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Plasma Radiation in a Magnetic Field

By B. A. Trubnikov and V. S. Kudryavtsev

ENERGY BALANCE OF A HIGH-TEMPERATURE
PLASMA INCLUDING THE EFFECT OF

MAGNETIC RADIATION

In order to study the possibilities of heating a
plasma confined by an external magnetic field, it is
necessary to take into account the presence of strong
magnetic bremsstrahlung in the millimeter and sub-
millimeter wavelength range. The existence of this
radiation imposes a limit on the use of the D-D
reaction to generate energy exceeding the input
energy. In considering this effect, the self-absorption
of this radiation should be taken into account.

The energy radiated per unit time by an electron
moving along helical path in a magnetic field is
given by the usual relation

dS'/dt = (1)
where a)c = \eH/moc\, /? = v/c and the other symbols
have their usual meaning.

Assuming that electrons have a Maxwell distribu-
tion, the total radiated energy per unit time per unit
volume is

QM= {4e2l3c)(TG/mc2)œc
2ne

X (1 + 5Te¡2mc2 +...) (2)

where ne and Te are the electron density and tem-
perature, respectively.

Let us examine first the case when self-absorption
may be neglected and all this radiation will escape
the plasma. This escape of energy proves to be
rather considerable at thermonuclear temperatures.
In Fig. 1 we compare curves for the escape of magnetic
radiation without self-absorption, the normal brems-
strahlung, and the energy release by D-D and D-T
reactions, as functions of the temperature for the
following conditions

T T- — T
•L e — J i = •*•

ne = щ = n (3)

We have used

F M = 0.005 Г2(1 + ЪТ\2тс2

FB = 0.0532T*ff

where the quantity f is approximately unity.
One obtains the energy escape for the various

processes in absolute units from the relation
Q = №~22n2F(T), where T is in kev. Numerical
values of FDD and .FDT have been taken from Klimov
and Zubarev (1952) * (Table 1).

At a temperature T = 32 kev, energy losses due
to bremsstrahlung are equal to the nuclear energy
released by the D-D reaction, Св = QBT>- In this
case the magnetic radiation proves to be 16 times as
much, CM = 16 ÇDD- At a temperature T = 5 kev,
these values are equal, ÇB = QDT = См-

In a D-T reaction (deuterium and tritium mixture
in one to one ratio), provided the conditions of Eq. (3)
are satisfied, there exists a temperature range from 5
to 46 kev in which the nuclear energy released exceeds
the energy loss due to magnetic radiation. For the
D-D reaction, however, the magnetic radiation
without self-absorption always proves to be many
times greater than the production of nuclear energy.
The conditions specified by Eq. (3) were adopted for
the purpose of estimating the relative magnitude of
these effects and may not always be satisfied in a
practical situation.

If the energy loss due to electron radiation is
compensated by the transfer of energy q+ from ions
to electrons via Coulomb collisions,

q+ =
20

Ге)Ге (5)

then at high ion temperatures 7\ >̂ Te> so that
nT{ = H2/8л:, and for См equal to q+, we obtain
an electron temperature

TG = mc2{3Ám/4(27z)myi* = 39 kev (6)

that is independent of the temperature of the ions.
A more correct estimate of the electron temperature

may be obtained if it is assumed that all the nuclear
energy released is transferred from the ions to the
electrons :

QDv = q+, Te(kev)=8.3[(Ti-Te)/FBD{Ti)}*. (7)

(4)

* Ed. note : D. N. Zubarev and V. N. Klimov, Stationary
Regime of a Magnetic Thermonuclear Reactor, Plasma
Physics and Problems of Controlled Thermonuclear Reactions,
Vol. 1, p. 249 (in Russian), edited by M. A. Leontovich,
Moscow (1958).
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Table 1. Rate of D-D and D-T Energy Production s
a Function of the Temperature

T (kev)

3
5
10
20
30
40
50
60
70
80
90
100
200
500
1000

0 039
0 758
0 313
0 485
0 666
0 854
1045
1 235
1.42
1 61
3 38
6 98
10 7

0 076
0 72
1 2
5 44
88
11 03
12 08

12 53

.

11 76

_
_

For the D-D reaction, numerical results are given m
Table 2.

However, the energy loss by magnetic radiation is
always many times greater than the nuclear energy
released in the D-D reaction. In contrast to this,
we have for the D-T reaction with Te = Tx and

QBT > QU + QB when 7 kev < T < 45 kev. (8)

However, the magnetic radiation from the in-
dividual electrons will be self-absorbed in the plasma
itself in contrast to the bremsstrahlung, so that the
power which escapes from a plasma with a volume V
through the surface S is given by

WM = W±S - KLQMV. (9)

Here Wx is the energy emitted per second per unit
area and KL is the dimensionless transparency co-
efficient which indicates the fraction of the radiation
from individual electrons that escapes from the plasma.
Our aim is to determine the conditions under which
the coefficient KL will be small enough to provide the
necessary degree of containment of the magnetic
radiation inside the plasma. For the sake of sim-
plicity, let us study a plane plasma layer of thickness L
in which there is a magnetic field parallel to the
layer boundary (Fig. 2).

It is evident that the transparency of an infinitely
thin layer is unity,

bm KL = 1 (10)
L-»0

If the layer thickness is increased, the function KL
decreases monotonically and, for large L, behaves
asymptotically like L-1'

(2/L)(W1)blacJc

(11)

Table 2. Ion and Electron Temperatures when the
Energy from the D-D Reaction is Transferred to the

Electrons

T] kev
Те kev

50
42 3

100
64 8

200
86

500
120

1000
154

2000
200

0 1

0 OK

F

UУJr

/i
г

*^*
***

<<*

15
Figure 1

The factor 2 is included because two surfaces of the
layer are radiating. However, for the conditions of
interest, black-body conditions are never attained
over the entire spectrum. Only the low frequencies,
which have a spectral intensity described by the
Rayleigh-Jeans radiation law

dP/dcodu = / B J - œ2Te/87i3c2, (12)

where the superscript г denotes the polarization, are
effectively trapped m the plasma. Then the flux per
unit surface area (untrapped harmonics are neglected)
will be equal to

± ~ 2 J^ dco j n ' 2

cos
= (со*)3Ге/12я2с2. (13)

Here со* is the maximum frequency for which the
layer is opaque. To find this critical frequency it is
necessary to compute the absorption coefficients
ocjid) for electromagnetic waves in a plasma situated
in a magnetic field. Since со* is several times larger
than cov it is sufficient for our purposes to calculate
only the absorption coefficient for high frequencies
where it is small and the index of refraction is nearly
unity. This simplifies our calculations and the
formulae given below are obtained in this fashion.
For an equilibrium (Maxwell) velocity distribution of
electrons, the o¿J(e) are connected with the emission
coefficients г}ы

%(в) by KirchofFs law

(6) = /BJ. (14)

Figure 2
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It is known that the spectrum of radiation due to
the motion of an electron along a helical path in a
magnetic field consists of discrete lines or harmonics,

00

/ = 2 In- The harmonic frequencies are integral

multiples of the fundamental frequency,

with which the electron rotates in a magnetic field of
strength H.

It may be shown that for circular motion of an
electron, the ratio of the energy emitted at the funda-
mental frequency to the energy at all frequencies is x

IJI = h( S In)'1 ^ 1 - 1.90a + 1.O504 +..., (15)
n = l

where /3 = v/c.
The temperatures which are of interest to us, and

which are necessary for a self-sustaining D-D reaction
(Ге ~ 30 to 100 kev), are weakly relativistic (/? ~ 0.5)
so that relativistic effects begin to play a role and a
considerable fraction of the magnetic radiation is
concentrated in frequencies with high harmonics.
However, it should be noted that the radiation with
the fundamental frequency is the most intense.

By integrating over the spectral distribution of the
magnetic radiation of an individual electron, and
averaging over a Maxwellian velocity distribution, the
radiation power (emission coefficient) r)J(0) may be
determined. Then, from (14), the absorption co-
efficient, ocj (в) may be found. A plasma in a magne-
tic field is an anisotropic medium in which there is a
possibility that two differently polarized waves may
propagate. The fact that the ordinary and extra-
ordinary waves are not radiated and absorbed in the
same manner is unimportant for our present purpose.

Qualitatively, the emission coefficients and the
absorption coefficients differ by factor со2 according
to Eq. (14). The quantity La±is shown in Figure 3.
The solid curve is obtained by adding together the
radiation with different harmonic frequencies. The
subscript JL denotes waves propagating normal to the
direction of the magnetic field.

The line radiation in the higher harmonics is found
to be Doppler broadened as a result of the thermal
motion and merges into a continuous spectrum.

The values of the absorption coefficients, for several
different temperatures, were determined by numerical
computation and the spectral intensity was calculated.
The radiation escaping in the direction normal to the
surface of a plane layer is

Figures Aa and 4b show graphs of the function

f(X) = X2{2 - e~L^x) - e-La2W),

where X == co/coc> for two values of the parameter
Л = Lcov

2/ccoc = 4neLn¡H.
In those cases where the lines effectively merge

into a continuous spectrum, a relatively simple

Figure 3. The dependence of Loc±(X) (the product of the absorp-
tion coefficient and the slab dimension) on the frequency

measured in units of the fundamental, X = co/coc

asymptotic formula may be obtained for the ab-
sorption coefficients

CCOC 2x
• e x p -

where

(16)

= 4nne2¡m, ¡i = mc2/Tc, к = 9а>/2/га>с.

This formula is valid only when ¡x >> 1 and % > 1.
Since the absorption coefficients oc^ decrease drastically
when со is increased for the waves of both polarizations,
the critical frequency со* (which determines where the
Rayleigh-Jeans radiation should be cut off, see (13))
can be approximately determined from the equation

Lot. 1. (17)

For frequencies below critical, со < со*, the magnetic
radiation is completely trapped and we have

L^ » 1, (18)

and for the frequencies above critical, со > со*, we
have

Law < 1, (19)

when the plasma layer of thickness L is transparent.
These super-critical harmonics escape freely from
the plasma. However, their intensity, determined
now directly from the formula for the radiation
power 7]^ falls rapidly with increasing со. For
this reason, the emission of radiation with frequencies
higher than со* may be neglected.

Substituting (16) into (17) yields

(20)

where (x) = 9Х^/2/л and Xeî = co*[coc is the number
of effectively trapped harmonics.

Substituting CM from (2) and Wx from (13) into
Eq. (10) for the transparency coefficient of the layer
gives

KL = SWJQMV

= 2WJLQ*
5Te/2wca) (21)

vhere 1 + 5Te/2mc2 is a correction factor close to
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unity. Thus KL is a function of only two parameters,
Л and Te:

KL = <f>{A,Te) where Л = \neLn\E. (22)

In Fig. 5 the curves KL — constant are con-
structed from six calculated points with the aid of
the asymptotic expression (20) in the range where
it is valid.

If we assume that the bremsstrahlung QB escapes
freely from the layer then the condition for a self-
sustained thermonuclear reaction can be described by
the inequality

KLVQM (23)

As we have already pointed out, the trapping of the
magnetic radiation for the D-T reaction is not a
problem (see for example Eq. (8)).

For the D-D reaction, the minimum layer thickness
Lmm necessary for a self-sustained reaction may be
found from the following relation (T in kev)

QBB - QB

_ 1 2.5 X 10-3Ге(Ге +

(24)

+ 5Ге/2жс2

When T e = Ti and j3H=l we have the following
numerical results (Table 3).

The values of the parameter Л, when TG and KL

are known, can be obtained from Fig. 5 or from the
asymptotic formulae (20) and (21). Assuming, for
instance, that H = 104 gauss, we present in Table 4
£min = АН/4леп for the same range of temperatures
discussed in Table 3.

For H = 105 gauss, the densities n will be 100 times
greater than in the previous example, while the
dimension Lmm will be 10 times less than the above-
mentioned case.

Somewhat different results are obtained in cases
where the electron temperature is less than the ion
temperature. For this case we employ the equation
ÇDD = q+> Then with /S# = 1, we have the results
tabulated in Table 5.

The values of Lmin are determined here for H = 104

gauss and show the difficulties that are encountered
in obtaining a self-sustained D-D reaction in an
apparatus in which there is a large magnetic field
inside a plasma where H2/Sn >—' 2nT. To diminish
losses due to magnetic radiation definite measures
must be taken. In particular, Budker has pointed
out that effective reflectors which return energy
back to the plasma may be used. It should also be
noted that no magnetic radiation exists in systems
in which plasma is confined by alternating external
fields which do not penetrate inside the plasma.

ELECTRON DISTRIBUTION FUNCTION FOR
A PLASMA IN A MAGNETIC FIELD

As has been indicated in the previous sections, the
presence of a magnetic field in a limited volume of
plasma results in a large radiation flux with a con-
siderable part of the flux escaping from the plasma.
Then the plasma is not in an equilibrium state and
the electron velocity distribution function may be

- FB(Te

10

103 104 105

Figure 5. Transparency coefficient as a function of Л and Те



MAGNETIC RADIATION 97

T e k e v . . . .

FB(Te) . . . .

QMKQDD-QB) .

KL (%) . . . .

A x l O " 4 . . .

^ e f

32

0.35
0 0

0.00
0 0

0 0

35

0.37

240

0.42

6.9

12

40

0.41

128

0.78
3.1

11.5

Table 3

50

0.48
82

1.22

2.9

13

60

0.55
78

1.35

4.8

16

70

0.63

80

1.25

10

20

80

0.70
84

1.19
20

25

90

0.77

90

1.11
39

30

100

0.85
99

1.01
77.5
37

significantly different from a Maxwell distribution.
Magnetic radiation is mainly due to the fast electrons
and the relative number of these should therefore be
less than in the equilibrium state. This could, in
turn, lead to a decrease in magnetic radiation losses.
In order to evaluate this effect, let us consider the
following ideal process. Suppose that, as a result
of Coulomb collisions, electrons receive energy from
hot ions at a specified temperature Ti, and then lose
this energy by radiation due to their motion in the
magnetic field. The emitted radiation is not expected
to be self-absorbed by the plasma.

In the stationary case, the kinetic equation for the
electron distribution function /e in a spatially uniform
plasma takes the form t

(25)

where j is the particle flux in velocity space de-
termined by collisions.2 The force due to brems-
strahlung radiation should be substituted into (25)
as the force acting on the electron

(26)

where v ± ±H.

In order to simplify the problem an effective
isotropic force R may be used instead of (26) :

2/O/92/Q/,3\/',4 2«r (C>H\
— ЗД^£ /*3£ jfr̂ C V . \ui )

It can be easily shown that these two expressions
give the same total radiation intensity. Then the
solution of the equation

V,.[(/e/w)R + j] = 0 (28)

will yield a spherically symmetric electron distribution
function /e = /e(|v|), which greatly reduces the
complexity of the mathematical problem. In parti-

t Ed. note : For the collision term coll(f, f) there appears
in the original st(f, / ) , for stolknovitel'nii chlen.

cular, an integral may be immediately obtained from
Eq. (28):

(UHR + j = 0. (29)

In the linear approximation, taking x = mv2/2Te,
the distribution function can be written

\ф\<1, h = (30)

Equation (29) is then transformed into an ordinary
differential equation of the form

{2F'/F - 1/2х)ф"(х) = 0 (31)
where

Finally, (31) may be reduced to the following form

ф(х) ъ oLTi-l* (— 8%5/a/15 + 7.1% + 2.2),

where
ос = 2Н*(Те/тс*)уЗ{2т1)Пптс* (32)

and X is the usual Coulomb logarithm.
Thus we see that the Maxwell distribution is

noticeably distorted starting with x = xCT ~ ос~215.
For instance, for H — 2 x 104 gauss, n = 1014 cm~3

and Te = 50 kev, we obtain

oc = 1/475 for I = 20

ф(х) = — 1 for xc = 20. (33)

We see that the distortion of the equilibrium dis-
tribution is important only at very high energies and
does not lead, according to the calculations, to any
significant decrease in the total magnetic radiation
of the plasma layer. This distortion will prove to be
still smaller if we consider the fact that under actual
conditions the larger part of the magnetic radiation
(as we have already seen) is absorbed by plasma.
This contributes to a tendency toward thermodynamic
equilibrium.

Finally the authors wish to express their gratitude
to M. A. Leontovitch for his valuable suggestions and

Table 4

wxlO-13cm-3 3.9

32

3.6

17

3.1

19

2.5

38

2.1

93

1.8

210

1.6

460

1.4
1030

1.2
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Ti

50

100

200

500

Te Qb

. . . . . 42.3
64.8
86

120

49

35

33

50

в) KL

2 %

3 %

3 %

2 %

Table 5

л

6.3.103

1.2.104

5.104

5.105

9.2

13

21

40

3.9 m
13 m
95 m

2.1 m

n X 10-13

2.7

1.5

0.88

0.4

for discussions of the results of this work. The
authors would also like to express their gratitude to
A. E. Bazhanova, under whose guidance the numerical
calculations in this work were carried out.

REFERENCES

1. B. A. Trubnikov, Dokl. Akad. Nauk USSR, 118, No. 5,
913 (1958).

2. L. D. Landau, JETF, 7, 203 (1937).




