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Possibilities of Achieving Fusion Reaction
with а 4ТГ Focusing System

By G. Barsanti, B. Barsella, M. Camerini, U. Federighi, L. Musumeci and N. Talini *

INTRODUCTION

Giiti Iwata and his colleagues proposed г the idea
of a fusion-type nuclear reactor based on the principle
of 4тг focusing by means of an electromagnetic field.
For example, for a primary gas of deuterium ions,
this method would make possible the focusing of the
T+ and H e 3 + ions produced during D-D reactions at
the same point, in such a way as to also use the secon-
dary reactions D-T and D-He3 at this point.

The 4T7 focusing can be obtained at the origin
(0, 0, 0) of an electrical field having a potential
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where k > 0, superimposed on a magnetic field (0, 0,
-B).

The equations of motion of a mass m with charge
-\-e are:

(2)

m

This system was integrated by G. Iwata et al. for the
case of trajectories passing through the origin. By
writing x + iy = и exp (ieBt¡2m), they obtain

Ü = — ((eB/2m)2 — ek\m)u = — (cos)2u (3)

z = (2ek/m) z = — a>2z.

These equations show that the motion of each particle
can be decomposed into simple harmonic motions.

To obtain focusing at the point (u = 0, z = 0), it is
sufficient that s be a rational number. The collisions
which take place at this point do not change the
focusing conditions for the ions, while a suitable
choice of s makes possible the approximate focusing
of several different masses.
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For the moment, we shall disregard the effect of the
space charge and the losses due to collisions in the
vicinity of the origin. We conclude that each particle
is focused an indefinite number of times up to the
time it is absorbed in a nuclear reaction. Accordingly,
if a primary beam is focused at the origin, the ion
density increases until equilibrium between the ions
introduced and those consumed in the reaction is
established.

From the practical standpoint, a number of questions
arise which call for both an experimental and theore-
tical answer. To this end, we have considered the
following points:

(a) The general solutions of system (2) valid for
arbitrary initial conditions. This is necessary for
the consideration of imperfectly focused primary
trajectories, of the effect of collisions in the vicinity
of the origin and of ions produced in the neutral gas
which diffuses into the reaction chamber.

(b) Investigation of the primary ion injection system,
of the density of the ions in the chamber and of the
energy balance as a matter of principle.

(c) The experimental apparatus needed for 4тг
focusing of deuterons and a sketch of a fusion reactor.

GENERAL SOLUTION OF THE EQUATIONS
OF MOTION

We adopt a system of cylindrical coordinates
(0, u, z), the z axis coinciding with the same axis of the
system (2). We can now write the electrical poten-
tial in terms of z and и

V = ±k{-u2 + 2z2)

and Eq. (2) becomes

0 = {c/u)2 + eB/2m

и = (в2 — {еВ/т)в + ek/m)u (4)

z — — (2ek/m)z,
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whose axis is the z axis and whose radius is (2чпс2/еВ)У2.
On this surface 0 = 0.

By substituting the first equation in (4) into the
second, we obtain

Figure 1

in which ¿} is a constant of integration. With the
transformations

ф = 0 — eB¡2m

v = и2,

the first equation of (4) becomes

фу = с2. (5)

In the case where c2 = 0, (5) has the asymptotic
solutions

è=eB/2m

w=O.

The solution и = 0, together with the third equation
of (4), represents a harmonic oscillatory motion along
the z axis, the frequency of which, \n{ek\m)y* is
independent of B, whereas the solution 0 = eB\2m
repiesents the particular case investigated by G.
I wat a and his group. The above solution leads to
the system (3). Generally speaking, с2 ф 0, и is
real and v > 0. This leads us to consider the three
cases illustrated in Fig. 1 and listed below :

(а) c2 > 0, ф > 0 and 0 = eB\2m.

The argument 0 always increases.

(б) c2 < 0, 0 < в < eB\2m.

The argument 0 always increases.

(c) c2 < 0, 0O < 6 < eB\2m with 0O < 0.

The argument 0 alternately increases and decreases.

The direction of motion about the z axis is reversed
when the particle goes through the cylindrical surface

и = са/иг — (œs)2 и, (6)

where с4 > 0 and и > 0, always. Let us assume
(œs)2 > 0 and note that il = 0 when Ф = c4/w2s2

and that u^0 according as W^|C(CDS)""^|. Ac-
cordingly, the acceleration ü is always directed toward
point и = \c(o)s)~y*\ and the motion along the и axis
is oscillatory.

If (œs)2 < 0, that is, if (eB/2m)2 < ek/m then ü > 0
always and, after a certain time, the particle recedes
indefinitely from the origin.

This case is of no practical interest and, consequently,
we must choose parameters В and k so that (eB/2m)2

> ek/m. Equation (6) can be integrated once to
obtain

Ù2 = c*/u2 - {OJSU)2 + 2сг (7)

with сг > 0, and a second time to obtain

u2 = v = [сг

+ [с2 - co2s2c*) sin {ojs{2t + c2)}]/{œs)2. (8)

Since v is real and positive, we have сг

2 ¡> (o>sc2)2and,
therefore, we always have сг > [cx

2 — (cose2)2]1/2.
Examination of Eq. (8) shows two limiting cases.

The first is the case where c4 > 0 and the equation
becomes

v = (c1/^2s2)[l + sin {a>s{2t + ca)}],

which is the particular case we have just seen for
0 = eB\2m. We shall have the extremes of the oscilla-
tion for

и = 0,

и = (2c1)
1/2/cos.

The second case is that where

c2 = (cose2)2.

The projection of the particle's path on the plane
z = 0 is a circle with center at the origin and a constant
radius

и — C(OJS)1^.

Its angular velocity, which is always constant, is

0 = œs + еВ/2пг.

By integrating the first equation in (4), we can write

0 — t a n - 1 ^ 2 + \)У*+р tan {a>s{t + £ c2)}]
+ eBt/2m + c3 (9)

in which ft = ejeose2. Equation (9) together with (8)
gives the parametric equations of the trajectory.

REACTION CHAMBER AND ION INJECTION

The configuration of the electric field given by Eq.
(1) is obtained by means of electrodes whose surfaces
have the form of hyperboloids of revolution about
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Figure 2. Reaction chamber

the axis. The walls of the chamber are the electrodes
themselves (Fig. 2).

For a chamber in which the radius is a and the height
2ay the potentials to be applied to the electrodes are
+ka2 and —ka2/2. If the ion source is placed on
the z axis in the position indicated by S and the
emission energy of the particles is disregarded, then
they reach the origin 0 with energy kea2. During the
oscillatory motion along the z axis there is conse-
quently a probability of collisions with a relative
energy of 2kea2 at this point. Nevertheless, due to
the finite dimensions of the source, to the initial
divergence of the beam, and to the collisions themselves,
the relative energy near the origin will, in fact, be
between 0 and 2kea2.

A rough estimate of the distribution of the particle
density in the chamber may be obtained if some
simplifying assumptions are made. Let us suppose
that the ion beam oscillating along the axis has a cross
section 2(#).

The mean density at the corresponding height is

rbjTTj^j \Zj yU/ Z ) у \ ^ /

where n is the total number of the ions present in the
chamber at a given moment and œ — i^Lek/m)^.

The parameters k and В of the magnetic field should
be chosen in such a way as to have

s = [(eB2/8km) — £]** = 2 q,

where q is a positive integer. The emission energy of
the ions from the source is neglected. Given these
conditions, the cross section of the beam in the vicinity
of the origin is approximately equal to the area of the
emitting surface of the source itself. This means
2(0) = 2 ( a ) . Then we shall find, at the origin,
p a v (0) = n/iraZ{a).

Under steady state conditions, the number n is a
result of the balance between the ions produced by the
source, the ions produced by ionization of the neutral
gas in the chamber, the ions used in the nuclear
reactions and those which are lost. The number of
ions consumed per unit time and unit volume during
the nuclear reaction is dependent on the density, on
the effective cross section and on the energy. For an

accurate computation we should have to allow for
several factors which influence the density distribution.
These factors are essentially related to the presence
of many ions (Coulomb diffusion, etc.) which may
interact at the origin while diffusing in such a way as to
destroy the density distribution of the primary beam.
This may cause an increased isotropy of the ions at
the origin. This distribution then would become a
certain p{x). The expression for N, the total
number of reactions per unit time, would then become

)1 Г \ J \ \ J / a V • \ /

where a(v) is the reaction cross-section, v the velocity
of the ions and <(<7(v)^av the mean value in the sphere.
Let us assume that radius r of the source is small.
The mean density, as given in Eq. (10), is uniform
over a sphere whose center is at the origin and the
maximum cross section is equal to 2 (a) = ттг2. Inside
this sphere, the number of reactions per unit time is

N = f 77 *V(0)<c7(v)v>av. (12)

We disregard reactions taking place outside the
sphere.

The power developed would be EN, E being the
energy developed in each fusion reaction. In the
case of deuterium, let us assume that reactions D(d, n)
He3 and D (d, p) T are equally probable. The number
of neutrons produced in unit time would then be N/2.
1 If, on the contrary, we assume that focus at the
origin is not perfect and the distribution of ions leaving
this point with energy eka2 is isotropic, then the func-
tion p(x) has a spherical symmetry and is given by

p{x) = 3/4ir(A* + 3A2x + 3Ax2)-\ (13)

where

A == (a2 — х2)Уг sin тт/п — x (I — cos тг/п).

If n is very large and x is sufficiently small compared
to a, we have

A = {тт/п){а2- %2)Ук

From this we obtain

p(0) =

EXPERIMENTAL APPARATUS

(14)

It is convenient, for practical considerations, to
distinguish two possibilities: (a) we provide for the
use of the products (T and He3) of the primary reac-
tion, (b) we only follow the D-D reaction.

In case (a), the nuclei T and He 3 which are produced
close to the origin with energies of about one Mev must
reach regions where the potential is of the order of
106 volts in order to be focused at this point. This
potential represents the minimum voltage that is to
be applied to the positive electrodes. Disregarding
practical limitations, the dimensions of the chamber
are arbitrary. However, we must note the analytical
condition 4km < eB2. We specify a value of В
which is technically feasible and this sets an upper
limit for k. Accordingly, since a = {Vz/k)1^, we
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shall have a lower limit for a. This value determines model may give very useful information on the actual
the size of the apparatus. possibility of operating a type (a) reactor.

Case (b) is limited to the focusing of deuterium
ions only and is of interest, in the main, for experi-
mental purposes. The value of Vz may be considerably REFERENCES
reduced, as long as we still have a large enough cross г G M i y a m o t o , G. iwata, S. Mori and K. Inoue, J. Phys.
section to permit the D-D reaction to occur.3 The Soc. Japan, 72, 438 (1957).
value of a will therefore be reduced and with it the 2. G. Iwata, Progr. Theoret. Phys., 8, 183 (1952).
dimensions of the apparatus. The building of this 3. W. Arnold et al., Phys. Rev., 93, 483 (1954).




