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Cusped Geometries

By J. Berkowitz, K. O. Friedrichs, H. Goertzel, H. Grad, J. Killeen and E. Rubin

INTRODUCTION

We are interested in the containment and thermo-
nuclear possibilities of a large family of stable magneto-
hydrodynamic free-boundary equilibrium configura-
tions. The free boundary is a mathematical idealiza-
tion in which there is a perfectly conducting plasma
containing no magnetic field, separated at an inter-
face (surface current) from a vacuum magnetic field.1

The plasma pressure p is balanced by the magnetic
pressure H2/STT. Although the original motivation
for studying this model was its mathematical simpli-
city, the sharp separation was soon found to oñer
practical advantages in performance provided that
it can be realized experimentally.

It can be shown that any finite plasma configuration
of the free boundary type, bounded by a smooth
interface, is unstable.2 However, there do exist a
large number of absolutely stable configurations
bounded by cusped surfaces. These have been
shown to be stable for arbitrary perturbations, even
of finite amplitude, regardless of which equations are
assumed to govern the plasma motion.2 The basic
two-dimensional prototype is shown in Fig. 1. The
magnetic field is generated by four line currents
alternating in direction, coupled with the plasma sheet
currents which flow in alternate directions on adjacent
segments. There is a one-parameter family of plasmas
of increasing size (Fig. 2) for a given coil configuration.
The shapes can be computed by conformai mapping.
The limiting shape for small dimensions is a hypo-
cycloid, %2/з -f- у/» = constant, and the largest con-
figuration which completely contains the plasma is
given by the equation

- l)K(16/9 - f)-

where a == [(16/9) cos TTS]2, tan в is the slope and s is
the arclength. This equation holds for the portion
of the curve in the upper part of the first quadrant ;
the complete shape is found by symmetry. The shapes
can also be computed numerically for current arrange-
ments more realistic than line currents.

Among the theoretical questions that should be
asked about a given configuration relative to its
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utility as a thermonuclear device are its stability,
rate of loss of particles and of energy, and experi-
mental feasibility. To answer all but the first ques-
tion, the original idealization must be modified to
take into account a continuous transition from plasma
to vacuum. The picture we have in mind is still
that of a thin transition zone of minimum thickness
separating a vacuum (or near vacuum) from an
almost field-free plasma; but, whenever possible, we
shall try to relate this simplified model to the more
general case of completely intermixed plasma and
field. Of special interest for comparison purposes is
the opposite extreme to the free boundary case, viz.,
a plasma of such low density that the plasma currents
have no effect at all on the magnetic field of the exter-
nal coils. One such case is the picket fence 3 (Fig. 3a)
which has the free boundary analogue shown in Fig.
3b. This interface is also explicitly computable using
conformai mapping.

The major advantage of the cusped configuration is
its stability. The chief disadvantage, at least of the
basic geometry of Fig. 1, is the large rate of loss of
particles. One can generalize the magnetic mirror
concept and apply it to the motion of a particle ap-
proaching a cusp even though the magnitude of the
magnetic field does not increase towards the cusp,
but is a constant on the interface. Nevertheless,
because of the extremely large effective mirror ratio
(see the Appendix), it is found that the particle losses
increase rapidly with temperature instead of decreas-
ing as do the conventional mirror losses. For preli-
minary experiments with relatively low temperature
plasmas the cusps are advantageous. At (eventual)
thermonuclear temperatures a crossed field inserted
in the plasma would be very effective in reducing
losses. The prototype, shown in Fig. 4, has a uniform
longitudinal field inside the plasma and a cusped
field outside.

Another possible disadvantage of a cusped geo-
metry is the uneconomical use of the magnetic field
if the plasma is to be compressed. A possibility for
ameliorating this situation is to compress the plasma
from within, cf. Fig. 5. The tunnel created by such
an internal conductor is stable against all deformations.2

More conventionally, field shaping by the use of
appropriately designed conductors and by the use of
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iron in the magnetic circuit can be eñective. This
question of magnetic efficiency is not entirely one-
sided since most of the other proposed configurations
require significant internal magnetic fields in the
plasma to obtain stability.

SUMMARY OF GEOMETRIES

There exists a large variety of three-dimensional
stable cusped configurations suggested by the proto-
types depicted in Figs. 1,36,4 and 5. The spindle shape
of Fig. 6a is obtained by rotating the two-dimensional
shape of Fig. 1 around an axis through two cusps.
The resulting figure has a circular line cusp and two
point cusps. The coil arrangement consists of two
oppositely oriented Helmholtz coils. This three-
dimensional free boundary has been computed
numerically and does not deviate much from the
rotated two-dimensional shape.

By placing a number of spindles (of the type
shown in Fig. 6a) end to end, joining and widening

Figure 1. Field-plasma configuration in a two-dimensional
cusped geometry

the point cusps, we obtain the configuration shown in
Fig. 6b. The infinite periodic limiting case can also
be described as a rotation of Fig. 3b about its longitu-
dinal axis. Fig. 6c is obtained from Fig. 6b by
bending it into a torus. The toroidal shape, Fig. 6d,
is similarly obtained by rotating Fig. 1 about a hori-
zontal axis in its plane; the coil system consists of
four ring currents.

Figure 6e shows how a crossed field might be intro-
duced into systems of the type shown in Figs. 6a or
6b] the field due to the axial wire is allowed to pene-
trate into the plasma. The addition of an axial
surface current (as in a pinch discharge) to Fig. 6b
modifies the shape somewhat; the cross-section mid-
way between two circular cusps (i.e., under the
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Figure 2. Plasma-field configuration in some limiting cases

external coil) becomes narrower. This can become
unstable for a sufficiently large axial current. Speci-
fically, since the interface has negative curvature there
are two asymptotic directions separating directions of
positive and negative curvature.

Instability is reached when the axial current rises
sufficiently to make the total current cross an asymp-
totic direction (see Fig. 7). An axial, pinch-type
current can be introduced in Fig. 1, i.e., a current on
the interface directed into the plane of the figure.
The asymmetric Fig. Sa results. As the axial current
is increased it is likely that a transition will occur
to the configuration shown in Fig. Sb.

PARTICLE LOSSES

Particles can be lost from a system by diffusion
across the magnetic field and, in open-ended systems,
lost along the magnetic field (end losses). The latter
is our concern here. It is illuminating to compare
two extreme cases, collision-dominated mirror losses
and nonadiabatic-dominated cusp losses. We shall
find that there is a continuous transition from one to
the other.

First consider the elementary containment argument4

for the axially symmetric geometries shown in Figs.
9a and 9b. One assumes that the motion is adiabatic,
i.e., the magnetic moment /x is a constant. This is
the ratio of the gyration energy, W±, corresponding
to the component of velocity perpendicular to B, to
the magnitude of B. To good approximation it is
constant if the magnetic field seen by the particle
changes only by a small amount in one gyro oscilla-
tion. The gyration energy increases as the particle
moves toward larger B, but it cannot exceed the
constant values, W, of the total kinetic energy.

Figure 3. Picket fence geometry
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Figure 4 Figure 5

Consequently, reflection occurs when В reaches the
value W/fjL. Furthermore, the guiding center of the
particle is constrained to lie on a fixed flux tube.
This allows us to conclude that successive reflections
will occur at exactly the same value of z (Fig. 9).
All particles with WJW less than a certain critical
value (this defines the loss cone) are instantly lost,
and the others are contained indefinitely. Under the
assumption that the configuration is exactly axially
symmetric, there are two mechanisms which can shift
a particle into the loss cone. These two mechanisms
are caused by collisions and alteration of the magnetic
moment and are independent of each other. Either
mechanism can be dominant; it is even possible for
each one to be dominant for different classes of par-
ticles in a single system. For example, in Fig. 9b,
an orbit can be quite accurately adiabatic for a
particle whose gyro radius is small compared to its
distance from the axis ; the loss mechanism is collisions.
On the other hand, the motion will be strongly
nonadiabatic if the orbit passes close to the origin,
and, for these orbits, collisions can be neglected.
This effect can also be present in Fig. 9a (and it is
always present in Fig. 9b) if the plasma pressure is
comparable to the magnetic pressure near the center
of the machine, thereby reducing the magnetic field
in the center to a relatively low value. More precisely,
we suppose that on the axis the mirror ratio (ratio of
the maximum to minimum value of B) is large. A
particle whose turning point is close to the position
of maximum В will have a very small value of WJW
when it reaches the center of the machine. It can
move a large axial distance in one gyro-period and
therefore be strongly nonadiabatic.

An extreme case of nonadiabaticity is encountered
in the cusped geometry. However, we shall first
describe it in entirely different terms. We start

with the simplest model, viz., with a sharp discon-
tinuity separating field-free plasma from vacuum.
At thermonuclear temperatures the mean free path
is essentially infinite compared to the dimensions of
the apparatus. A particle trajectory consists of
straight lines joined by cycloidal arcs (Fig. 10я);
the limiting case of zero gyro radius is the billiard ball
model, Fig. 10b. In the latter case there are no losses;
every particle is turned back before it reaches the
cusp unless it is on the axis and aimed directly at the
cusp. In the former case, we (tentatively) suppose a
particle to be lost if it reaches the cusp. It is found
that those particles which are aimed close enough
to the cusp axis are lost ; the others are reflected back.
But it is easy to see that the aspect with which a
reflected particle approaches the cusp at the opposite
end of the machine has very little correlation with its
behavior in the first cusp. To good approximation
we may assume that the velocity distribution is
isotropic, i.e., the loss cone is refilled as fast as particles
are removed. This is in fact a general property of any
configuration with a very large mirror ratio. It is
possible to treat the motion of a particle when it is
near a cusp by studying a suitable adiabatic invariant
/x* instead of the magnetic moment ¡л (see the Ap-
pendix). The mirror ratio appropriate to the adia-
batic invariant ¡л* has the order of the square root of
the ratio of the gyro radius to the apparatus dimen-
sion. Although ^* is approximately constant while
the particle is near the cusp, it loses almost all memory
of its initial value in crossing from one cusp to the
next.

The loss rate computed on the basis of an isotropic
velocity distribution 5 is an upper estimate. It is a
good estimate in a strongly nonadiabatic device. In
other cases, the loss rate is governed by the rate at
which particles diffuse into the loss cone by collisions
and by nonadiabaticity.

The precise computation of particle losses is a very
complex problem involving the solution of a self-
consistent field problem for the transition zone be-
tween the plasma and field, the merging of two such
zones at the cusp, and the interaction between these
boundary layers and the space charge surrounding
the plasma. We shall present a sequence of models
of increasing complexity to estimate the loss rate.

Figure 6
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stable

Figure 7

The boundary layer is formed of particles which
belong to the plasma, i.e., which follow orbits as shown
in Fig. 10a, and free particles which spiral nearby
without entering the plasma proper. This combi-
nation produces a certain electromagnetic field which
we must find, at least to some approximation. It can
be shown that the loss rate per unit length of the cusp
is given by

v = I rufdudvdw = <V) I ufdudvdw \4

where f(u,v,w) is the particle velocity distribution
(u is directed toward the cusp) and r(u,v,w) is the
range of a particle (see Fig. 10a), i.e., the distance
travelled in the direction of the cusp in one encounter
with the boundary layer. The length </> can be
interpreted as the width of a " hole " near the cusp
through which particles stream freely.

To start, we ignore the electric field and assume
that the magnetic field jumps discontinuously. The
trajectories can be evaluated explicitly. For an
isotropic, monoenergetic (i.e., fixed speed u2 + v2 + w2

= V2) distribution we compute

<r> = \п\> v = \nnVk, I = mV/eB; (2)

where n is the number density. At a given tempera-
ture, electrons and ions are lost at the same rate; the
electrons move faster, but the "hole" <V> is smaller by
the same factor. This picture must be made self-
consistent with respect to the current and the charge.
The latter is far more important and its effects can
be approximated by recomputing the orbits in the
presence of a constant electric field E whose value is
then adjusted to make the mean penetration depth
of ions and electrons equal (the Debye length is as-
sumed to be small compared to the boundary layer
thickness). The result is, approximately,

U =E/B=

r+> = (9,г/8)(7+/7_) Я+

v+ = (9тг/32) (nV+

2/V_)

V _ = (3)

For deuterons, M/m = (V-/V+)2 ~ 3600, the ion
loss rate is cut down by a factor 35 and the electron
rate increases by only a few per cent. The boundary
layer is now approximately self-consistent, but the
difference in loss rates must be equalized by external
space charge effects. The precise mechanism is vital
since a possible factor 35 is at stake. If the space
charge field does not penetrate into the plasma it
merely accelerates the lost ions but returns electrons
to the plasma, thereby equalizing the net loss rate at
the lower value, v+. The possibility of space charge
penetration into the plasma can only be discussed
realistically if the magnetic field is allowed to per-
meate the plasma. A rough analysis of this problem
yields the result (mainly as a consequence of the very
large mirror ratio) that the equalization occurs almost
entirely by reducing the electron loss rate without
appreciably altering the ion loss rate.

Figure 8

Figure 9

A more serious consideration is the possibility that
some of the electrons which are turned back to the
cusp may miss the cusp and become " free " electrons
as previously described. These electrons will be
trapped in the external space charge field and will
oscillate between cusps in the outer reaches of the
boundary layer, allowing the ion penetration to in-
crease and thereby increasing <V>+ and v+. This
situation can be analyzed to some extent and argu-
ments can be given which indicate that the effect is
not large. However, we merely summarize by
stating that the correct loss rate is somewhere be-
tween the two values, v+ and v_, quoted in (3), with a
fair chance that it will turn out to be closer to the
smaller value. An alternative description is that
the loss rate is proportional to the thickness of the
boundary layer which is somewhere between the
electron and ion gyro radii, but may very well be
closer to the former. The boundary layer thickness
can possibly be controlled experimentally, e.g., as
shown in Fig. 11. An arrangement is shown in which
electrons might be stripped from the outer edges of
the boundary layer.
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(a)

Figure 10

The Maxwell-averaged loss rate, using the more
optimistic value v+ of Eq. (3) is,

O> = (977/640) (nkT/eB). (4)

From this we find the containment time of the spindle
shape in Fig. 6a to be

т = 10-7 {R2H/T) (5)

where т is in seconds, H is in gauss, R is the radius in
cm and T is the temperature in electron volts.
The density is determined by the temperature when
the magnetic pressure equals the gas pressure. For
example, if H = 10,000 gauss, R = 100 cm, T = 10
ev, we have a containment time of one second. In
the thermonuclear range, H = 100,000 gauss, R =
100 cm, T = 10,000 ev yields т = 10 milliseconds.

The general case in which the field and plasma are
intermingled (as in Fig. 9b) is extremely complicated.
The outer layers have a relatively small mirror ratio
and are collision dominated so that the loss rate is
relatively low and electron losses are preferred. There
is possibly an intermediate layer in which the electrons
are adiabatic and the ions are not, since the latter
have larger gyro radii. The loss rate in this layer
could show a preference for either ions or electrons
depending on the parameters. An inner layer might
be nonadiabatically dominated for both ions and
electrons with the electron losses predominating.

The space charge problem is formidable. Whereas
rough estimates of loss rates can still be made, it
would be advisable to look to experiment for guidance.

Next we briefly consider the effect of a crossed
field (see Fig. 4) and first take the case of a sharp
discontinuity in the magnetic field. Computations
involving generalized adiabatic invariants such as
those described in the Appendix have been made to
compute the loss rate through a cusp. The important
point to realize is that this computation (which
yields a lower loss rate than without the crossed
field) applies only to the plasma layer which is within
one gyro radius of the vacuum. The inner particles

potential
difference

suffer no losses at all. More precisely, the losses from
the outer layer can only be replaced by diffusion
across the magnetic field. This considerably lower
loss rate then becomes the dominant one. In the
case of a gradual transition, instead of a discontinuity
of the magnetic field, the situation is, of course, very
complex but the general qualitative features can easily
be ascertained. The mirror reflection argument can
be carried out largely as in the case without the
crossed field. Moreover, the magnetic field never
vanishes and nonadiabatic effects are considerably
reduced.

We can summarize the effect of the crossed field as
follows. In the general case it reduces nonadiabatic
losses to the generally lower level of collisional losses
and, in the sharp boundary case, to the still lower
level of diffusional losses across the magnetic field.

THERMONUCLEAR POSSIBILITIES

For simplicity we consider only the geometry of
Fig. 6a. The state of the plasma is given by three
parameters, e.g., volume, pressure and temperature.
Actually we use the radius R of the circular cusp
section in cm, the magnetic field H in gauss, and the
temperature T in electron volts. The energy loss
through the cusp in watts is then (from Eq. (4))

Pc = 0.08 RTH.

An estimate of the ohmic losses is

Pu = Ю-4 RH*

(6)

(7)

and the thermonuclear output (energy of charged
particles only) for a deuterium-tritium mixture at
20,000 ev is 6

P T = 10-15 RW\ (8)

Clearly, P T can be made to dominate PQ + P& by
making R and Я large (the ratio of bremsstrahlung
losses to thermonuclear power depends on tempera-
ture alone).
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Let us define " breakeven " by the condition Рт =
3(Pc + Pu)- A possible set of breakeven figures is
H = 105, R = 40, Pc = 6 X 109, n ~ 1016 ions/cm3.
The power output would be comparable in size to a
conventional large generating station. We envision
a cycle somewhat as follows. Let S represent the
original energy of the plasma. At some later time (in
this example, about one millisecond) when S has been
reduced by one-half due to cusp losses, the thermo-
nuclear input has reached 3<?/2 bringing the total
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plasma energy to 2 S and the plasma pressure to double
its original value. An adiabatic expansion against the
magnetic field then transfers the amount ¿ into the
generator which supplies the field. The remaining ener-
gy, including the considerably greater energy carried
by the neutrons, could be removed by a heat cycle
of lower efficiency. Of course, these numerical results
should be considered only as representing the correct
order of magnitude.

Л number of points should be mentioned here. One
property of cusp losses is that, in a given device, high
speed particles are lost more quickly and this tends to
deplete the Maxwell tail. In particular, this applies
to the charged reaction products. On the other hand,
the hot reaction products, in modifying the boundary
layer, serve to reduce the loss rate of the original
" cold " plasma and, in particular, of its Maxwell tail.
The use of the optimistic loss rate formula (4) is
probably much more than onset by the gain that
would arise from the use of crossed fields.

Essentially all of the methods of initiating and
heating a plasma can be used in a cusped geometry.
Four parallel discharges alternating in direction might
be set up in a longitudinal magnetic field to initiate
the field configuration shown in Fig. 4; or the coils
in any of the cusped configurations could be pulsed
after preionization or after creation of the plasma by
a shockwave; or the plasma could be inserted in an
already existing vacuum magnetic field of an appro-
priate type by an arrangement of plasma guns. A
particularly intriguing possibility is to pulse the
magnetic field with enough energy to bring the plasma
to thermonuclear temperature. The plasma will
undergo damped oscillations. Although the initial
acceleration would probably be too high to maintain
stability,2 the acceleration would very likely drop to
a stable value within a cycle or so. Other confine-
ment geometries, e.g., the stabilized Дг-pinch, are not
sufficiently stable to allow such violent treatment.
Roughly speaking, in exchange for a high degree of
stability we compromise somewhat in particle losses.

APPENDIX. THE CUSP AS A MIRROR

The theory of adiabatic invariants of a Hamiltonian
which is slowly varying in time can be modified so as
to apply to a Hamiltonian which has an " approxi-
mately ignorable " coordinate. This allows the
containment arguments which have been discussed
to be extended to an axially symmetric system of the
type shown in Fig. 9a, even when the gyro radius is
comparable to the radial dimensions, provided only
that it is small compared to the axial length (z is the
approximately ignorable coordinate). In this case,
the adiabatic invariant /z* is WJa>*, where со* is
the frequency of oscillation of the particle in the
" frozen " or cylindrically symmetric Hamiltonian
(with a truly ignorable coordinate corresponding to
the instantaneous value of z), instead of the magnetic
moment which is WJœ (the gyro frequency a> equals
В except for the constant factor e/m).

Exactly the same remarks apply to two-dimensional
problems. For a particle approaching a line cusp the
frozen Hamiltonian is that of two parallel plates, Fig.
12. With no electric field, a>* has the value

1/ш* = l/œ + dJTT \vL\ , (9)

d is the separation between the plates (which varies
slowly with z) and WL = \mv^. With the adia-
batic invariant /x* = WJœ*, we can analyze the
motion of a particle in either a cusp or a conventional
mirror. The mirror ratio would be the ratio of a>*
at the cusp (viz. œ) to its value elsewhere; for large
d, this ratio is essentially the ratio of the gyro
radius to d/тт. A mirror ratio can be assigned to the
cusp as a whole by estimating at what value d the
particle makes its last encounter with the magnetic
field before crossing over to the next cusp. This
mirror ratio turns out to be of the order of M = \ \la,
where a is the ratio of the mean range <r> to the
length of the apparatus. The corresponding correc-
tion to the loss computation, i.e., the measure of aniso-
tropy of the velocity distribution, is the small number
(1 + In 8M)/8M.

3.
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