical sheath 3 to 5 cm thick. If we
assume that the thickness of this sheath is determined
by skin-effect, the gas conductivity at this stage of
the discharge must be taken equal to 1013-1014 cgse
units. This conductivity corresponds to an electron
temperature of not greater than 10 ev. The rate of
contraction, computed from the moments when the
magnetic field begins to be registered by the probes
located at various distances from the axis of the
chamber, rises from 3.5 X 106 cm/sec at the beginning
of the process to 7-8 XlO6 cm/sec at the end of the
first contraction. The same rates can be obtained
from the time variation of the inductance. These
figures are for a discharge in deuterium at p0 = 0.05
mm Hg and Vo = 40 kv. At other initial pressures
ftQ = 0.01 mm Hg and p0 = 3 mm Hg, and the same
initial voltage F o = 40 kv, the maximum rate of
contraction is equal to 107 and 2x 106 cm/sec, respectively. (At initial pressures above 0.3-0.4 mm Hg
the current reaches the axis of the chamber during
the second quadrant of the period, while at 10 mm Hg

2301.2

Figure 2. The total discharge energy W and the magnetic
field energy WH in kilojoules as a function of time for the conditions given in Fig. 1

The part of the total energy that increases the
energy of the particles can be found from the difference
between the curves of Fig. 2 at fi0 = 0.05 mm Hg and
Vo = 40 kv. Consideration of the possible energy
losses to the walls during this stage of the process
shows that there is no evidence that they are large,
although there is no direct experimental proof of this
point.
Two cases must be considered in estimating the
possible temperature, Te <C T\ and Te & TV If
equilibrium between the electrons and the ion gas is
j(ka/cm')

3 5
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Figure 3. Current density distribution along a cross section of
the discharge for the times indicated in the current curve
of Fig. 1
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Figure 4. Design and calibration of the piezoelectric pickup,
(о) Diagram of piezoelectric pickup: 1, 0.5 mm of piezoceramic
material; 2, insulation; 3, silver foil; 4, zinc rod; 5, porcelain
tube 8 x 1 2 mm; 6, cathode follower; 7, amplifier; 8, to oscillograph, (b) Diaphragm pickup: 1, diaphragm; 2, contact; 2,
3, gap; 4, to oscillograph, (c) Left: time-position curves for
two diaphragms cf different mass; right: three traces from
diaphragm pickup and pulse shape from piezoelectric pickup.
U o = 20 kv, p0 = 0.1 mm Hg deuterium

not as yet established, practically all of the energy
stored in the gas is that of heavy particles. In this
case the average energy of the deuterons is 200 ev at
the instant of maximum contraction, assuming that
all of the particles were involved in the pinch process.
If equilibrium between the electrons and the ion gas
has already been established by the time of the
maximum contraction, the average energy per particle
amounts to 100 ev, which corresponds to a temperature
of 70 ev. Non-uniform contraction of the plasma
column and cumulative effects may lead to local
heating. Therefore, the above estimates are not in
contradiction with the temperature of one million
degrees that was obtained from the spectroscopic
12
measurements.
Pressure Measurements

The compression of the particles at the central axis
and their temperature rise should be accompanied by
a sharp increase in the pressure at the central zone.
This pressure rise was studied by means of piezo-
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ceramic pickups set at various points inside the discharge. The design of the pickup is schematically
shown in Fig. 4a. A diaphragm detector shown in
Fig. 4b was designed to determine the sensitivity of the pickup. It enables the pickup to be
calibrated under conditions similar to those in the
gas discharge. Time-position curves for two diaphragms of different mass are plotted in Fig. 4c ;
these were drawn up after the treatment of the
experimental data. The scale of the pressures recorded by the pickup can be obtained by comparing
the area under a pulse on the trace of the pickup signal
with that of the pulse received with the diaphragm.
Oscillograms of pressure pulses, which are synchronized with the full current flowing through the
chamber, are shown in Fig. 5 for different positions
of the pickup. With the pickups set radially the
pressure rise from the outside of the cylinder to the
center can be seen as the plasma column contracts
towards the axis of the discharge, and then the pressure wave spreads in the opposite direction. Pickups set axially record only a small pressure rise
in the outer regions of the discharge chamber during
the contraction. A sharp pressure rise was recorded
near the axis during the last phase of contraction, the
pulses received by the axial and radial pickups being
about the same. As the discharge column expands,
the axial pickups near the perimeter also record a
marked pressure rise. These experiments show that
during the first stage of contraction the radial velocities of the particles directed inwards to the chamber
axis dominate. At the instant of maximum contraction and when the plasma column expands, the other
velocity components are essential as well.
When a magnetic probe, which measured the time
derivative of the magnetic field at a fixed point, was
set near the piezoceramic pickup (Fig. 5), it was found
that the pressure pulse appeared somewhat later than
the time derivative of the magnetic field during the
contraction of the discharge column.
The concentration of particles at the pickup can be
calculated from the measured values of the pressure
pulse, the particle velocity and the time during which
the pressure acted on the pickup. For the experimental conditions listed in Fig. 5 the calculated
concentration of particles in the region near the
chamber axis is about 100 times greater than the
initial one. Knowing the pressure and particle density in the compressed state, it is possible to estimate
the temperature by means of the formula p = 2nkT.
In the experiment we now consider the initial density
of atoms was equal to 7X 1015 particles/cm3; the final
density was found to be about 7xlO 1 7 particles/cm3.
At this moment, the pickup registered a pressure
of about 100 atmospheres. The temperature obtained
from these values of pressure and particle density is a
very rough estimate, T = 50 — 100 ev.
Heavy Gases

Let us briefly consider some characteristic features
of the development of the discharge in heavy gases
such as xenon, for example. By comparing results of
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Diagram and results of measurements with a piezoceramic pickup
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Neglecting the voltage drop across the parts of the
contour running along metal conductors, and assuming
that the column has cylindrical symmetry, and that
Ez and Er do not depend on z, we obtain

77

V

я

I'

(4)

dr

where V is the voltage applied to the divider.

/ A/ / / ///7/Щ
Figure 6. Discharge chamber with a probe for measuring the
longitudinal electric field. A voltage divider is connected to
the points A and В

measurements at pressures for which the masses of
xenon and deuterium within the chamber are the same
we find the general character of the current density
distribution along the discharge cross section to be
similar. The rate of contraction for xenon, however,
is somewhat larger than for deuterium. Moreover,
for discharges in deuterium the maximum magnetic
field in the central zone is 3 to 4 times larger than that
near the walls, while for discharges in xenon the
magnetic field amplitude is almost the same along the
entire discharge cross-section. Therefore the current
concentration at the chamber axis is much less for
discharges in xenon than in deuterium.
It is interesting to note, for an initial pressure of the
xenon of 0.1 mm Hg, that during the second halfperiod the current sheath formed at the walls is also
seen to move towards the center just as in the first
half-period, provided cylindrical symmetry is not
disturbed throughout the entire process.
All oscillograms for discharges in xenon-deuterium
mixtures containing 1 % of xenon atoms are similar to
oscillograms for pure xenon. This character of the
discharge in pure xenon and in mixtures agrees with
data on the X radiation which accompanies the
10
discharges in these gases.

The time derivative of the magnetic flux in the
right-hand side of Eq. (4) was measured by an
elongated loop set along the radius (Fig. 6). The
longitudinal electric field was determined simultaneously at four points at different distances from
the chamber axis. The results for the most typical
discharge are given in Fig. 7. The electric field in the
central region of the discharge is equal to zero during
the first stages of the process, then it rises and attains
a value of 500 to 700 v/cm by the time the
voltage transient occurs. At the time of the voltage
transient, the electric field becomes negative over the
entire cross-section of the discharge chamber, and its
value in the central region reaches 1000 v/cm. By the

t Msec

Longitudinal Electric Field

In addition to the magnetic field inside the discharge, the longitudinal electric field Ez was measured
by means of magnetic probes of a somewhat different
construction. The idea of this method of measurement is as follows. Let us consider a contour ABCDEA
in Fig. 6. We can write
,dS.

(3)

Figure 7. Longitudinal electric field at different distances from
the axis of the discharge chamber. The operating conditions
are given in Fig. 1
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time the neutron pulse appears, the electric field
recorded lies between 100 and 600 v/cm. Our
method does not permit the measurement of local
electric fields, which may attain large values due to
the development of various forms of instability.
The ohmic voltage drop across the discharge column
may be calculated from the longitudinal electric field.
Calculations show it is valid to neglect the ohmic
voltage drop as we have done.
The longitudinal electric field is associated with the
current density and the magnetic field intensity by

flea)
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>
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If the ohmic voltage drop can be neglected,

s""

25

(6)
0

The radial velocity of the particles during the
contraction calculated in this way agrees well with the
velocity of the internal current boundary given above.
At the moment of the voltage transients Ez is
negative, while Нф and jz are positive. Therefore,
Vr is positive, that is, the particles fly out from
the central zone. The corresponding radial velocity
is greater than \сЕг/Нф\. During a discharge at
p0 = 0.05 mm Hg and Vo = 40 kv, the radial velocity
of the particles is greater or equal to 1.5 xlO 7 cm/sec
in the central zone and drops off in going away from
the center of the discharge chamber.
Increased Rate of Current Rise

Let us pass to the question of how the discharge
process changes when the initial rate of current rise is
increased. For this purpose experiments were carried
out on an apparatus having a chamber of 40 cm in
diameter and 50 cm in height. The 64 pi capacitor
bank was charged to a voltage from 40 kv up to
120 kv. The initial rate of current rise varied from
3 x l O n amp/sec to 1012 amp/sec, the discharge
energy being much larger than that in the apparatus
described before.
The current and voltage oscillograms with Vo = 40
kv do not differ from those described above. At
voltages above 80 kv, only one peak remains on the
voltage oscillogram. A sample oscillogram is shown
in Fig. 8. The same series of measurements were
made as described above for voltages across the
chamber to 100-120 kv. Only a few measurements
were made with magnetic probes at maximum
voltages due to the experimental difficulties. Some
characteristic features for discharges at voltages of
80 to 120 kv are listed below:
1. The current at the walls of the discharge chamber
comprised a considerable part of the full current
(about 50%) during all stages of the discharge process.
This greatly influences the discharge inductance.
Therefore, the rate of contraction found from the
inductance curves are 1.5-2 times less than that found
by means of magnetic probes.

4

/

500

100

(5)

>
/

—

(n)

U

- • — ,

w

—

V

0
2301.8

1

2

3

4

5

t (IS
6

7

8

9

Figure 8. Oscillograms of current, voltage and the neutron
pulse recorded with a scintillation counter, for a deuterium
discharge at p0 = 0.05 mm Hg and Vo = 100 kv. The discharge
chamber is a cylinder 50 cm high and 40 cm in diameter. The
capacitor bank is 64 jui

2. Since the current at the walls is large, it is
difficult to prevent contamination of the chamber
with the wall material.
3. The magnetic field in the central zone continues
to rise at the time of the voltage transients, and
exists for several microseconds, attaining 14 kilooersteds at 5 cm from the discharge chamber axis
(70=100kv).
4. The energy of the particles at the highest voltages
(120 kv) cannot be estimated by the method described
above since the magnetic field could not be measured
because of the experimental difficulties. Taking the
total energy introduced into the discharge up to the
time of the first transient and subtracting the 35%
from it that is allotted for the magnetic field according
to theoretical calculations, we obtain 500 ev per
particle (including electrons).
Hard Radiation

We shall now describe the hard radiation that ac3
companies a powerful pulse discharge in deuterium.
At voltages not larger than 60 kv neutron radiation
appears at the instant of the voltage transients (this is
usually after the second peak, when instabilities
develop). Simultaneously a hard X-ray pulse appears (of the same duration as the neutron pulse);
the discussion of this pulse will be given later on.
Neutron radiation at voltages above 80 kv is recorded
as long as the compressed state exists, that is, from
2 to 3 microseconds. A typical oscillogram of this
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neutron pulse, which was obtained by means of a
scintillation counter, is given in Fig. 8. Discharges
in hydrogen with the same initial mass of the gas were
accompanied by hard X radiation; however, this
radiation lasted for not more than 0.3 microseconds.
The appearance of an X-ray pulse in the region of
the first current break indicates that there is an
acceleration process which can result in the neutron
radiation. However, since the X-ray pulse is much
shorter in time than the neutron pulse, it is suggested
that some neutrons may emerge due to a non-accelerated process as well.
It is not difficult to estimate the possible contribution of the thermonuclear reactions to the neutron
effect observed by making use of the experimental
data available and assuming a 50-fold compression of the
plasma column (this follows directly from optical data12
and measurements of the compression density by the
piezo-ceramic pickup). This estimate gives a neutron
yield of 5 X 105 neutrons (at a temperature of 330 ev).
This calculation, however, is very sensitive to the
number of particles over which the energy is distributed. If we assume that the energy is not imparted
to all of the particles in the discharge chamber, it
must be assumed that only 40% of the total number
of particles should be heated up in order to explain the
entire neutron yield (5 X 107) by thermonuclear processes. These considerations indicate that a part of
the neutron yield observed may be due to thermonuclear reactions.
For an initial voltage of 60 kv the temperature in
the compressed state at the time of the first maximum
contraction does not exceed 100 ev. Neutron radiation is noticed at the time of the second contraction
and may be explained by the presence of deuterons
accelerated to high energies in the discharge. These
deuterons (having energies up to 200 kev) were found
in direct experiments (see below), and also in recording
the neutrons using the recoil protons obtained in
nuclear emulsions (the method described in Ref. 6).
STUDY OF FAST CHARGED PARTICLES

In 1953, after detecting hard X radiation 5 accompanying powerful discharges in hydrogen and deuterium, the upper bound of the energy spectrum was
estimated. It was established that there exist in the
spectrum quanta having energies of several hundred
kev at a discharge tube voltage of 15 to 20 kv. However, the gradual falling off of the spectrum made it
difficult to establish the energy limit of the radiation
under study.
Cloud Chamber Studies

A cloud chamber method of measuring the energy of
quanta was employed to determine more accurately the
energy of the X-ray quanta. The main advantage of
using a cloud chamber in studying short bursts of
X radiation is that the device has a comparatively
short sensitive time and electromagnetic obstacles
do not effect its operation.
In order to determine the electron energy, the
lengths of the electron tracks formed in the cloud
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chamber were measured. The well-known method for
determining the electron energy from the track
curvature in the magneticfieldwas not suitable for the
conditions of the experiment, since at electron energies
of about 200 kev the mean dispersion angle greatly
exceeds the maximum value at which it would be still
possible to measure the track curvature in the magnetic
field.
In determining the energy of the X-ray quanta using
the electron energy, it is necessary to determine
whether these electrons are formed as a result of the
photo-electric effect or the Compton effect. The
Compton mechanism of electron formation by quanta
having energies above 200 kev was found to be more
probable under the conditions of the experiment. The
calibration experiments in which a stream of X rays
of known energy was directed into the cloud chamber
from an X-ray tube proved this estimation to be
correct.
All these experiments were conducted with a
porcelain discharge chamber 100 cm long and 17.6 cm
in diameter at an initial hydrogen pressure of 0.06 mm
Hg (corresponding to maximum hard X-ray yield),
a discharge voltage of 40 kv and a maximum discharge
current of about 200 ka. A 36 ¡xi capacitor bank was
used.
It is difficult to follow on the photographs the long
tracks formed in the cloud chamber, which correspond
to high-energy electrons, because of the large number
of short tracks there. To determine the character of
the spectrum in the high-energy range the Wilson
chamber was shielded from the discharge tube with
lead 15 mm thick (which greatly absorbed the soft
part of the X-ray spectrum). Oscillograms of the
scintillation counter pulses were obtained at the same
time as the tracks were photographed. If there was
no pulse on the oscillogram, the corresponding photograph of the tracks was not developed.
Since one camera was used to photograph the
tracks, the picture on the photographs is the projection
of the electron traces onto a plane perpendicular to the
optical axis of the camera. When projecting a
sufficiently winding track on a plane, the length of its
projection is njA of its actual length. Winding
electron tracks were studied in Ref. 11, where it was
shown that the above factor could be used with high
enough accuracy.
The electron energy was determined from the
range-energy curve drawn up on the basis of known
experimental data.
In order to take into account the background
contribution, the cloud chamber was expanded after
each time the traces of the electrons formed by the
X-ray pulse were photographed, and then the tracks
were photographed without any discharge. A histogram of the energy spectrum for the electrons formed
by X-ray pulses accompanying a discharge in hydrogen is given in Fig. 9. The spectrum of the electrons
formed by the background is given in the same figure.
The same number of photographs were treated to
construct the histograms for the effect studied and for
the background. Out of a total of 500 photographs,
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80

Figure 9. Energy distribution of the
recoil electrons obtained in a cloud
chamber when observing X radiation of
the gas discharge

Figure 10. Energy distribution of the
electrons formed by X radiation from
the X-ray pulse tube, V = 245 kv

189 were chosen to be treated in accordance with the
criterion indicated above.
Calibration Measurements

Figures 10 and 11 show the calibration histograms
for electron comparison spectra. They were obtained
while X irradiating the cloud chamber from an X-ray
pulse generator. The voltage pulses on the X-ray
tube amounted to 240 and 285 kv. As seen from the
histograms, the maximum energies of the electron
spectra in these cases amounted to 120 kev and
140 kev, respectively.
As follows from the elementary theory of the
Compton effect, the maximum energy of the Compton
electrons corresponding to X-ray quantum energies
of 240 kev and 285 kev are equal to 116 kev and
145 kev, respectively. These values agree with the
experimental results within measurement accuracy.
The maximum energies of photoelectrons knocked out
from the glass at the same X-ray quantum energies
amount to 200 kev and 265 kev (the highest ionization
potential of the К shell is about 20 kv).
Thus, the data presented show that under the
conditions of the experiment at energies above 200 kev
it is much more probable for the Compton effect to
occur than for the photo-effect.
According to the histogram of Fig. 9, the energy
spectrum limit for the electrons in the cloud chamber

120

160

200

240

Figure 11. Energy distribution of the
electrons formed by X radiation from
the X-ray pulse tube, V = 285 kv

is estimated at 180 kev for discharges in hydrogen.
Assuming that the electrons in the high energy region
of the spectrum are formed due to the Comptone ffect
we can find the energy of the X-ray quanta.
Results of Cloud Chamber Studies

Calculations show that a powerful discharge in
hydrogen at an initial capacitor bank voltage of 40 kv
is the source of quanta of radiation having an energy
of 320 kev. Analysis of this experimental data permits us to assert that the number of X-ray quanta
with an energy above 320 kev does not exceed 0.1%
of the total number of quanta in the discharge, on the
average.
The measurement error on the calibration tube does
not exceed 5%. However, it should be remembered
that the value of the maximum energy of the spectrum
was obtained by averaging the spectra of a large
number of pulses. Therefore, it is possible that
several quanta may exist in the spectrum with a
higher energy.
Thompson Parabola Studies

Thompson's parabola method was used for direct
measurements of the deuterium ion velocities. By
emitting a narrow beam of charged particles from the
discharge gap (a porcelain tube 80 cm long and
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17.2 cm in diameter) into a special chamber, the ions
may be analyzed according to their velocities and
values of e\m. The width of the beam was set by
two inlet diaphragms, dx = 1 mm and <¿2 = 0.5 mm.
In order to maintain a high vacuum in the chamber,
the first diaphragm was shut with a high-speed
electromagnetic valve.
Each discharge took place in pure deuterium at a
pressure of 0.02 to 0.06 mm Hg, a discharge voltage
of 40 kv and a discharge current peak of 1.5-2 X 105
amps.
The photograph plates were exposed for not more
than several microseconds during one pulse discharge
(about one half-period, which was equal to 8 microseconds). All plates were exposed when neutron
radiation was present (on the average there were
108 neutrons per pulse).
The velocities of the deuterons emerging from the
plasma (perpendicular to the discharge axis) were
measured. Just noticeable traces of parabolas were
obtained after the plate had been exposed for 80-100
pulses.
The stream of particles was much more intense in
experiments with charged particle beams emitted
along the discharge axis through an outlet in the
cathode (Figs. 12, 13). Faintly noticeable parabola
traces appeared in the plates after one pulse discharge.
Exposures of 3-5 pulses resulted in parabolas that
were quite distinct. In the sections of the parabolas
from 80 kev and higher on some photo plates there
are black spots of 1 mm in diameter with clear-cut
boundaries. These spots are evidence of good focusing
in a very narrow velocity band for small groups of
deuterons.
There is much scatter in the experiment results at
the same operating discharge parameters. The
maximum energies of the deuterons usually lie between 80 and 170 kev, and more rarely from 170 to
200 kev.
Upon increasing the exposure to 10-15 pulses

there appear parabolas of negative deuterium ions
with energies from 4 to 120 kev. These fast negative
ions are evidently formed by charge exchange with
fast positive ions; that is by the appearance of
fast neutral particles and subsequent electron capture.
Here the direction of the fast-particle velocity remains
almost the same. The maximum velocities for the
negative ions of deuterium have a sharp boundary but
they are less than those of the deuterons on the same
plate. The direction of the negative deuterium ion
velocity coincides with that of the deuterons; therefore, they move towards the cathode in the retarding
electric field, losing part of their energy.
Upon increasing the exposure (to 25 and more pulses),
in addition to D+ andD~ parabolas, parabolas corresponding to the ions of D2+, D2~ and electrode and tube
materials appeared on the photo plates. Parabolas of
H+ and H~ were obtained in experiments with hydrogen. From 5 to 10% of helium was added to the
deuterium to obtain a reference parabola.
By charging the capacitors at reversed polarity, it
is possible to analyze the charged particle beam
emitted through the outlet in the anode. No signs of
parabolas were discovered on photographic plates exposed for 50 pulses. Therefore, fast deuterons arise only
during the first half-period of the current discharge.
Furthermore, the electricfieldsin which the deuterons
are accelerated to high energies are of the same polarity
as that from the applied discharge voltage. The
stream of fast deuterons is directed along the axis of
the discharge tube towards the cathode with slight
dispersion toward the walls.
Thus, applying the parabola method for measuring
ion velocities in a powerful pulse discharge in deuterium, it was found that deuterons exist having
energies right up to 200 kev. The existence of deuterons with energies five times greater than the
discharge voltage indicates that acceleration processes
develop in the discharge.

Figure 12 Ion energy analy i by Thorn on parabola method
В = 900 gauss; £ = 950 v/cm; Vp = 4 0 kv; PD2 = 0.04 mm Hg.
6 pulse discharges; D+ parabola to the left and downwards;
D~ parabola to the right and upwards. Horizontal line: £ = 0

Figure 13. Ion energy analysis by Thomson method. В = 1500 g;
£ = 1850 v/cm; Vp = 40 kv; PD2 = 0.04 mm Hg; photographs
for two different directions of H. 7 pulse discharges, D+ parabola
upwards (slightly blackened), D~ parabola downwards

357

HIGH-CURRENT DISCHARGES
Summary

The basic experimental facts known to date regarding the hard radiation from a gas discharge in porcelain chambers at pulse voltage up to 50 kv show:
1. The neutron and X radiation during the discharge process appear at the same time.
2. Deuterons responsible for the appearance of
neutrons during discharges in deuterium are accelerated
towards the cathode, while the maximum intensity of
X radiation appears in the region near the anode.5
3. Both types of radiation always appear in the
same well-defined range of gas pressure in the discharge tube.
4. The energy of the X-ray quanta (and, therefore,
of the electrons which create them) was experimentally
determined to be 300 kev, while the deuteron energy
determined was 200 kev. These values coincide well
with each other within the limits of experimental error.
Experimental facts prove that hard X radiation
from powerful pulse discharges is of the same character
as the neutron radiation which arises in deuterium
discharges. The radiation is most likely due to the
electric fields directed along the tube axis which
accelerate the charged particles (electrons and ions).
As has been pointed out previously,5 these electric
fields may arise from a redistribution of currents while
the radius of the discharge column is changing. An
electric field of the order of a few hundred volts per
centimeter arises at the time of the X-ray pulse.
This corresponds to a potential difference of tens of
kilo volts. Local electric fields that appear in this
process may attain extremely large values if certain
types of instabilities develop.
DISCHARGES IN A METAL-WALLED CHAMBER

Experiments were carried out with metal-walled
chambers in the discharge circuits, which were similar
to those with ceramic-walled chambers. (Some of
this work is discussed in Ref. 13, vol. 4, p. 170,182,201.)
A schematic view of the metal-walled chamber used
in most of the experiments is shown in Fig. 14.
Experiments showed that the discharge process in
metal-walled chambers develops differently than in
ceramic ones.
Evolution of the Discharge

Measurements with magnetic probes have shown
that the discharge process begins with a breakdown
from the electrodes to the metal wall of the chamber.
Here, the discharge process, which is symmetric about
the longitudinal axis of the chamber, only takes place
near the positive electrode. The discharge subsequently develops as shown in Fig. 14. The dashed
lines show how the current gradually spreads toward
the chamber axis. The zone of maximum compression
is situated near the positive electrode surface, and
becomes smaller in extent along the chamber axis with
larger initial gas pressures.
This type of metal chamber may be used to obtain
a highly pinched discharge at relatively large initial
pressures (up to 4-30 mm Hg). This phenomenon

2301.14

pump

Figure 14. Metal-walled chamber. 0 - 8 : Boundaries of current
propagation within the chamber at 1/,¿sec intervals. A: Point
of earliest compression of the current to the axis

was not observed in ceramic chambers with discharge
circuits of similar parameters.
The high contraction may be obtained because only
a relatively small part of the gas filling the chamber
participates in the discharge. The larger the initial
pressure, the smaller this amount of gas.
Since it is possible to work at high initial pressures
and since the metal walls do not give off much gas, a
large number of discharges can be carried out and
well-reproducible results may be obtained without
changing the gas in the chamber.
Neutron Production

Just as in the case of ceramic chambers, the
oscillograms for the full discharge current through the
chamber and the voltage across its electrodes indicate
that the inductance of the discharge gap increases
when the discharge column pinched (see Fig. 14). At
the time of the maximum gas contraction to the
chamber axis, intense neutron radiation is observed
over a wide range of pressures. Localization of
neutron radiation was studied in two ways by means
of collimator devices.
(a) A scintillation detector with a naphthaleneanthracene crystal was placed in a paraffin block with
a collimator slit (Fig. 15). By moving this device
longitudinally and transversely with respect to the
chamber axis, the sources of neutron radiation were
discovered. They were located in the region of
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the time of current maximum contraction to the
chamber axis being a little more comparing with a
discharge in pure deuterium. However, the characteristic pinch of the discharge was not observed when the
chamber filled with the same amount of pure xenon.
THE THEORY OF PLASMA COLUMN
CONTRACTION AND OSCILLATION
AT HIGH RATES OF CURRENT RISE

Figure 15. Experiments on neutron collimation. Apparatus on
the left: 1 , water; 2, cadmium; 3, slit; 4, 0 counter; 5, paraffin.
Apparatus on the right: 6, paraffin; 7, scintillator; 8, lead; 9, slit;
10, photomultiplier. Experimental curves: 1 1 , radio of readings
of collimated and non-collimated counters minus the background
at corresponding positions of the slit; 12, relative difference in
amplitudes of the scintillator pulses with the slit open and closed
at corresponding positions of the collimator

maximum discharge contraction, which was determined by means of magnetic probes (point A on
Fig. 14).
(b) Considerable intensity of neutron radiation (up
to 3 X 109 neutrons per discharge) made it possible
to carry out quantitative measurements by means of
another collimator device, which is shown in the left
side of Fig. 15. A paraffin block in a cadmium
jacket was placed in a tank of water. This block
slowed the neutrons that fell on it through a flat slit
formed in the water shield by a hermetically sealed
tin box. The slowed-down neutrons activated the
silver foil (Ag109) which enclosed a ¡3 counter, whose
pulses were counted by an ordinary scale device. The
collimator slit was moved inside the tank and pointed
at the selected region in the chamber. The readings
of the collimator counter were compared with those
of an unprotected monitor placed near the discharge
chamber. The data of a large number of experiments
for determining the longitudinal and transverse distribution of neutron radiation were treated and the
results are given in the drawing of the chamber
(Fig. 15).
Experiments with nuclear emulsions, prior to
those of a subsequent part of this paper, also showed
that the source of neutron radiation is located
close to the positive electrode near the chamber
axis. After treating a large number of proton tracks
in the emulsions (which were placed at the cathode
and anode of the chamber), it may be seen that less
anisotropy is observed here than in the similar case
with ceramic chambers at voltages not exceeding
40 kv. The energy spectrum obtained for the
neutrons is given in Fig. 16. The location of the
casettes with the nuclear emulsions is shown in this
figure as well.
Even when adding large amount? of xenon to
deuterium (500-600% by mass), the intensity of
neutron radiation, in contradiction to the case with
ceramic chambers, was reduced only by several times,

Due to magnetic forces the plasma column formed
by passing a powerful current pulse through a cylindrical discharge chamber is pinched with a rate which is
determined by the compressing forces and the plasma
inertia.
The qualitative theory for the contraction process
was developed by Leontovich and Osovets.2 Later on
Braginskii and Migdal13 qualitatively considered the
problems connected with increasing plasma conductivity, ionization, the neutral gas sweep by the
charged particles, the shock waves, cumulation effects
and the growing mass of the moving gas with
time. It is extremely difficult to calculate the
contraction and pulsation of a plasma column in
detail taking into account all of these factors.
Only a magnetohydrodynamic approximation was
used, in which the plasma was considered to be a
monatomic ideal gas having a constant conductivity a.
This model does not account for ionization and the
energy loss through radiation, as well as unfully
sweeping of the neutral particles by charged ones
which are directly effected by electromagnetic forces.
The free path of the particles is considered to be small.
Let the pressure be P o = 0.2 mm Hg for example.
For a cross section of 3 X 10~16 cm2 the mean-free path
is equal to 0.2 cm. Assuming a compression ratio of
ДЕ

0
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Figure 16. The neutron energy spectrum p0 = 2 mm Hg;
Vo = 30 kv; solid curve for anode (1); broken curve for cathode (5)
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30, full ionization, and ion temperature of 100 ev the
mean-free path of the ion amounts to approximately
0.1 cm., and the time of heating the electrons by the
ions to approximately 10~7 sec. It is believed that
the adopted model correctly accounts for the main
mechanical and electrodynamical effects, e.g., inertia
and gas motion, heating in the shock wave and skin
effect.
The constant value for the electrical conductivity
may be justified in part by the fact that the electron
temperature is almost constant (several ev) as long as
the ionization is incomplete. Even this schematic
formulation of the problem leads to a complex set of
non-linear partial differential equations. This set of
equations was solved numerically on an electronic
computer under the supervision of I. M. Gelfand and
R. P. Fedorenko.
The equations for the region inside the plasma in
dimensionless variables are as follows:
dg
~df+
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rdr

дд
~dr~

V

dv
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where a(t) is the coordinate of the edge of the column
determined in the process of integration. Outside the
column (7 = 0; therefore, instead of Eq. (8/) we
may write the following for the magnetic field:

H(t,r) =—H(t,

a< r< 1.

The current is excited by a capacitor С which is
charged to an initial voltage of F o , and is discharged
through a gap of length I in series with some external
inductance Lo.
The corresponding electrical equations may be used
as the boundary conditions for Eqs. (8). In dimensionless form they are
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When ¡ = 0we have
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T =

V
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where Q — density, v = velocity, p = pressure,
T = temperature, E = electric field along the axis,
H = magnetic field. The density of the undisturbed
gas is taken as unit of density and the radius of the
discharge chamber aQ is taken as unit of length. The
units of measurement of the other quantities are as
follows (t± is the unit of time) :
с

7\ =

(9)

where M is the average particle mass. The following
dimensionless quantity is also introduced:
(10)
The initial and boundary conditions are as follows:
= l, v = 0, p = 0, H = 0

H= 0

at t = 0,

(lia)

atr = 0,

(lib)
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=1.

Using Eqs. (8) and (12) we derive the law of
conservation of energy in dimensionless form :
QV2
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and the following designations are adopted:
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where the following quantities are chosen as units:
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The following values of the dimensionless variables
were adopted for purposes of integration :
у = 1.66;

KL=1;

l/Kc=0A6;

Ka = 8;64; 512

Figures 17, 18 and 19 give some results of numerical
integration for K^ = 64 and also corresponding
experimental curves for a discharge chamber 40 cm
in diameter and 90 cm long at V = 40 kv and С = 83
fif. The scales for quantities having dimensions
relate to a pressure of p0 = 0.2 mm Hg. The ratio
KL = LJ21 for this chamber is near unity; 1/i^c
= 0.46 at pressure of p0 = 0.2 mm Hg. Under these
conditions the units of time, temperature and pressure
are equal to tx = 2.62 X 10~6 sec, Тг = 120 ev and
рг = 2.8 kg/cm2 respectively. The value of Ka = 64
corresponds to an electric conductivity cr = 3 x l O 1 3
absolute units.
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The following discrepancies betweent he theoretical
and experimental results should be pointed out :
The compression is somewhat greater and the current somewhat less in the experiment than in the
calculations. The expansion observed after the first
contraction is less than that following from the
calculations and afterwards the oscillations are observed to decay quickly. This is an indication that
the elasticity of the plasma column in reality is less
than the value adopted for the magnetohydrodynamic
model, which does not account for energies expended
on ionization, excitation and radiation, as well as the
influence of various kinds of instability.

¿.see

Current vs. time curves. Solid curve: theoretical.
Broken curve: experimental

Note that for a pressure p0 = 0.05 mm Hg, the units
will be as follows: tx = 1.85 XlO~6 sec, 7\ = 240 ev,
P1=1A kg/cm2 and l/kG = 0.23. In calculating 7\
the average mass of a particle M is taken equal to the
mass of the deuterium atom, which means neglecting
the electrons.
The first contraction of the string occurs when
¿ = 1 . 9 (dimensionless quantity); the shock wave
reaches the center at 1.7. The density is increased
up to 50 times during contraction, the average
increase taken over the area of the cross section is
about 30 times. The dimensionless pressure reaches
21 during the contraction, which corresponds to
60 kg/cm2 for p0 = 0.2 mm Hg, and 30 kg/cm2 for
p0 = 0.05 mm Hg. The dimensionless temperature
averaged over the area of the cross section reaches
0.54 during the first contraction. This corresponds to
65 ev for p0 = 0.2 and 130 ev for p0 = 0.05 mm Hg,
when neglecting the electrons. If the electron and
ion temperatures are the same, the corresponding
figures are 32 ev and 65 ev. The temperature is 20%
higher during the second contraction. The temperature greatly increases (" cumulative effects ") near the
axis when the second shock wave impinges. The
central part of the gas, comprising one-tenth of the
total mass, has a temperature 1.5 times the mean
temperature.
It is convenient to relate the mean temperature to
the current at the instant of maximum contraction by
means of an equation that is similar to the usual
equilibrium relationship between temperature, current
and number of ions N per unit length :
12
T = 2c2N = 3.12 X 10 -L^-fkev].

Figure 18. Curve of trajectories. Heavy curve, radius vs. time
according to inductance measurements (from oscillograms).
Circles, position of the maximum magnetic field according to
measurements with magnetic probes

The magnetic field measurements by means of
magnetic probes indicate that the peripheral current
rises after contraction. This phenomenon is most
likely connected with the fact that part of the gas is
not involved in the pinch by the ions and remains
outside; moreover, the neutral particles may fly out
(evaporate from the periphery of the string) and,
finally, gas may be given off by the chamber walls.
The quick current rise in the peripheral region of small

(17)

The coefficient rjfía2.7 during the first contraction
and r¡fía2.1 during the second.
The control sum in Fig. 19 deviates from a constant
value due to the errors introduced when solving the
equations numerically.
The results of integration are similar for Ка = 512,
but the skin effect is much more pronounced, and the
column is pinched somewhat more greatly. For
Kv = 8 the string expands up to the " wall " (r = 1)
after the first contraction.

2.0

Figure 19.

3.0

4.0

The energy distribution vs. time
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inductance causes the current curve on the oscillogram to rise more rapidly after passing through its
minimum value than would be expected on the basis
of calculations.
The calculations, of course, do not account for a
certain initial delay of the current near the chamber
walls, which is connected with the formation of plasma
dense enough to sweep the neutral gas.
NUCLEAR EMULSION STUDIES t

Neutron radiation in high-current pulse discharges
in deuterium has been detected in experiments both
in chambers with non-conducting walls3 and in
chambers with conducting walls.14 The energy spectrum of neutron radiation in discharges in chambers
with non-conducting walls has been studied by a
number of authors. 6 ' 15> 1 6 In the present work the
neutron radiation accompanying pulse discharges in
deuterium in a chamber with conducting walls was
investigated by means of nuclear emulsions. All the
investigations were carried out for the two polarities
of the voltage applied to the electrodes of the chamber.
It was shown that the sources of the neutrons are
mainly concentrated in a small region near the anode.
As a result of a study of the angular distribution of the
neutrons, a second (appreciably weaker) source near
the cathode was also hypothesized. On the basis of
studies of neutron spectra obtained on five plates
placed in different positions in relation to the chamber,
a conclusion was reached about the accelerator
mechanism producing the main body of the neutron
radiation. The maximum energy of the deuterons
was approximately 200 kev. The results of the
present work are compared with data obtained in
chambers with non-conducting walls.

Results

After the plates had been scanned it became clear
that for each plate there was a clearly defined preferential angle of incidence of the neutron^. In
Fig. 20, ф denotes the angle between the direction
from which the neutrons from the discharge chamber
strike the plate and the axis of the chamber, measured
clockwise from the cathode (ф = 0°) to the anode
(ф = 180°). It follows from consideration of the
values of ф that the sources of the neutron radiation
are located on the axis of the chamber, chiefly in the
neighborhood of the anode, which agrees with the
results obtained by the method of collimating counters.14
The " center of gravity " of the sources lies at a
point 3-4 cm from the anode. It should be observed
that all the plates were completely scanned for each
of the two polarities of the voltage across the chamber
electrodes. Here, results are given only for one
polarity, indicated on Fig. 20 (the anode is the upper
electrode). Similar results were obtained when the
polarity was reversed (allowing for the spatial change
in the direction in which the angle ф is read off; i.e.,
ф is measured from the cathode to the anode in both
cases).
Figure 21 shows the energy spectra of the neutrons
obtained for all five plates with various values of ф.
For ease of comparison, the spectra are standardized:
values of fn, the percentage ratio of the number of
neutrons in a given energy interval to the total number

Description of Experiments

In the experiments, a capacitor bank of 145 microfarad capacity was discharged through the chamber
filled with deuterium at a pressure of 2 mm Hg. The
initial voltage F o of the bank was 30 kv.
Soviet nuclear plates, NIKFI [Cinematographic
and Photographic Scientific Research Institute] type
K, with an emulsion thickness of 100 microns, were
used in the work. The emulsions used were calibrated
by irradiation with 2.52 Mev. The location of the
plates in relation to the discharge chamber is shown
in Fig. 20. The plates were exposed to about 50 discharges through the chamber giving a total neutron
intensity of i—' 1010. They were also exposed for both
polarities of the chamber electrodes. In all, about
8000 tracks of recoil protons were scanned. Simultaneously, unexposed controls from the same batch
of emulsion were examined to determine the number
of background tracks. It appeared that there were
practically no background protons.
t Work performed in 1958. This part is by M. M. Sulkovskaya, N. V. Filippov and V. A. Khabrov.

2301.20

Figure 20. Metal chamber and arrangement of nuclear plates

SESSION A-6

362

0

1.5

2.0

2.5

Figure 21.

3.0

1.5

P/2301

2.0

Neutron energy spectra

of neutrons, are plotted as the ordinates. The energy
of the neutrons is determined to an accuracy of ± 50
kev. The maxima of the cathode and anode spectra
are displaced by approximately 200 kev towards the
end corresponding respectively to energies larger and
smaller than those of " thermonuclear " neutrons. It
must be pointed out here that in the work described
in Ref. 14 and briefly above a neutron energy
spectrum was obtained (Fig. 16 above and Fig. 5 in
Ref. 14) that had been obtained in the course of preliminary experiments where no special steps were
taken to reduce the effect of the scattering of the
neutrons. As a result, the cathode spectrum maximum was somewhat displaced towards the low-energy
end; this, as was explained subsequently, led to the
erroneous conclusion that the shift between the
maxima of the cathode and anode spectra obtained
in a chamber with conducting walls is less (see above)
than that obtained in a chamber with non-conducting
walls.6'15> 1 6 In the present work, the neutron energy
spectrum is the result of experiments carried out under
conditions which eliminate the effect of scattering so
far as possible, although some 20-30% of the neutrons
are still scattered.
The form of the spectra obtained indicate the
existence of an accelerating mechanism producing
neutron radiation in chambers with conducting walls
(just as in the case of chambers with non-conducting
walls).6» 15 > 16 The acceleration of the deuterons occurs
in a small region near the anode; and the velocity of
the main body of fast deuterons is directed along the
axis of the discharge chamber from anode to cathode.

A. M. ANDRIANOV et al.

From the spectra obtained it is possible to calculate
(allowing for straggling) that the maximum energy
of the accelerated deuterons must be about 200 kev.
In examining the spectra of neutrons leaving the
chamber at different angles ф (Fig. 21), a shift of their
maxima towards the lower-energy end as ф increases
is noticeable. Figure 22 shows the relationship between the angle ф and the neutron energy at the
maxima of the neutron spectra (the calculated curves
are represented by broken lines). It is clear from
Fig. 22 that deuteron energies of 25-50 kev correspond
to the maxima of the neutron spectra.
Assuming, as a first approximation, that the neutron
source is a point situated 3.5 cm from the anode, we
plotted the angular distribution of the neutrons.
This showed that, for the lateral and anode plates
(ф = 45°-180°), the experimental results are in satisfactory agreement with the angular distribution of
neutrons corresponding to a deuteron energy of
~ 50 kev. In the case of the cathode plate (ф = 0°)
it was found that the intensity of neutrons leaving
the chamber in the direction of the cathode was
~ 3 times that of neutrons radiated in the direction
of the anode (whereas, even at the maximum deuteron
energy of 200 kev, it should have been only 1.5 times
as great). The ratio could come out at <—'3 only if
the energy of the accelerated deuterons was taken as
1.5-2 Mev, which completely contradicts the results
of other experiments. This contradiction can be
disposed of if we assume the existence of a second
neutron point-source not more than 5 cm from the
cathode with an intensity not exceeding 10% of that
of the main source. This second source can make a

Figure 22. Measurements of neutron anisotropy. Energy at
which the maximum in the neutron energy spectrum occurs, as
a function of angle of observation
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substantial contribution only to the neutron flux
falling on the nearest (cathode) plate.
The cathode and anode neutron spectra obtained
in the present work were also compared with the
corresponding spectra for chambers with non-conducting walls. In Fig. 23, 1-4 are neutron spectra t
obtained respectively in the present work and in that
described in Refs. 15 and 16. In this diagram, the
cathode spectra of the neutrons are shown in dotted
lines and the anode spectra in full lines.
It is noticeable that in anode spectra 1 and 4 there
is a relatively large quantity of neutrons with energies
approaching the " thermonuclear ". Nevertheless, all
four spectra are extremely similar to one another despite
the fact that they were obtained for neutron radiation
produced under different initial conditions (type of
wall, dimensions of chamber, pressure, voltage, etc.)
and have a different longitudinal distribution of the
sources of the radiation. However, we do not have
sufficient grounds for giving a definite answer to the
question : Is there, or is there not, the same accelerating mechanism for chambers with conducting and
those with non-conducting walls?
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ELECTRONS CAUSING THE HARD X RAYS§

The work here described was devoted to the measurement of the energy of the electrons responsible for the
emission of hard X-ray quanta. The experiments were
í To facilitate comparisons we have reduced spectra 2,
3 and 4 to the form fn (En) used in the present work.
§ This part is by I. M. Podgorny, N. G. Kovalsky and
V. E. Palchikov

3.0

f A

3

4

20

p

J

Conclusions

The following deductions can be made from the
results obtained here :
(1) The sources of the neutron radiation are concentrated along the axis of the chamber, chiefly
(~ 90% of the total intensity) in a small area not
more than 6-7 cm long in front of the anode. The
center of gravity of the sources is situated 3-4 cm
from the anode.
(2) On the basis of the observed angular distribution
of the neutron radiation, the existence was assumed
of a second neutron source, with an intensity not
exceeding 10% of the total intensity, situated not
more than 5 cm from the cathode.
(3) The main body of the neutron radiation is
dependent upon the existence of some sort of mechanism for accelerating deuterons. The maximum energy
of the latter is 200 kev, and the deuteron energy corresponding to the maximum of the neutron energy
spectra is 20-50 kev.
(4) Comparison with the results of other experiments 6i 15) 16 shows that the general form of the energy
spectra of neutron radiation is identical for chambers
with conducting and for those with non-conducting
walls, and is affected to only a small extent by changes
in the discharge conditions (shape and dimensions of
the chamber, initial voltage, pressure of the deuterium,
etc.).
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Figure 23. Neutron spectra: 1, from present work; 2, Demichev and Prokhorov; 1 5 3, Anderson et al.; 6 4, Hagerman and
Mather 16

carried out under the conditions described in Part 3.
During the work the presence of X-ray pulses was
checked by means of a scintillation counter connected
to a pulsed oscilloscope.
In accordance with the hypothesis that the electrons
are accelerated along the axis of the discharge chamber,
a hole was made in the center of the electrode which is
positive at the moment at which the voltage is applied ;
this hole was covered with aluminum foil 6 ¡i thick.
Behind the aluminum window was mounted a flat
vacuum chamber situated between the pole-pieces of
an electromagnet run off a pile of batteries. Hypersensitized X-ray plates, prepared at NIKFI [Cinematographic and Photographic Scientific Research
Institute], were used to monitor the electrons.
When a slit diaphragm was interposed between the
aluminum foil and the plate in the absence of a
magnetic field, a sharp image of the slit field appeared
when the plate was exposed to 5-10 discharges.
When a weak magnetic field (H = 20 gauss) was
applied, one end of the image of the slit became
diffuse. This diffuseness could only be explained by
negatively charged particles impinging upon the plate.
The blackening observed could not have been caused
by penetrating electrons of energy W = 40 kev
originating at the start of the discharge,17 since when
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the initial pressure of the hydrogen was reduced to
1.5 XlO~2 mm Hg, the intensity of the initial X rays
increased sharply but no pulse of (hard) X rays were
recorded by the oscillograph, and there was no
blackening of the plate. These facts show beyond
doubt that the electrons responsible for the generation
of hard X rays are accelerated along the axis of discharge.
To determine the energy of these electrons, the
plate was exposed in the absence of the magnetic
field and then, without being changed, was sub]ected
to several tens of discharges under a magnetic field
(H = 230 gauss). This method enabled us to obtain
on the same plate blackening due both to the energy
spectrum of the electrons and to the line corresponding
to the undeflected beam of electrons. This line was
used for determining the position of the plate m the
spectrograph. The plates thus obtained were scanned
with an MF-4 || microphotometer.
To obtain the spectrograph dispersion curve, the
electron tracks were plotted graphically. This called
for thorough study of the topography of the magnetic
field. Using the dispersion curve, and measuring on
the microphotograph the distance between the base
line and the boundary of the blackening caused by the
electrons deflected by the magnetic field, it is easy to
obtain the value of the maximum energy acquired by
the electrons while moving along the axis of discharge.
As has been indicated,18 the curve of the energy
spectrum of hard X rays falls sharply on the highenergy side. Hence the position of the boundary of
the energy spectrum of electrons responsible for hard
| Transliterated designation.
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X rays might be expected to vary with the exposure.
To confirm this, a series of experiments was carried
out in which the exposure varied from 20 to 90 discharges. Comparison of the corresponding microphot ograms showed that, beginning with an exposure
of 50 discharges, the boundary of the blackening
ceases to be displaced directionally towards the base
line (i.e., towards the high-energy side). It should,
however, be pointed out that as the exposure increases
the curve of blackening near the boundary becomes
less steep, which makes it easier to determine the
maximum energy. Processing of the experimental
results obtained showed the maximum energy of the
electrons to be 300 kev.
A 100-kev electron beam was used to confirm the
accuracy of the plotting of the electron tracks. The
electron source was placed inside the porcelain
chamber; in addition, the geometry of the test corresponded in every detail to that used in the experiments
described in this paper. The energy of the electrons
as determined by measuring the potential difference
agrees to within 3% with that obtained by plotting the
dispersion curve. Allowing for the spread in the
results of individual experiments, the authors consider
that the results obtained are accurate to 5-6%.
Thus it has been shown by direct experiment that
the electrons responsible for the generation of hard
X rays accompanying high-current pulse discharges
in hydrogen are accelerated along the axis of the discharge chamber. The maximum recorded energy
of the electrons was 300 db 20 kev, a figure which
agrees well with the results obtained by measuring
the boundary energy of the X-ray spectrum.
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Studies of High-current Gas Discharges
at High Rates of Build Up
By S. C. Curran, К. W . Allen, H. A. B. Bodin, R. A. Fitch,
N. J. Peacock and J. A. Reynolds !

INTRODUCTION

acitor bank built to have the lowest possible inductance.
Much of the effort so far has been concentrated on
the design and construction of capacitor banks of
extremely low inductance. In conventional bank
design most of the inductance arises in the switch.
The inductance contribution from the capacitor
bank itself can be almost arbitrarily reduced by
increasing the number of capacitors and by paralleling
leads. At AWRE the switch is subdivided, and a
" multiple parallel switch system ", using one switch
per capacitor, is used. The inductance due to the
switches is reduced by a factor 1/n, where n is the
number of capacitors and associated switches.
Two such banks have been built and are in operation. These will be briefly described below. Although
the first bank was small and intended largely as a
prototype for the larger machine, when discharged
into deuterium at low pressure it gave some interesting
results, in particular regarding the neutron emission.
These results had several features not found in the
work of Artsimovitch et al.,1 first reported by Kurchatov 8 or by Anderson et al.9 Recently published work,
10
for example by Berglund et al., by Hagerman and
u
12
Mather and by Burkhardt and Lovberg, have
confirmed the growing view that the phenomena which
occur in fast linear pinches are very much more complex than had been thought earlier. It is hoped
that the work here reported on discharges using a
very low inductance bank, particularly as regards the
effect of changing various parameters, will help to
build up a consistent picture of the linear pinch—both
from the point of view of the physics of the discharge,
and from the point of view of possible applications.
The main results which will be discussed are as
follows :

One of the principal aims of the AWRE work in the
controlled thermonuclear field has been to study
rapid methods of heating plasmas, such as shockheating or fast adiabatic compression. It is felt that
these methods may have advantages over joule
heating which becomes inefficient at high temperatures because of the decrease in plasma resistivity.
The experimental work so far has been done with
discharges between electrodes in straight tubes since
this facilitates the work in several ways. Preliminary
accounts of some of the results have been given by
Allen et al1 and Bodin and Reynolds.2
The theoretical works of Shafranov,3 Taylor 4 and
Rosenbluth 5 predict that in order to achieve stability
with pinch containment, it is essential to confine at
large radius, i.e., with small compression. This means
that it is very desirable to raise the temperature to
within about a factor ten of the final value before the
plasma is adiabatically compressed, and shock heating
recommends itself as a good method of achieving a
rapid initial temperature rise. Two other factors in
favour of rapid heating, which has been discussed
in more detail by Bickerton,6 are as follows. First,
if the plasma confinement time is limited by interdiffusion of fields, this time should be used to best
advantage by heating in a time short compared with
the " stable time ". Secondly, as the stable time
depends on Te, where Te is the electron temperature,
a rapid initial rise of temperature is desirable to
minimise the early mixing of the crossed fields.
In order to shock-heat a plasma, the circumferential
magnetic field, He, which compresses the plasma in a
pinched discharge, must build up to a very high value
in a time short compared with the collapse time ; this
implies a very high initial rate of rise of current,
which is determined largely by the capacitor bank
inductance and voltage. A high voltage and low
inductance are mutually incompatible; therefore, in
practice, a convenient voltage is chosen and the cap-

1. General observations of the discharge, such as
the waveforms for voltage, V, current, /, and rate of
change of current, dl/dt.
2. Neutron emission: (a) general properties of the
neutron emission, including the yield, the length of
the neutron burst and its occurrence relative to the

* U.K. Atomic Energy Authority, AWRE, Aldermaston.
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pinch bounces; (b) the eñect of impurities; (с) the
eñect of an axial magnetic field on the discharge and
the neutron production; (d) the variation of neutron
yield with pressure ; (e) the variation of the yield with
the current at neutron time ; and (/) the eñect on the
neutron production of raising the bank inductance.
(a)

EQUIPMENT
Triggering System

Prior to discussing technical features of parallel
switching, two additional and rather important
advantages should be mentioned. First, in a conventional bank, with all the capacitors connected in
parallel to a single switch, if one capacitor breaks
down, the others will discharge into it. For banks
of energy ~ 106 or more joules this is likely to result
in a dangerous explosion. With parallel switching,
all the capacitors are isolated until the moment of
firing and the explosion hazard is greatly reduced.
Secondly, the bank becomes a much more flexible
device, as it may be subdivided into a number of
smaller units, each fired at any desired instant during
a discharge. A further advantage is that the construction of the gaps is simplified, since each gap has
to carry only a small fraction of the total current.
The main problem in multiple parallel switching is
to trigger the large number of parallel spark gaps,
used as switches, in a time short compared to the
time in which the discharge can change appreciably
while in its early stages of development. Since the
voltage stress in the gaps which break down late is
progressively reduced by the voltage build-up from
the early gaps, triggering of parallel gaps can present
considerable difficulty. However, the gaps are not,
in eñect, paralleled until after the time required for
a pulse to travel from one gap to another via the
common connection at the collector. The aim is,
therefore, to produce breakdown in all the gaps within
this time, which is ~ 15 X 10~9 sec for the equipment
described here.
The triggering system consists basically of a high
voltage capacitor discharged by a single spark gap,
G, into the paralleled trigger cables. This is shown
in Fig. la. The rise time of the trigger pulses must
be > 10~8 sec, and this necessitates a very low
inductance spark gap; the requirements for this
gap are, however, much less severe than those for a
single main-bank gap, both because of the inductance
required and the energy involved. In the banks so
far constructed, a short gap (~ 2 mm) pressurised
to several hundred psi has been used; the trigger
capacitors are pulse-charged from a Marx Generator
or a pulse transformer, to reduce the variation of
breakdown voltage of the pressurised gap.
The main-bank spark gaps work on the direct
overvolting principle. The trigger pulse is applied
to a small probe recessed in one of the main electrodes,
and initially appears across a small annular gap. This
produces electrons byfieldemission, and the statistical
lag is reduced to > 10~9 sec. When the annular gap
breaks down, the pulse appears across the main gap,

ANNULAR GAP
FOR IRRADIATION
ISOLATING

/I
^ _
\MYT^

RESISTORS

MAIN I BANK_ ^ L J A
CONDENSERS
r||
CONDENSERS
r-||-±j
| MAIN CHARGING U N I T |

1

1
DISTILLED WATER
TO PREVENT FLASHOVER

COAXIAL OUTER
CURRENT RETURN

Figure 1 . (a) The basic triggering system, (b) Schematic diagram of the triggering system showing two of the paralleled
units (consisting of a bank condenser and spark gap, the connecting cable and a trigger condenser). The master gap, the
pulse charging unit, main charging unit and the collector are
common to the whole system

which is irradiated by the annular discharge, and the
sum of the main-bank voltage and the trigger-pulse
voltage is arranged to give a peak overvoltage ~ 100%
to eñect breakdown in the required time. This type
of gap has the advantage that it can operate for any
bank voltage between zero and the D.C. breakdown,
without changing the position of the electrodes.
Figure 15 is a schematic diagram of the triggering
system, showing two of the main-bank units and the
principal components which are common to all units.
Table 1 shows some of the details and performance
figures of the two banks.
In all experiments carried out so far, the tube is
pre-ionised by a very low energy discharge; the main
bank is switched on about 8 X 10~6 sec after the tube
breaks down.
Discharge Tube and Monitoring Equipment
Discharge Tube Assembly

The discharge tube used for most of the experiments
on the small bank was an opaque tube of 28 cm length
and 15 cm bore. The initial inductance was <—'11
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X 10~9 h. Plane copper electrodes were used; it
was found after some hundreds of discharges that
these were covered with a hard black non-conducting
layer, about 0.01-0.02 in. thick, which was shown to
be silicon. This layer, somewhat different in appearance on the anode and cathode, was pierced with
many pinholes, spaced some millimeters apart,
through which the copper could be seen.
The tube was evacuated with a mercury diffusion
pump, usually to a base pressure ^ 2 x 10~6 mm Hg.
It could either be sealed off, and filled with a fixed
charge of gas, or a continuous flow system could be
used. The purity for most of the work was /—'0.1%,
but measurements were carried out down to ~ 0.02%
with no significant change in neutron yield.
Monitoring Equipment

The voltage was measured by a high-resistance
potential divider. The current was found by electrically integrating the voltage induced in a pickup coil
which linked all the currents at the collector. The
rate of change of current was obtained directly from
this coil. The neutron pulse was recorded by a
liquid scintillation counter; the total yield was found
by counting the number of delayed pulses due to y
rays produced by slow neutron capture in hydrogen
and cadmium. The large liquid scintillation counter
( «—'20 cm radius) was surrounded by cadmium.
EXPERIMENTAL OBSERVATIONS
W I T H THE 6000 JOULE BANK
General Properties of the Discharge V, I and dl/dt Waveforms

Table 1

Nominal capacity, ¡xi
Number of units
Nominal working voltage, kv .
Inductance (without tube), h .
Inductance of capacitor and
spark gaps, h
Inductance of cables, h . . . .
Inductance of collector plates, h
Short circuit dljdt, amp/sec . .
Short circuit current, amp . .
Peak trigger voltage, kv. . . .
Trigger voltage rise-time, sec .

p. SEC

TIME

Figure 2 shows typical waveforms, together with
a neutron pulse. It is noteworthy that, because of
the very low inductance of the bank, the pinching is
not shown nearly so markedly on the voltage curve
as, for example, it is in the work of Artsimovitch
et al.,7 Anderson et al.9 or Berglund et al.10 The
inductive behaviour of the waveform is shown most
clearly by the dl/dt waveform. The initial value
(off the graph) is <—'4.5 x 1011 amp/sec. The first
reversal of the current sheath is seen to be very
rapid from the high peak in the waveform; this is
consistent with the current sheath's meeting the
reflected shock wave from the axis of the tube. The

6 kj bank

45 kj bank

121
109
10
8.50 x 10"9

100
200
30
5.5 X 10- 9

Figure 2. Typical waveforms of the discharge, including the
neutron pulse. Bank: 118 juf, 9 kv. Initial deuterium gas pressure 44 microns Hg. The initial value of dl/dt, 4.5 x 1 0 1 1 amp
per sec, is off the graph

general shape of the early part of the waveform is
usually repeatable from shot to shot, under the
same conditions, but the later part is variable. Three
clear pinches are usually evident but up to five had
been observed. The maximum current obtainable
with discharges in deuterium is just under 300 k-amp.
Measurements have been made of the time to pinch,
t, for various values of initial gap pressure, p; the
results for hydrogen2 are shown in Fig. 3 where t is
plotted against (p/E )* where E is the average electric
field across the tube up to the first pinch. Similar
curves were obtained for other gases.
Neutron Production
General Properties
4

X 10"9
x 10~99
x 10~12
X 10
x 106
20
15 x 10~9

1.31
3.64
3.55
1.2
1.1

1.8
2.0
1.7
5.5
3.6

X 10- 9
X Ю- 9

X 10- 9
X 10 1 2
X 10 6
30
15 X 10- 9

5

The yield generally was in the range of 10 -10
neutrons. The maximum yield was ~ 106, but bursts
of this magnitude were only observed in about 1%
of firings. There was no evidence, even under
conditions of the highest purity, for large yields
'—' 107-108, as 9 reported by Artsimovitch et al.,7
Anderson et al. and others; the maximum currents
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The length of a neutron burst is generally in the
range 0.5-0.7 /¿sec, although extremes of 0.1 /¿sec
and 1.5 //sec can be observed. The neutrons are
usually emitted about the third pinch (Fig. 2 shows
a typical example), but they could appear occasionally (~ 10%) at the second or fourth bounces. The
neutron emission ceases before the current maximum.
In about 1 % of shots, a very sharp spike on the voltage
waveform is observed (see Fig. 5). Such a spike is
always accompanied by a large yield ~ 106, although
sometimes big neutron bursts appear with no spike.
No significant change in the neutron yield is found
when the low energy pre-ionization discharge is
varied.

3 •

Effect of Impurities
0.5

0

[ Initial

1460

Figure 3. The experimental variation of the time to pinch
in hydrogen, as a function of the fourth root of the initial gas
pressure (voltage constant). Theory predicts a linear relationship. Bank: 118 ¿if, 9 kv

in the present experiments were nevertheless as high
as the values reported by these workers, although the
bank voltage was lower.
A feature of the neutron production which diners
from the work of Artsimovitch et al.1 and Berglund
et al.10 using porcelain tubes, is that at the start of a
series of experiments the neutron yield rises to its
average value in about 6 shots, and a good burst is
sometimes observed on the first shot. No prolonged
firing is necessary to achieve the normal yield. Between experiments the pressure sometimes rises to
'—» 10-100 microns of mercury. If initial firings are
in a sealed-off system, a pressure rise of some tens of
microns is observed and this appears to be due to
outgassing. This rise decreases with each successive
shot, and becomes negligible at the same time as the
neutron production reaches a steady value. The
phenomenon is schematically illustrated in Fig. 4.

Figure 6 shows a curve of the neutron yield against
the percentage of nitrogen impurity. For comparison,
the data of Anderson et al.9 are also shown. In view
KV
IO

Д SEC
TIME
KV
IO

SEC
TIME
Figure 5. The upper waveform shows the sharp voltage spike
observed at the third bounce in about 1 % of shots. This spike
is always accompanied by yields r^> 1Q6. The lower shows the
normal voltage waveform. Bank: 118 juf, 9 kev. Initial tube
pressure 48 microns Hg

I.О
1460

1

2

3
SERIAL

4

5

NUMBER OF DISCHARGE

Figure 4. A schematic diagram showing the variation, with
firing serial number, of the ratio pf/p0, where pf is the pressure
in a sealed off system after firing and p0 that before. The neutron
yield, expressed as a fraction of the normal maximum, is also
shown

of the fact reported by 7several
workers that the
neutron yield of, say, 10 -108 was observed to be
extremely sensitive to small amounts of impurity,
it is of special interest to examine the neutron output
at low values of the impurity. No tendency for any
increase is observed from about 1 % down to between
0.01 and 0.02%. Only a few measurements at very
low impurity content have been made but there is
slight evidence that the neutron yield is a little greater
at 1-2% impurity than at any other value, but the
data on this effect is not conclusive. Some correlation
between the impurity content, the yield and the voltage waveform is observed. This is illustrated in
Fig. 7. In general, at an impurity content that
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A plot (Fig. 8) of the neutron yield against the
applied axial field shows a gradual decrease with
increasing field, from about 105 to about 104 for a
field of 103 gauss. The applied axial field was steady
but not uniform—its value at the electrodes being
about half that in the centre of the tube. The results
of Anderson et al.9 are shown for comparison; a marked
difference is apparent as they found that a field of
100 gauss reduces the yield from ~ 107 to less than
102.
Another notable effect is that of the field on the
dl/dt waveform as shown in Fig. 9. The first pinch
is not greatly affected, but subsequent pinches are
considerably damped and, generally, more pinches
are observed.

I

¡

Effects of Gas Pressure and Discharge Current
5

10
Nitrogen impurities, per cent

15

Figure 6. Effect of nitrogen impurity on the neutron yield.
Bank: 118 /¿f, 10 kv. Initial tube pressure 48 microns Hg. The
results of Anderson et al.9 are shown for comparison

markedly affected the yield, the second and subsequent pinches are reduced in amplitude. At about
10% impurity, which causes a reduction in yield by
~ 100, the first pinch is slightly affected and the later
pinches are much reduced. At still higher impurity
levels only one clear pinch is observed. Above 4%
impurity the yield Y roughly follows an empirical
law Y = (1-7/)2 where / is the fraction by volume of
impurity.
An attempt was made to assess the relative importance, in the discharge, of gas introduced into the tube
and gas adsorbed on the walls and driven off in the
early stages of the pinch. Only a few experiments
have so far been performed but these have shown very
clearly that gas on the walls plays an extremely
important part in the discharge.
A few discharges were fired in hydrogen and helium,
with a view to investigating possible X-ray emission,
such as that reported by Lukyanov and Podgornyi.13
On some occasions small yields of X rays, equivalent
to /—' 103 quanta of 100 kev energy, were observed.
On other occasions, under the conditions which
usually yielded ~ 105 neutrons in deuterium, no
X radiation was observed although the minimum
detectable was equivalent to approximately 100
quanta of energy 100 kev. Although only a few
experiments on X-ray production have been carried
out it has been established that high energy X-ray
production is insignificant relative to the neutron
production, in contrast with the work of Lukyanov
and Podgornyi.

Figure 10 shows the variation of neutron yield with
gas pressure. The yield generally fell below ~ Ю3
at a pressure of about 150 microns Hg. The maximum
yield occurred towards the lowest pressures at which
the tube would fire reliably (~ 25 microns Hg). The
optimum pressures reported by other workers vary
widely, and are probably dependent on the initial
conditions of ionisation, and therefore depend on the
applied voltage and the tube size and possibly wall
material.
IMPURITY <O.I V.

SEC

IMPURITY

KV

4.0 %

NEUTRON YIELD 4.3 x IO 4

2

4

SEC

6

TIME
IMPURITY

KV

16.0 7.

NEUTRON YIELD < O.4 x \OA

Effect of an Axial Magnetic Field

The effect of an axial magnetic field is of great
importance from the point of view of understanding
the processes which take place in the discharge, and
may indeed help to elucidate the mechanism of production of the neutrons.

MSEC
TIME
Figure 7. Correlation between the effect of impurities on the
voltage waveform and the yield. Bank: 118 juf, 10 kv. Initial tube
pressure 48 microns Hg
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Gauss

Figure 8. Effect of an axial magnetic field on the neutron yield.
Bank: 118 juf, 9 kv. Initial tube pressure 31 microns Hg. The
results of Anderson et al.9 are shown for comparison

It is difficult to vary the maximum current without
affecting other factors; e.g., varying the voltage also
affects initial dl/dt and ionisation, while varying the
capacity alters the inductance and the period. Some
experiments were carried out varying the capacity,
but the results were inconclusive. Figure 11 shows,
for two particular pressures, the expected variation
of neutron yield with current assuming a thermonuclear reaction and calculating the temperature from
the pinch relation, I == 2nk(Te + Т\). It is further
assumed that all the gas is collected up, that Te = T\
and that a compression of 100 is achieved. Any
departures from the first two assumptions would tend
to give a higher calculated temperature and a correspondingly greater neutron yield. The observed yields
are superposed on the figure.

S. C. CURRAN et al.

by a factor of about 500. This marked reduction is
very similar to the effect observed by others, including
Anderson et al.,9 whose results are included in the
figure.
The addition of inductance also affected the width
of the neutron burst. The normal pulse length
~ 0.5-0.7 /¿sec was reduced to about 0.2 /xsec when
the total inductance was in the range 100-200 X 10~9
h. Here again the narrow pulse length is in
agreement with the work of Anderson et al.9 and
Burkhardt et al.,1* both of whom used higher inductance banks than that employed here.
The neutrons were emitted at much lower currents
when extra inductance was added. In a typical run,
the current at neutron time was 213, 138 and 107
ka, respectively, for a total bank inductance of
8.5, 97.5 and 207.5 x 10~9 h. At the low currents
observed when extra inductance had been added, a
thermonuclear origin for the neutrons would seem to
be highly unlikely.
In general, with extra inductance added, the
neutrons appear to have many of the properties of the
instability neutrons reported by Anderson9 and
others. The differences in behaviour of the basic
equipment thus acquire much increased interest.

dl/dt
H , * О GAUSS

JJ~ SEC

A /SEC

Effect of Varying Bank Inductance

The main difference between the AWRE equipment
and that used elsewhere is in the low inductance of
the bank. Experiments were carried out in which
inductance was added to the bank to see if the results
then obtained were in closer agreement with those
reported by others.
The neutron yield is not significantly changed
when the total circuit inductance external to the tube
is increased from 8.5 X 10~9 h to 207 X 10~9h;the
initial tube inductance is 11 X 10~9h. There is slight
evidence for higher yields at the highest inductance but
the wide variation yield from shot to shot makes this
uncertain.
The effect of an axial magnetic field on the neutron
yield, with and without the added inductance, is
illustrated in Fig. 12. With high inductance added,
the neutron yield is still ~ Ю5 per pulse, but now with
small fields ~ 100 gauss applied the yield is reduced

dl/dt
I98O

GAUSS

¿ХЮ

/JL SEC

Figure 9. Effect of an axial magnetic field on the dljdt waveform.
Bank: 118 /¿f, 9 kv. Initial deuterium pressure 31 microns Hg.
The initial value of dljdt, 4.5 x 10 1 1 amp per second, is off the
graph
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PRELIMINARY RESULTS
W I T H THE 45 KILOJOULE BANK

No systematic measurements have yet been carried
out with this machine but, rather recently, work has
been done at 15 kv and between 20 and 25 kv. The
initial rate of rise of current into the tube was just
under 2 X 1012 amp per second, considerably greater
than any previously published figure. A notable
feature of the waveforms was the apparent absence
of clear evidence of pinching. There was some
indication of the first pinch, but practically none of
subsequent bounces. In this respect the results were
similar to those obtained with high power pinch
apparatus at Los Alamos, reported by Hagerman and
Mather.11 The maximum current observed was
~ 540 ka.
In general, the neutron production seemed to be of
the same type as that observed at 10 kv with the
Figure 11. Comparison between observed yield and theoretical
small bank, but the yield was greater by a factor
thermonuclear yield as functions of current. The curves represent
of up to 100. The output rises steeply with bank
theory for two pressures. The lines of constant yield show the
voltage from <—' 105 at 10 kv up to a maximum
range of current during the time neutrons are emitted, extending
7
*—' 10 at 25 kv. The duration of the neutron from the start to the finish of the neutron burst. Those lines are
drawn at a yield corresponding to the total number of neutrons
bursts is longer and probably averages between 1 and
burst. The full and dotted lines are at initial gas pressures
2 //sec. Yields >—' 107 have been obtained with 1% in the
of 28 and 46 microns Hg respectively. Bank: 118 /uf, 9 kv
nitrogen impurity at 100 microns pressure. Again,
the yield was observed to be relatively insensitive to
an axial magnetic field, and a field of a few hundred
low inductance machines a quite different mechanism
gauss had practically no effect. About 1000 gauss
may be responsible.
produced rather less fractional reduction than with
the small apparatus, and yields in excess of 106 have
DISCUSSION OF RESULTS OBTAINED
been recorded at fields of 2200 gauss.
WITH THE 6000 JOULE BANK
The current at the start of the neutron burst was
General
~ 180 ka, roughly the same as in the small
machine. As the neutron burst is longer and the
At this stage it is possible to consider the results
current is rising much faster, compared to the 10 kv
only qualitatively rather than quantitatively. So
bank, the neutron emission usually extends up to
little is known, at present, about the processes going
currents of \ Ma.
on in the fast linear pinch that it is not profitable to
speculate much on whether the neutrons may or may
Whereas with the small bank there were indications
not be of thermonuclear origin.
of difference between the AWRE results and those
As pointed out in a recent paper by Anderson et al.,15
of Artsimovitch et al.,1 Anderson et al.9, Burkhardt
1/k
neutrons
which in many ways have the expected
et al. and others, the larger machine shows similar
7
properties
of a thermonuclear yield have been prodifferences more markedly. Yields of <—' 10 neutrons
duced in linear tubes by several groups, and shown
with 1% impurity, and ~ 106 with 2000 gauss have
to be of non-thermonuclear origin. It is necessary
not been reported elsewhere. Thesefindingsindicate
to achieve a much more complete understanding of
that there may well be very significant differences in
the basic phenomena in the discharge, in particular
the mechanisms of neutron production and in the
regarding the stability and energy distribution of the
ions, before venturing an opinion on the origin of the
neutrons discussed here.
In the discussion which follows, an attempt will be
A
made
to bring out some of the more interesting
Л
results which have been described, pointing out what
features have no adequate explanation, and commenting on any aspects which appear different from the
results obtained elsewhere.
200
Current, к а

Comparison with Theory of the Collapse Time
Initial gas pressure, microns

Figure 10. Effect of initial gas pressure on the neutron yield.
T h e dashed part is intended to represent the possible trend at
lower pressures. Bank: 120 /uf, 10 kv

16

Rosenbluth has calculated the time taken to
pinch for a plasma of infinite conductivity and a
constant applied electric field E; this implies a condenser bank of zero inductance, and the present case
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10.
500
1000
Axial magnetic field

Figure 12. Variation of neutron yield with applied axial magnetic
field, for different values of the total external inductance, LB.
Bank: 144 /uf, 9 kv. Initial tube pressure 25 microns Hg. The
results of Anderson et о/.9 obtained with a 12.5 juf, 30 kv bank
having an inductance ^ 2 0 0 x 10~ 9 h, are shown for comparison

is probably the best approximation to this in practice
which has so far been achieved.
Rosenbluth found the time to the first pinch, t,
given by
t = TR0{4np/E*)ï
where Ro = tube radius (cm), p = initial gas density
(gm/cm3), E = electric field (emu/cm) and т = a
function of the starting inductance of the tube.
He also showed that the results were not much
different if one considered a shock wave model or a
free particle model. The results shown in Fig. 3
agree with the theoretical dependence on density
but the observed times are rather longer. Although
this could possibly be due to wall hang-up, an adequate
explanation has yet to be found.
General Properties of Neutron Production

One of the most striking observations was the
absence, under all conditions which were investigated,
of yields of 107-108 neutrons of non-thermonuclear
origin, as found by Anderson et al.9 and Artsimovitch
et al.1 and Burkhardt et al.1* Although the voltage
used in the present experiments was generally rather
lower, the small inductance of the bank enabled us
to obtain maximum currents at least of the same order
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as those reported by these workers. In fact, the
current at neutron time was higher than that of some
workers, e.g., Anderson.9 As the dynamic behaviour
of the pinch depends basically on the magnetic field
acting on it and this in turn depends on the current,
high yields of instability neutrons might be expected
to appear. It is, however, very likely that the initial
conditions of ionisation and current sheath formation
have an even greater influence on the whole progress
of the pinch than has, till now, been anticipated. This
could perhaps explain the differences because the low
bank voltage and very high initial dl/dt essentially
affect the early part of the discharge. Another
possible explanation arises if there is very strong
shock heating in the early stages of the collapse; this
would lead to a large equilibrium pinch radius, which
would delay the onset of m = 0 instabilities, and might
even prevent the " necks " which Colgate (see Anderson et al.9) must assume to explain " accelerated
neutrons " on his theory.
The length of the neutron burst is probably longer
than that observed by Anderson et al.9 and Burkhardt
et а1.ы, but of the same order as observed by Artsimovitch et al.1 This could be due to the fact that
Anderson used smaller bore tubes. Another factor
that is not adequately understood is why the neutron
burst always stops before maximum current. On
instability theory it could be argued that the pinch
had broken up, but bounces have been observed,
especially with an axial field, after the neutron burst.
On a thermonuclear basis the yield should be greatest
at maximum current, but cooling by the electrodes
could quench the emission. The theoretical times for
this are of the right order ; Burkhardt and Lovberg 12
observed bursts of several microseconds duration,
extending past the current peak, in a tube two feet
in length.
Effect of Impurities

Except for the work of Anderson et al.9 there are
no precise data on the effect of impurities. At impurity contents > 1% the present results are similar
to Anderson's, but no marked increase in yield at
much lower values was observed. With the large
bank, yields ~ 107 have been observed with an
impurity content sufficient to reduce the yield in
Anderson's experiments to < 106.
Effect of an Axial Magnetic Field

The effect of thefieldis very important because the
strong quenching, by small magnetic fields, of the
neutrons produced with linear pinch apparatus,
observed for example by Anderson et al.9 was one of
the factors which were hard to reconcile with a
thermonuclear origin (neglecting the unlikely occurrence of extremely high compressions <—' 104-106).
Furthermore, Colgate's 9 theory of the production of
non-thermonuclear neutrons, from the m = 0 instability break-up of the pinch, should lead to very
strong quenching by small fields. This arises because
small fields will stabilise the m = 0 instability (as
has been observed by Bezbatchenko et al.11 and others).
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I t follows, in fact, from the stabilising action of fields,
that neutrons produced with an appreciable applied
field have much less chance of arising from m = 0
instabilities, provided it can be shown that the field
is trapped If other evidence that the field is stabilising the discharge can be obtained, and this is
perhaps suggested by the form of the dl/dt curve with
a magnetic field (see Fig 9), then it is even less
likely that the neutrons are produced from instabilities
in the way Colgate has suggested
Effect of Inductance of the Bank
This experiment was largely intended to show
whether the differences observed between the present
work and work done elsewhere were, m fact, due to
the low inductance of the bank It was also considered of interest to see if the addition of inductance
caused the features of the results of Anderson et al 9
to be reproduced
The total yield of neutrons was not much altered
by adding inductance up to 200 X 10~9 h, but there
were differences m the behaviour of the yield m the
two cases, most markedly m the effect of field, and
also m the length of the neutron burst and the current
at neutron time With ~ 200 X ICh9 h, the phenomena observed were very similar to those reported
by Anderson et al9
It will be interesting to investigate the neutron emission at low impurity levels and

also to search for X rays m hydrogen discharges, to
see if there is any evidence for the effects reported
13
by Lukyanov and Podgornyi
It may appear strange that there is no very marked
change m the yield over such a wide range of inductance, but, on the other hand, there is evidence for two
neutron-producing mechanisms, one along the general
lines of Colgate's theory, and one by some other
process, not necessarily a thermonuclear one It
should be noted that the low-voltage bank was not
expected to give a big improvement over other
equipment m the shock heating phase The addition
of inductance to the larger machine may enable the
two processes to be clearly separated
CONCLUSION
Most of the results obtained with the small bank
have been summarised, and several of the important
questions yet to be answered have been indicated
It is hoped that the use of the 45 kj machine will
enable us to clarify our picture of the dynamic pinch
as produced with a very low inductance bank, and so
help to build up an overall picture of the fast pinch
into which all the observations at present showing
in several respects such wide divergencies, may be
fitted
At the same time the neutron emission has
now reached a level at which more definitive experiments bearing on their origin can be carried out
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USSR

Development of a Powerful Discharge in Deuterium
By V. S. Komelkov, U. V. Skvortsov and S. S. Tserevitinov *

The investigations carried out at the Institute of
Atomic Energy of the Academy of Sciences of the
USSR resulted in the discovery of both neutron and
hard X-ray radiation occurring under certain conditions in a powerful pulse discharge in deuterium.1-3
In the present work, the investigations in this
field were continued with a view to studying these
processes at greater currents and higher rates of
increase of the current, by minimizing the circuit
inductance and the size of the discharge chambers.
Studies were made of the current distribution in the
chamber, neutron radiation, electrode-metal vapor
movement, and the effect of pre-ionization on the
initial stages of the process.
EXPERIMENTAL

APPARATUS

The arrangement consisted of capacitors connected
in parallel with a total capacity of 130/Л. The total
inductance of the circuit leads and the capacitors
was about 15 cm. The spark gaps used for switching
were of two types : air gaps, and gaps with a breakable
hard dielectric. The construction of the latter switch
is described elsewhere. Three types of chambers
are used in the experiments:
The chambers of thefirsttype had an inside diameter
of 60.0 cm, a height of 17.5 cm, and porcelain walls
1.5 cm thick, with a number of holes for probes. It
had two flat aluminum electrodes. In the lower electrode there was a cylindrical crater 4.0 cm deep, with
a diameter equal to the inside diameter of the porcelain
cylinder. This electrode was provided with a window
3.4 cm high, whose lower edge was at the level of
the flat electrode surface. The total length of the
window was 50.0 cm and it was divided into separate
sections by four metal baffles.
The chambers of the second type had flat copper
electrodes, were 4.7-cm high, and were of 18.5-cm
inside diameter. The walls were 20.0-cm outer diameter
glass cylinders, which were destroyed during each
test.
The porcelain chamber of the third type had flat
copper electrodes and the same diameter as the second
Original language: Russian.
* Institute of Atomic Energy, Academy of Sciences of the
USSR, Moscow.

type, but its height was 25.0 cm. In optical measurements the porcelain cylinder was replaced by a glass
one of the same diameter and height. The current
and voltage were recorded by double-beam oscilloscopes with the aid of voltage dividers and Rogovsky
belts. The accuracy of the measurements was
± io%Measurements of the field and current distribution
in the discharge were carried out by the magnetic
probe method evolved by Andrianov, Bazilevskaya
and Prokhorov.1 The 3 x 6 mm measuring coil
had 10 to 20 turns. One end of the coil was connected
to a copper tube 4 mm in diameter and 40.0-cm long,
serving both as a shield and a conductor. The second
lead of the coil was inside the tube.
Both the tube and coil were placed in a capped
porcelain tube to completely eliminate any contact
with plasma. The connecting cable, amplifier and
oscilloscope were insulated from ground. The coils
were used to measure the magnetic field (accuracy
i 20%), and its time derivative, which determines
the time at which the magnetic field appears at a
fixed point in the discharge (accuracy ^ 0.5 ^sec).
The plasma motion and the variations in the diameter
of the pinch were registered by a high-speed camera
(SFR-2M)t operated either as a streak camera or
as a framing camera.
Kerr cells pulsed by a special circuit were also used.
Explosive shutters 4 were used to cut oñ the background light.
A 0.1 to 0.2-mm streak camera slit was placed at
the center of the window (chamber 1) or of the translucent cylinder (chamber 2). To synchronize optical
recordings with the current, a spark discharge with a
duration of 0.2/^sec was recorded simultaneously
by the streak camera and the oscilloscope.
The propagation of metal vapor was investigated
as follows : Light from the discharge chamber window
fell on the entrance slit of a monochromator (UM-2)t
passed through the entrance lens, prism, collimator
lens and outlet slit of the monochromator to the
photocathode of a photomultiplier tube (FEU-39) t
and through the oscilloscope amplifier (20 Mc^band
width). The vapor velocity measurements were
t Ed. note: Transliterated
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carried out with the À 3961 Á aluminum line. The
resolving power of the monochromator in this spectral
region was 30 A/mm.
Production of neutrons was observed with a stilbene
scintillation counter using the FEU-19MÎ photomultiplier. The discharge current was simultaneously recorded on the oscilloscope.
To protect the multiplier and the stilbene crystal
from hard X-ray radiation, 20-mm thick lead screen
was used. A B-type $ unit with a ^-counter placed
in a paraffin block was used as a control. The time
variation of the diameter of the charge channel
current, voltage across the electrodes, current distribution, neutron radiation and metal vapor velocity
along the discharge channel were recorded in chamber 1.
The current, voltage across the electrodes, variations
in the pinch diameter (by streak photographs and
Kerr cell photographs) and neutron radiations were
recorded in chamber 2.
The discharge in chamber 3 was investigated with
a framing camera and with 12.0 and 16.0-cm diameter
Rogovsky belts.

(b)

6
V

f
lo 3 - /
0

1

/

VД
T.me^sec)

EXPERIMENTAL RESULTS
Time {fi sec)

Figure 1. Current and voltage characteristics
(a) 20 kv, 0.05 mm Hg; (b) 20 kv, 0.1 mm Hg;(c) 20 kv, 0.5 mm Hg;
(d) 30 kv, 0.05 mm Hg; (e) 30 kv, 0.1 mm Hg

The experiments in chamber 1 were carried out at a
working voltage of 20 and 30 kv at pressures between
0.05 and 0.5 mm Hg. The initial dl/dt and current
Ed. note: Transliterated designation.
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amplitude for these voltages varied between the following limits:
V = 20 kv, {dI/dt)m3iX = 3.5 — 4 X 1011 amp/sec,
I m a x = 540-600 kamp
V == 30 kv, (dl/dt)màx = 5 . 5 - 6 x 1011 amp/sec,
/max = 750-900 kamp.
The oscillograms of the current and voltage are
given in Fig. 1 and show the typical characteristics
for discharges which contract due to magnetic forces
produced by the current distribution.
The results of measurements with the aid of integrating magnetic probes are shown in Figs. 2, 3, 4, 5

in the form of the radial distribution of the current
density Q(T) in the chamber at different times. The
oscillographic measurements were interpreted by
assuming that cylindrical symmetry of the magnetic
field and current are maintained during the discharge.
About 50% of the discharge current remained in a
layer 5-cm thick near the wall after the current started
in the central region of the chamber. Typically,
for pressures of 0.1 and 0.05 mm Hg, it is observed
that negative currents are generated near the chamber
walls. They appear before the main current reaches
the center and before shock waves are reflected from
the axis of the chamber.
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Figure 6. Oscillograms of the discharge current and neutron
pulse; (a) 30 kv, 0.1 mm Hg; (b) 30 kv ,0.05 mm Hg

The oscillograms of the discharge current and the
neutron pulse are shown in Fig. 6. For P = 0.5 mm
Hg and V = 30 kv, the current appears in the center
of the chamber at 8 /¿sec, at 9 //sec it reaches its
maximum and remains at a high value until 12 /¿sec.
In the external circuit, the current changes its sign
at 8 //sec.
Streak camera photographs of the discharge show
that the optical picture of the motion is in reasonable
agreement with the magnetic probe data (Fig. 7).
If one takes into consideration the fact that the magnetic probe records the time at which the internal boundary of the moving layer passes a fixed point and that
the streak photograph shows its external boundary,
the agreement between the two measurements is
within the error of the probe measurements.
With V = 30 kv, the maximum rate of contraction
is 107 cm/sec (P = 0.05 mm Hg) and 9 X 106 cm/sec
(P = 0.1 mm Hg). In these experiments the intensity of neutron radiation was notably smaller than it
had been when chambers 50 to 90 cm high were used
in which the neutron yield sometimes reached 109
neutrons/pulse.1 When the distance between the
electrodes is reduced to 5.0 cm with V = 40 kv and
P == 0.1 mm Hg, a small number of neutrons can still
be observed within the sensitivity limit of the scintillation counter, which is 5 X 105 neutrons.
When the distance between electrodes is 17.4 cm,
a neutron yield of 106 in one discharge was recorded
with only 30 kv initial voltage, in the pressure range
0.05 to 0.4 mm Hg. The neutrons are produced at
3.8 /¿sec and 4.3 /¿sec after the current flow begins
for P = 0.05 mm Hg and for P = 0.1 mm Hg, respectively. In all cases, the neutron radiation starts
before the maximum of the current in the center of the
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Table 1

(cm)

T, fisec

P (mm Hg)

. . . . . .
. . . . . .

0 03
0 1 .
06
0 03
01
0.6

.
.
.
.

. .
. .
. .
. .

3.0
3.3
3.0
3.8
4.1
3.3

Vav cm/sec.

6
7.5
5.5
1.2
8
6

x
x
x
x
x
x

105
1055
10
1065
10
105

V, kev. Polarity

30
30
30

—
—
—

30
30
30

+
+
+

For initial pressures of 10 and 1 mm Hg, many
independent, relatively bright channels were observed
in the constricting layer. Constriction of the gas
occurs at an increasing speed with decreasing pressure.
For a pressure of 10 mm Hg the maximum speed is
5.4 X 106 cm/sec. Full constriction is reached near
the time of maximum current, 1.4 X 106 amp.
By the time constriction is complete, the gas
velocity reaches 8 X 106 cm/sec; with a current of
1.6 X 106 amp, pinch diameter of 3.0 cm and initial
pressure of 1 mm Hg.
2302.7

Time {¡i sec)

Figure 7. Variation of the pinch radius with time from optical
and probe measurements
1. 20 kv, 0.1 mm Hg; optical. 2. 30 kv, 0.1 mm Hg; optical.
3. 20 kv, 0.1 mm Hg; probe. 4. 30 kv, 1.0 mm Hg; probe.
5. 20 kv, 0.05 mm Hg; optical. 6. 20 kv, 0.05 mm Hg; probe

chamber is reached. It can also be seen from the
streak photographs (Fig. 8) that the neutrons are
produced before the contracted pinch flies apart.
Spectroscopic measurements of the radiation from
neutral aluminum atoms showed that the metal
vapor in such discharges moves with velocities up to
106 cm/sec, and the velocity is independent of electrode polarity. The results of the measurements are
given in Table 1, where T = time at which metal
vapor appears at the electrodes, vay = average
velocity of metal vapor (0-1.5 cm from electrode).
It was noted that the aluminum vapor appeared
at a time which corresponded to a definite current
density in the discharge, 400 a/cm2. It was also
found that the average velocities of the neutral
aluminum atoms increased with increasing voltage.
Typical oscillograms of the current and vapor luminosity in a discharge are shown in Fig. 9.
A discharge in small chambers 18.5 cm in diameter
and 4.7 cm in height was investigated at a voltage of
40 kv, initial dl/dt of 1.4 X 1012 amp/sec and maximum
currents of 1.4-1.8 X 106 amp. The initial pressure in the chamber varied between 0.1 and 10 mm Hg.

Figure 8.

Streak camera photograph of a discharge with
V = 30 kv and P = 0.1 mm Hg

Figure 9.

Oscillograms of the current and luminosity with
V = 20 kv, P = 0.1 mm Hg
(a) near the electrode, (b) 1.5 cm from the electrode

Streak photographs, Kerr cell photographs, and
oscillograms of the discharge current and voltages are
shown in Fig. 10.
The maximum compression ratio of the plasma
was estimated to be 140 from the square of the ratio
of the initial to final optical pinch diameter. The
expansion is accompanied by stratification of the gas,
part of which moves back to the center of the chamber,
where the luminous pinch and some current still
remain. The stratification takes place three times
with a time interval of 0.2 to 1.0 /¿sec. The Kerr cell
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Figure 10.

(a) Streak camera photographs, (b) current and voltage osciliograms, (c, d) Kerr cell pictures.

photographs show that the stratification is symmetrical. As the pressure fell to 0.1 mm Hg the rate
of contraction rose to l.l-1.3xlO 7 cm. Three
successive constrictions were observed, each originating from the wall. In the first constriction the
minimum pinch diameter was 1.5 cm and the total
current was 1.1 x 106 amp. In the second and third
constrictions the currents were 1.2 x 106 and 1.3
X 106 amp, respectively. Neutrons were not observed
with a lower limit of sensitivity of 106 neutrons/pulse.
Experiments with a discharge chamber 18.5 cm
in diameter and 25.0 cm in height were aimed largely
at finding the efíect of pre-ionization on the subsequent
development of the discharge. Pre-ionization was
accomplished by means of a discharge from an auxiliary 22 [xî condenser bank rated at 20 kv.
After the pinch formed by the auxiliary current
detached itself from the wall and traveled some
distance towards the center, the main 20 kv bank
was discharged. The maximum dl/dt and current
amplitude for the first and second discharges were
1.4 X 1010 amp/sec, 5.5 X 104 amp, and 1011 amp/sec,
4.5 X 105 amp, respectively. The experiments were
carried out at an initial pressure of 1 mm Hg. Typical
osciliograms which show the total current and the
current in the Rogovsky belt, with the main and auxiliary capacitor banks operating separately and jointly,
are shown in Fig. 11. The experimental results are
summarized in Table 2, where т is the time lag between
the auxiliary and main discharges, t0 is the time at
which current appears in the Rogovsky belt and I
is the total discharge current at this time.

P = 1 mm Hg

With pre-ionization, the period during which the
conducting sheath remains near the wall is cut at
least by half. The velocity of the current sheath,
as obtained from oscillographic measurements of the
time at which current appears in the belts and from
optical measurements of the motion of the luminous
layer, diners by not more than i 15%.
DISCUSSION

In discharge chambers where the space between
the electrodes is small, the influence of such processes
as heat conduction from the constricted pinch to the
electrodes and the occupation of the chamber by
metal vapors should be taken into account. As has
been demonstrated by S. I. Braginsky and V. D.
Shafranov, heat conduction to electrodes during the
current flow is insignificant for times
t< {3ll5){e*N¡c*kT)K
where I is the chamber length, T the particle temperature, с the velocity of light, e the electronic charge,
Table 2
Belt
diameter
160

120

Energy Source

t(nsec)

Auxiliary discharge
Main discharge
Joint
6.4 ±
Auxiliary discharge
Main discharge
Joint
6.9 ±

0.1

0.4

to{f*sec)

I(amp)

±
±
+
+
±

42 X 10 3
190 X 10 3

0.4
5.8
1.4
0.1
0.7 -j- 0.1
0.3
10.0
2.7
0.2
1.2
0.3

50 X 10 3
200 X 10 3
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inside the stationary conductor. Optical measurements with chambers of the second type show that
the width of the luminous layer between the shock
front and external boundary, for pressures of 10, 1.0,
and 0.1 mm Hg are 2.7, 2.2, and 1.0 cm, respectively. Should the plasma conductivity be determined
from the width of the luminous layer, which can be
2 to 3 times the skin-depth, it will be 0.5-1.4 X Ю14
cgse, which corresponds to an electron temperature
of 3.5-6 ev.
The main discharge characteristics are in reasonable
agreement with the hydrodynamic theory developed
by Leontovitch and Osovetz5 and with calculations made by S. I. Braginsky, I. M. Gelfandt
and R. P. Fedorenko.
2. The maximum compression ratio obtained from
the optical measurements with chamber 2 was 140,
which greatly exceeds the maximum compression
ratio predicted by the hydrodynamic theory. The
actual ratio of the initial and final (maximum) densities may be somewhat smaller because all the particles are not swept in by the contracting current sheath.
3. The current in chamber 1, with a pressure of
0.05 mm Hg and a voltage of 30 kv persists in the
central zone (14 cm in diameter) for 4 //sec which
markedly exceeds the constriction time obtained from
calculations. Optical measurements carried out with
chamber 2 give similar results.

Figure 11. Oscillograms of (1) total discharge current and (2)
current in a Rogovsky belt obtained with (a) auxiliary discharge
and 16 cm belt, (b) main discharge and 12 cm belt and (c) joint
discharge and 12 cm belt

k the Boltzmann constant, and N the number of particles in the discharge chamber. For chambers 4.7 cm
in height, at a temperature of 300 ev and an initial
pressure of 0.1 mm Hg, this time will be about 3 //sec.
High-velocity metal vapors which move into the
discharge are observed in regions where the current
density is relatively high immediately before, or at
the time of, maximum constriction. However, these
velocities are such that in chambers of the first type,
at a pressure of 0.03 mm Hg, the influence of the
metal vapor is important 8 /¿sec after the time of
maximum constriction. In chambers of the second
type at a pressure of 0.1 mm Hg, metal vapors appear
3 //sec after the time of maximum constriction.
This process is roughly similar to that previously
described. г> 7 However, the experiments described
here have provided the following additional information:
1. With the exception of the initial time when the
discharge detaches itself from chamber walls, the
luminosity and current boundaries coincide within
the experimental accuracy. The initial discrepancy
is explained by the fact that the differentiating
magnetic probe responds to a build-up of current

4. About 50% of the total current is concentrated
in the center of the chamber. Characteristically this
portion of the current grows after the maximum
constriction is achieved. In measurements obtained
with chamber 3, about 20% of the current remains
near the wall in a layer 0.5-cm thick. This is probably
due to the evaporation of materials with high atomic
number from the chamber wall. Pre-ionization of
the gas by a discharge shortens the time during which
large currents flow near the wall and this reduces the
energy losses to the wall.
The production of reverse currents at certain times
will result in the formation of a closed circuit inside
the chamber. This causes the current to grow in the
center of the chamber at the end of the first and beginning of the second half cycles.
As follows from theory,5 the circuit parameters
determine the rate of contraction and the gas temperature. In Fig. 12 the dependence of the maximum
rate of contraction on voltage and the initial inductvmox

(106cm/sec)
2302 12

A -¡ *
- e r -

"""

• —

8—

dl/dt ( 1 0 - 1 1 a/sec)

Figure 12.

Maximum speed of contraction as a function of
{d\ldt)initiai for P = 1 mm Hg
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anee is shown. This data was obtained with different
set-ups in chambers with the same diameter at a pressure of 1 mm Hg.
According to existing theory, the thermal energy of
the gas at the time of maximum constriction is approximately twice as great as the maximum kinetic
energy during the constriction process. From these
assumptions the maximum temperature in chamber 2
at pressures of 10, 1.0 and 0.1 mm Hg is estimated
to be 40, 120 and 340 ev, respectively. In chambers
of the first type, the gas temperature, estimated on the
same basis, is 200 ev (at P == 0.05 mm Hg, V = 30 kv).
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The neutron radiation from thermonuclear processes
that would be expected at such temperatures could
not be recorded by the available apparatus. Therefore, the radiation which was detected probably has
the same origin as described earlier.1' 6 Its occurrence
in pinches 5 cm long testifies to the fact that the accelerating processes which presumably take place occur
in regions of this length or less. A decrease in the
radiation intensity with decreasing pinch length
probably testifies to the fact that the radiation sources
are distributed along the entire pinch column, which
is in accordance with data obtained previously.6
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Plasma Motion in Powerful Discharges
By V. S. Komelkov

This work describes the results of research on
plasma motion in powerful pulse discharges conducted
with the aid of streak, Kerr cell, and framing camera
photographs. Oscillograms were taken of the
discharge current and the voltage between electrodes.
A study was made of discharges in which plasma
contracts along three axis and gas flows from the
centre of the chamber to the periphery. In some
types of discharges there can be observed a relatively
higher stability of the plasma than in the ordinary
cylindrical constriction.
Up to now in the study of powerful discharges one
has obtained and examined only discharges with a
cyclindrical skin-layer, which in its motion constricts
gas to the cylinder axis.3"3
In this work we relate the results of research on
other kinds of motion, obtained mainly by optical
methods. We assume, however, that conditions in
our experiments are sufficiently close to conditions
in the discharges with cylindrical symmetry, where a
good correspondence is found between the motion
of the current front and of the luminosity. This can
be corroborated by the configuration of the plasma
layers corresponding to the expected current distribution. The research was carried out in 1955-1957.
The work was accomplished through the efforts of
D. C. Parfenov, junior scientist; B. P. Sournin,
engineer; and N. F. Vladimirov, technician.

exposure of each frame was 0.5 microseconds. The
central part of the chamber was photographed in
the streak mode through a slit. The entrance slit
of the camera was perpendicular to the axis of the
chamber.
In some experiments one of the halves of the
chamber was photographed by Kerr cells with a
0.2 //sec exposure. Photographs were synchronized
with the current oscillograms by means of a special
light pulse of 0.2-0.5 //sec duration.
The chamber was first evacuated to a pressure of
10-5 mm Hg and then filled with deuterium of 98.8%
purity. With the aid of a Rogovsky belt and voltage
divider, the discharge current and electrode voltage
were registered by a double-beam oscilloscope, the
OK-17M.t
RESULTS

In the first series of experiments a discharge with
needle electrodes was investigated. To do this the
metalflatflangeswere covered with a rubber insulator
with a hole in the centre, where copper rods (needles)
were clamped, projecting 1.5 cm above the dielectric
surface. A series of experiments was carried out
with flat electrodes for comparison.
In Figs, la, b, с Kerr cell and streak photographs
of the discharge are illustrated, with current and
voltage curves drawn on the latter. The discharge
took place at an operating circuit voltage of 40 kv
and an initial pressure of 10 mm Hg in chamber.
The Kerr cells, which photographed half of the
chamber, have registered skin-layer motion from
one of the electrodes. The discharge is reshaped into
a thin filament near the needle and begins to move
along the chamber axis even before the current leaves
the chamber side walls. The luminous current layer
rapidly takes the shape of a cone with the apex
directed into the chamber. Behind it a well-formed
current cord is seen clearly. The two cones originating on different electrodes meet approximately in the
middle of the chamber.
After their meeting the cord continues to be stable,
while the cone continues to expand in the direction
of the chamber walls. The average velocity of the
cone apex in the period of 0.6—1.0 /¿sec, as calculated
from the Kerr cell photographs, is 5.3 X 106 cm/sec.

PROCEDURE

The discharge took place in a cylindrical glass
chamber with an internal diameter of 190 mm, height
of 250-150 mm.
The bank of capacitors (IM-50) t with a total capacity of 130 ¡d was charged to the operating voltage
of 20-40 kv. The maximum current in the discharge
reached 9 x 105 amperes.
In a number of experiments the circuit inductance
at the start of discharge did not exceed 55 cm. The
discharge was photographed with the SFR-2M t
high-speed camera, operating in the modes of framing
camera and streak camera. In the former the
Original language: Russian.
* Academy of Science of the USSR.
t Transliterated designation.
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(1) at the initial moment the circuit inductance is
low; at this time a weak luminosity can be observed
in the entire chamber; (2) after 0.2 /¿sec the voltage
increases and by 1.0-1.5 /¿sec, when the cone surfaces
meet, the discharge inductance reaches a maximum;
(3) by the decline of current and voltage in the period
of 1.5-7.0 //sec, one can conclude that the circuit
inductance remains high and consequently the greater
part of the current flows in the centre of the chamber.
In Fig. 2 is given a streak photograph of a discharge
in the same chamber at an initial deuterium pressure
of 1 mm Hg. Behind the luminous front a wellformed discharge cord is seen.
The expansion of waves from the centre to the
chamber wall takes place at a rate of 7.7 X 106 cm/sec.
Data on the discharge motion in the case of flat
and needle electrodes are given in Table 1.
Table 1
Initial pressure
10 mm Hg
Longitudinal (axial) velocity of
plasma with needle electrodes,
cm/sec
Rate of plasma constriction with
flat electrodes, cm/sec
. . . .

I <M«>

V (Ы

Шщ m
V

Initial pressure
1 mm Hg

5.2 x 106

7.6 X 106

3.0 x 106

4.8 X 106

In the first case the current-sheet velocity is twice
as great. Similar tests were made with chambers
250 mm in height (of the same diameter) with porcelain flanges, in the centre of which copper needles
were placed. The distance between the ends of needles
was 240 mm. To save the chambers from destruction,
the operating circuit voltage was lowered to 20 kv.
The maximum current in the discharge did not
exceed 3.1 X 105 amperes. The external circuit
inductance was increased, and so the current in the
discharge did not depart much from a sinusoidal
wave-form.
As indicated by oscillograms, the inductance of the
discharge in the chamber with needle electrodes in the
first half-cycle, with pressures of 10.0, 1.0 and 0.1 mm
Hg, is approximately 35% higher than in the chamber

2504Л
Figure 1. Discharge in the chamber with needle electrodes at
a deuterium initial pressure of 10 mm N g :
(a) Form of the discharge near one of electrodes after 0.6 microseconds following the start of the discharge; (b) the same
1.0 microseconds after the start of discharge; (c) streak photography of the same discharge with current and voltage curves
obtained from oscillograms plotted on it

The cone expansion rate (according to streak photography) is 2.7 X 106 cm/sec.
The discharge-column diameter alters slightly
during the first two microseconds. Near the electrode
it is 0.5 cm; at a distance of 3 cm it is 0.8 cm.
Despite the fact that the discharge current continues to grow, the column diameter decreases,
becoming 1-2 mm smaller. From the study of
current and voltage curves we learn that:

Figure 2. Streak photograph of the discharge in a chamber
with needle electrodes, at an initial pressure of 1 mm Hg
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with flat electrodes, in which a cylindrically symmetric
constriction can be observed.
The difference in inductance shows that the mean
effective diameter of the current cord in the first case
is considerably smaller. In photographs obtained
with the framing camera, it can be seen that at a
pressure of 10 mm Hg the 2-cm diameter current
filament is formed at needle electrodes and is moving
inside the chamber at the first microsecond, while
in the cyclindrical constriction the diameter of the
discharge channel exceeds 5 cm during the first 7
microseconds.
Beginning with the third and up to the twelfth
microsecond the maximum diameter of the current
filament in the case of needle electrodes is no more than
7 cm.
In a chamber with flat electrodes, a channel with
such a diameter exists for about 2 microseconds.
At a pressure of 10 mm Hg the axial motion of the
formed filament and the conical current surface is
difficult to discern, while at a pressure of 1 mm Hg
the process can be observed in detail. Afilamentand
a conical surface, similar to those recorded by the
Kerr cells, arise during the first 0.5 microseconds and
are moving at a velocity of 3.4 X 106 cm/sec. The
detachment of such a surface from the chamber walls
occurs by the second microsecond.
The course of the process, as far as it can be depicted
on the basis of optical observations, is shown in Fig. 3.
The arrows indicate the probable direction of the current flow. The current surface, while constricting in
the axial and transverse directions under the effect of
magnetic forces, continually changes its form. The
transverse constriction continues after the pinch
motion has ceased in the third microsecond and axial
conduction has taken place.
However, a full constriction, such as takes place in
the case of cylindrical symmetry, would not occur;
first because the axial current in the centre of the
volume generates a magnetic field and secondly
because the density of particles in the central region
must be much higher than in the ordinary cylindrical
constriction, since the plasma motion described is
accompanied by a clustering of particles in a small
volume in the centre of the chamber.
The equilibrium in the central part lasts more than
two microseconds and is broken on the eighth microsecond, when the diameter begins gradually to increase.
The length of current filaments joining the central
region to the electrodes reaches 6.5-8 cm, and their
stable existence lasts more than 12 microseconds.
In the chamber with flat electrodes the constriction begins by the fourth microsecond and lasts no
more than 0.5 microsecond. The channel rapidly
loses the cylindrical form in all its length, including
the near electrode zone. With the cylindrical symmetry the average rate of constriction is 1.5 X 106
cm/sec, which is nearly three times as small as the
rate of the current-filament advance in the axial direction in the chamber with needle electrodes at the same
pressure.

V. S. KOMELKOV

At the pressure of 0.1 mm Hg (Fig. 4) the rate of
axial motion (needle electrodes) exceeds 107 cm /sec,
whereas in the cylindrical compression it is not more
than 4.5 X 106 cm/sec. Lowering the pressure to
0.1 mm Hg barely changes the structure of the discharge. Current filaments forming at the electrodes
are up to 10-cm long, their diameter not exceeding
1 cm. They advance into the interval at a rate of
5 X 106 cm/sec. After three microseconds from the
beginning of the discharge the transverse constriction
in the central part of the chamber is completed. The
filament connecting two electrodes remains stable
throughout its length for two microseconds, and then
gradually begins to disintegrate in the centre, where
major disturbances and a relatively high density of
particles take place.
As we have said, a stable filament can be observed
only in regions of the discharge where there is no sharp
increase in particle density and no constriction waves.
A number of experiments were set up with chambers
in which the region of disturbances was further
reduced. To achieve this, one of the rod-shaped electrodes was replaced by a flat one. To this was fastened
a cylinder 240-mm high and 160 mm in diameter,
formed by sixteen 5-mm-diameter rods of stainless
steel. The upper and lower ends of the rods were
welded to a ring of the same diameter as the cylinder.
The discharge started between the rod-like electrode
and cylinder. The central part of the luminous layer
moved rapidly into the interior of the chamber,
forming a conical current surface, but its periphery
remained almost stationary. This being so, the
transverse constriction ceased and the expulsion of
gas to walls of the chamber followed.
When the initial pressure was 1 mm Hg the discharge behaved as follows: by the end of the first
microsecond the initial flat surface of the luminous
layer is transformed into a conical one. The top
of the latter moves at a velocity of 4 x 106 cm/sec
and on the sixth microsecond reaches the opposite
flat electrode. The cone expands to the walls of the
cylinder at a rate of 1.3 x 10e cm/sec. Inside the
cone there is seen a current filament about 1 cm in
diameter, which can be detected against the general
background up to the tenth microsecond.
At a pressure of 0.1 mm Hg, the rate of advance
of the cone into the interstice increases up to 8xlO 6
cm/sec, and the rate of the expansion in the lateral
direction up to 2.2 x 106 cm/sec, i.e., nearly twice as
much compared with the preceding case.
When gas forced out of the central part impinges
on the walls, the walls become luminous; it becomes
difficult to discern the current filament against this
background. The picture of the plasma motion can
be clearly seen in the photograph (Fig. 5). The luminescence between the peak and the cylinder edge indicates that a portion of the current is short circuited
by this shorter length, by-passing the current filament.
It is possible to produce a constriction which is
principally in the longitudinal direction by means of
insignificant changes in the chamber.
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(a) photographs and (b) motion picture of the discharge plasma, in the chamber with needle electrodes, at an initial
pressure of 1 mm Hg

For this, cylinders 80 mm in diameter and 85 mm
in height, connected to one terminal of the capacitor
bank, were placed on the insulating flanges of the
chamber, instead of needle electrodes. The abovementioned cylinder of rods was connected to the
other terminal. The same result was obtained when
the cylindrical electrodes were joined to different
terminals of the bank, and the big cylinder was at a
floating potential; the change in polarity of electrodes
had a very small effect in both cases. In the whole
range of pressures studied the initial current surface
is formed and moves between the cylindrical electrode and the cylinder.
At a pressure of 10 mm the luminosity front is not
homogeneous. The plasma consists of separate

independent channels. The average rate of motion
is 1.8 x 106 cm/sec. The meeting of fronts takes
place by the seventh microsecond. At the place of
their contact there arises a bright luminous disc,
4-5-cm thick. The picture of the motion for a pressure of 1 mm Hg and the photograph of trie same process are shown in Fig. 6.
The transverse constriction is observed only when
the plasma reaches the edge of the cylindrical electrode and then it quickly comes to an end. By the
time both fronts meet (by the fifth microsecond)
their form becomes oval-shaped. Each front is
advancing at a rate of 3 X 106 cm/sec, which is more
than twice the rate of compression under conditions
of cylindrical symmetry. The gas is contracted into
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Figure 4. Discharge in the chamber with needle electrodes at an initial pressure of 0.1 mm Hg:
(a) Photograph obtained with a framing camera; (b) Oscillogram of voltage between the chamber electrodes (1) and discharge
current (2)

a disc shape, first in the centre, and then in the more
remote parts, a part of the neutral gas being forced
to the chamber walls.
The disc is 2-2.5-cm thick, and persists for two
microseconds. In cyclindrical compression, the analogous period lasts not more than 0.5 microseconds.

The luminous disc, increasing its diameter, touches
the chamber walls by the eighth microsecond. There
then begins an expansion of the luminous layer at a
rate of 1.5 x 106 cm/sec. It takes place primarily
at the chamber walls where there are more neutral
particles. At a pressure of 0.1 mm Hg the rate of
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In the above-described experiments the following
peculiarities of the discharges of interest are :
1. Formation of the conical current surface, expanding and expelling the neutral gas from the centre to
the chamber walls ; a high rate of motion of this surface.

Figure 5. Photograph of a discharge in the chamber with needle
and cylindrical electrodes at an initial pressure of 1 mm Hg

motion of the fronts has grown to 5 x 106 cm/sec.
Their contact took place by the third microsecond;
then the luminous disc was 1.5-2.5-cm thick and it
existed in the compressed state for more than 1.5
microseconds. Just as in the preceding case the
expansion of luminosity zone began at the wall of the
chamber. In 4 microseconds luminosity filled up the
whole volume between the ends of cylindrical electrodes. No success has been achieved in establishing
the exact significance of the luminosity spreading
rate, however it is known that it is more than 2 x 106
cm/sec.
In the following half-cycles the process is steadily
repeated, but the plasma motion is slower because
of the appearance of particles evaporated from electrodes and chamber walls.
Besides optical observations, in some experiments
control measurements were made of neutron radiation in the discharge by means of a paraffin block and
a beta counter with silver. In a number of cases a
neutron radiation was discovered which was 3-4 times
the background, that is (4-6) X 106 neutrons per
discharge.

2504.6
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Figure 6. (a) photograph and (b) diagram of the discharge
plasma pressure in the chamber with cylindrical electrodes, at
an initial pressure of 1 mm Hg
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2. A relatively high stability of the plasma filament.
3. Longitudinal constriction and the constriction
time of the flat plasma layer.
The formation and the form of conic surface, as
pointed out already, corresponds to the expected
distribution of magnetic pressure on the conducting
layer which is formed at the beginning of the discharge.
In the case of rod-shaped electrodes the magnetic
field varies according to
H = 21/cr

where r is the distance in cm from the electrode axis,
and с is the velocity of light. Correspondingly the
magnetic pressure P is
P = Я2/8л; = /2/2тг2с2г2
With these dimensions the pressure near the electrode is 90 times as great as at the chamber wall.
If the chamber diameter is increased still more, then
the removed layers remain immobile and the discharge
has a leader break-down character, though its nature
is entirely dinerent.
The relatively high rates of motion of the apex of
the conical surface can be explained by the fact that
apart from the high pressure (at / = 300 ka, p = 109
dyn/cm2) its motion takes place in a medium of
constant particle density at the time when in the
cylindrical symmetry the mass and density of gas in
the constricted volume is continuously growing.
As we can see in the photographs, the current filament is formed some distance from the apex of the
cone. A transitional zone exists between them,
where the shock wave is slightly leading in its advance
and where the current redistribution takes place.
The plama piston, which is the conical current surface, forces neutral gas to the chamber walls by means
of the same charge-exchange mechanism which acts
in gas constriction.

V. S. KOMELKOV

The further this surface is from the axis, the greater
will be the mass of the gas and the smaller will be the
specific pressure.
Acceleration or deceleration of this motion depends
on the change of current in the discharge circuit.
Between the plasma surface and the filament there is
a residual neutral and partially ionized gas, through
which a considerable portion of current can flow.
The unusual brightness of the filament is to be
explained by excitation of neutral particles advancing
to its borders.
Instability of the current filament is observed in
those regions where shock waves meet current surfaces and where there are high gradients of gas density.
The plasma behaviour in such places is near to what
we observe during the cylindrical constriction.
Where the perturbations are feeble or do not exist,
the filament persists stably almost to the time the
current passes through zero. The geometry of the
constricting layer for the longitudinally moving
plasma differs substantially from the one of cylindrical
symmetry. The expansion of the disc begins in those
places where magnetic pressure is relatively lower.
Experiments in longitudinal constriction are interesting because they demonstrate the possibility of
focusing and producing plasma jets with the aid of
guiding electrodes. Such a focusing was achieved
in a number of tests. A change in the form of the
vessels and the use of external magnetic fields will
probably make it possible to strengthen this effect.
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DISCUSSION

litating sharp pinch boundary formation. Low
inductance gives a broad pinch boundary with resulting m = 1 instability. With the Hz field quenching
of the latter instability, that is to say of the m = 1
kink instability, is the neutron yield expected to be
small as observed in all stabilized pinch work?

DISCUSSION OF P/360 A N D P/2211

The CHAIRMAN (USA) : This is a beautiful example
of similar work being done by good and thoughtful
people in different countries. It is a very happy
circumstance that they are both able to report at the
same meeting and that they will be able to discuss
these things.

Mr. S. С CURRAN (UK): Yes.
Mr. M. HIGATSBERGER (Austria): I should like to

DISCUSSION OF P/345, P/1790, P/344, P/2301,
P/2302, P/1460 A N D P/1708

address a question to Mr. Andrianov relating to paper
P/2301 : You have measured the velocity or energy
of the deuterons with a Thompson spectrogram.
With this same photographic plate, I imagine, you
must have gained some additional information on the

Mr. S. COLGATE (USA): In connection with Mr.
Curran 's paper, I should like to suggest that the series
inductance enhances the m = 0 instability by faci389
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ceramic or metallic impurities from the ion sources or
on the ratio of single to double charge deuterons.
Mr. A. M. ANDRIANOV (USSR) : Yes, we have observed impurity parabolas in exposures of a very
large number of discharges at low pressures. However, for the regime I specified, at 40 kv and 200 ka,
the impurity parabolas are almost indiscernible in a
tenfold exposure.
Mr. KNECHTLI (USA) : Dr. Luce, how large is the
energy lost per centimeter by a D+ ion of 100 to 300
kev when it passes through your carbon arc in vacuum,

the electron density in the arc being of the order of
1014/cm3?
The CHAIRMAN: AS Mr. Luce is not here at the
moment perhaps Dr. Bell will answer.
Mr. P. R. BELL (USA) : I cannot remember just
what this was, but during 100,000 rotations of our
ions through the arc, they would not lose enough
energy actually to get outside the arc column. As I
recall, something like 10 kev total energy was lost out
of 300 kev for 100,000 rotations through the arc,
which is about 1.5 cm in thickness.
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