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abstract. Active control of the resistive wall mode has been considered as an alternative way, besides
passive control by plasma rotation, to stabilize the mode in advanced scenarios in ITER. We show that
a significant improvement of the feedback system is achievable by optimizing the detection system,
without changing the active coil system in the design. Both analytical theory in cylindrical geometry,
and toroidal calculations for ITER equilibria, show that the resistive wall mode can be stabilized for
plasma pressures close to the ideal-wall beta limit, using the new technique with even radial sensors.
This high plasma pressure is stabilized with the feedback coils outside the vacuum vessel, as in the
nominal ITER design.

1. Introduction
Advanced tokamak scenarios, such as the ITER Scenario-4 [1], may suffer from global ideal MHD in-
stabilities - the low-n (n is the toroidal mode number), non-axisymmetric resistive wall modes (RWM),
which limit the operational space in terms of achievable plasma pressures under steady state operation.
The RWM becomes unstable as soon as the normalized plasma pressure βN ≡ β(%)a(m)B0(T )/Ip(MA)
exceeds the Troyon no-wall limit βno−wall

N [2]. Here β is the ratio of the volume-averaged plasma ki-
netic pressure to the magnetic pressure, B0 is the toroidal magnetic field at the plasma center, and Ip
is the total plasma current. It is highly desirable to stabilize the RWM in ITER, especially the n = 1
mode that gives the most severe pressure limit for the Scenario-4. We consider here the possibility
of stabilization of the RWM using active control, which has been extensively studied recently in both
theory [3, 4, 5, 6, 7] and experiments [8, 9, 10, 11, 12].

A recent work [13] on the vertical stability control (the n = 0 RWM control) has suggested an idea
of using a combined sensor signal, measured at various poloidal locations, as one way to improve the
feedback system. A key element in this idea is to use as many sensor signals as possible, in order to
extract maximally the response from the full system unstable mode. In this work, we apply the similar
idea to improve the n = 1 RWM control in ITER. We describe the basic idea here by considering a
standard state-space description of the linear system for the RWM control with a controller K

ẋp = Apxp + Bpu,

y = Cpxp + Dpu,

u = −Ky,
where xp is a vector of physical variables representing the state of the system, normally the currents or
fields from the plasma and the resistive wall. For the RWM control, the control signal u is considered
to be the current in the active coils. The sensor signal y represents the magnetic field or flux through
the pick-up coils. Ap,Bp,Cp,Dp are matrices of appropriate dimensions.

Typically the matrix Ap has a single unstable eigenvalue γ0 > 0, with all the other eigenvalues being
stable. It is possible to find a matrix T that orthogonalizes the state variables x p = T x, with x = [x0 xs],
such that x0 is the state corresponding to the unstable eigenvalue γ0, and xs is a vector of all state
variables corresponding to the stable eigenvalues of Ap. Thus, we can re-write the state-space equations
as [

ẋ0
ẋs

]
=

[
γ0 0
0 As

][
x0
xs

]
+

[
b0
bs

]
u.



2 IT/P1-13

From the new state-space description, it is clear that the best control is u = −Kx0. This is an “ideal”
situation, where we assume that the sensor signal is purely the unstable state variable x0. In this case
we need only a proportional gain K = Kp to stabilize the system. Due to the orthogonalization, this
feedback system will not destabilize the stable states xs.

In practice, in order to reach as close as possible the “ideal” situation, we try to find the best combination
of the output signals y which estimates x0. In other words, we look for the best sensor signal that
corresponds to the response purely from the unstable RWM. We achieve this by measuring the radial
or poloidal component of the magnetic fields at a few poloidal locations around the torus, and find the
best linear combination of these fields, such that the response from parasitic (i.e. stable) poles cancel
each other or at least minimized.

In this paper, we follow this approach based on the frequency response. The best plasma response is
described by a single pole transfer function

P(s)≡ Ψs

Ms f I f
=

R
s− γ0

, γ0 > 0, (1)

where s is the Laplace variable. Ψs is the magnetic flux or field through the sensor loop. Ms f is the
mutual inductance between the active and the sensor coils in free space. I f is the total current in the
active coils. R is the residue that describes how the unstable RWM, with an initial growth rate γ0,
responds to the currents in the active coils.

In practice, for a given sensor location, the response function P(s), describing the dynamics of an unsta-
ble plasma, is normally a transfer function containing a few poles, with a single one being unstable. Our
goal is to make a linear combination of transfer functions, constructed for different poloidal locations
of sensors, as close as possible to (1).

For simplicity, we consider the so-called current control with ideal power supplies. We also neglect the
effect of plasma rotation. The same technique applies while including non-ideal effects, voltage control
and plasma rotation.

2. Sensor optimization in cylindrical geometry
2.1. Formulations
In [5, 14], we analytically constructed transfer functions
for the plasma response, for a cylindrical plasma with
circular cross-section and a step-function current den-
sity profile. The plasma response can be written as

P(s) = ∑
m

Mm(s) fm exp(− jmθs),

where fm = msin(mθ f )(r2
w + r2

f −
2rwr f cosθ f )/(2|m|r2

f sinθ f ) is a geometrical cou-
pling factor between the active coil and the mid-plane
sensor, θ f is half of the poloidal coverage by the active
coil, θs is the poloidal angle of the (pointwise) sensor
location. The geometry of the feedback system is
shown in Fig. 1. The function Mm(s) contains a single
pole γm, and is computed for each individual Fourier
harmonic m, for both external and internal active coils,
as well as for radial and poloidal sensors [14]. A
good convergence is obtained by including Fourier
harmonics from m = −40 to 40, of which only one
mode, m = m0 (m0 = 3 in this study), is unstable.
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FIG.1. Geometry of the RWM control in a
cylinder, using multiple sensors. The feed-
back system consists of one set of active coils
along the poloidal angle, with a poloidal cov-
erage 2θ f , and three sets of (pointwise) sen-
sors on the wall, located at poloidal angles
θs,0, and −θs, respectively.

For a cylindrical equilibrium, the instability (γm0 > 0) is driven by the plasma current, and determined
by the choice of the safety factor at the plasma center, q0. We choose q0 such that the growth rate
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γm0 matches that for a typical toroidal plasma, with a given scaling factor for the plasma pressure
Cβ ≡ (βN − βno−wall

N )/(βideal−wall
N − βno−wall

N ). This way, we interpret instability of the RWM for the
cylindrical case, in terms of the equivalent Cβ.

The transfer functions, for sensors located at the mid-plane, above the mid-plane (“upper sensors”),
and below the mid-plane (“lower sensors”), respectively, can be written as

PM(s) = ∑
m

RM
m

s− γm
, PU(s) = ∑

m

RU
m

s− γm
, PL(s) = ∑

m

RL
m

s− γm
,

where RU
m = RM

m exp(− jmθs),RL
m = RM

m exp( jmθs). A linear combination of sensor signals ψs =CUψU
s +

ψM
s +CLψL

s yields a transfer function P(s) = CU PU(s) + PM(s) +CLPL(s). We note that in the case of
many poles in transfer functions, as in the cylindrical case (80 poles in total in each transfer function),
an exact cancellation of the contribution from all stable poles is not possible anymore by combining
three sensors.

In order to find an optimal combination of sensor signals, we minimize the contribution from all para-
sitic (stable) poles m 6= m0, for a bandwidth of real frequencies ω(s = jω),

min
{CU ,CL}

F ≡




Z

w(ω)

∣∣∣∣∣ ∑
m6=m0

CU RU
m + RM

m +CLRL
m

jω− γm

∣∣∣∣∣

2

dω





1/2

, (2)

where the weighting factor w(ω) is normally chosen to emphasize the low frequency contributions.
The optimization results are not very sensitive to the choice of w(ω).

As the figure of merit, we define a “pollution factor” p. f . ≡ F/F0, where F0 is similar to F , but in-
cluding the contribution from the unstable pole as well. The pollution factor measures the contribution
from all parasitic poles to the total sensor signal. A small value of p. f . indicates a better detection of
the response purely from the unstable pole.

2.2. Optimization results
The cylindrical theory allows an easy investigation
of the sensor optimization for various choices of
model parameters, including the wall radius rw, the
radius of the active coils r f , the poloidal coverage of
the active coils 2θ f , the poloidal location of the sen-
sor coils θs, the RWM instability parameter Cβ, as
well as the sensor types. In this study, we fix the wall
distance at rw = 1.3a, where a is the plasma minor
radius. We consider active coils located either out-
side (r f = 1.5a, external coils) or inside (r f = 1.25a,
internal coils) the resistive wall. We fix θ f = 0.2π,
and vary both θs and Cβ. We carry out the opti-
mization for both radial and internal poloidal sensors
(poloidal sensors located on the inner side of the re-
sistive wall). We do not consider poloidal sensors
located outside the wall (external poloidal sensors),
because these are much worse than the internal ones
[5], due to the poloidal field jump caused by eddy
currents in the wall. Since the radial component of
the magnetic field is continous across a (thin) wall,
radial sensors can be located just inside or just out-
side the wall.
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FIG.2. Transfer functions P( jω) from cylindri-
cal theory, plotted in the complex plane for real
frequencies −∞ < ω < +∞, for (a) - upper ra-
dial sensors, (b) - mid-plane radial sensors, (c) -
lower radial sensors, and (d) - the optimal linear
combination of radial sensors. Solid lines cor-
respond to ω > 0, and dashed lines correspond
to ω < 0. Other parameters are chosen as r f =
1.5a,rw = 1.3a,θ f = 0.2π,θs = 0.15π,Cβ = 0.5.
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As the first example, Fig. 2 shows the results, in terms of the Nyquist plots for transfer functions, with
external coils and radial sensors, for Cβ = 0.5 and θs = 0.15π. A Nyquist plot of the transfer function
P(s) is the complex plot of P( jω) for real frequencies ω. If the open-loop transfer function P(s) has
only one unstable pole, the Cauchy principle of phase variation states that, the closed loop, with a
stable controller K(s), is stable if and only if the corresponding Nyquist curve K( jω)P( jω) encircles
-1 once in the counter clock-wise direction, as the frequency ω varies from −∞ to +∞. For the transfer
functions shown in Fig. 2(a-c), for upper, lower, and mid-plane sensors, respectively, it can be verified
that any standard stable controllers with proportional, derivative, and integral actions (PID-controllers)
can not stabilize the mode. However, the linear combination of three sensor signals (i.e. the linear
combination of three transfer functions shown in (a-c)), as a result of solving the optimization problem
(2), yields a transfer function that can easily be stabilized by a proportional controller, with the gain
slightly larger than 1 for a marginal stability (a good control with a sufficient stability margin requires
a gain of about 2), as shown by Fig. 2(d). [In this study, the feedback gain is defined as −Ψvac

s /Ψs,
where Ψvac

s ≡ Ms f I f is the radial sensor signal due to the vacuum field produced by active coils, Ψs
is the (total) sensor signal in the presence of the plasma and wall. The characteristic equation for the
closed loop is 1 + K(s)P(s) = 0.] Thus we obtain a qualitative improvement for the mode control, by
combining the radial sensors in an optimal manner. In contrary, we find only quantitative improvement
for internal poloidal sensors, because the mid-plane poloidal sensors alone also allow stabilization of
the mode using a proportional controller.

The results in Fig. 2 are better understood by comparing the amplitude of sensor signals for the mid-
plane sensor and the optimally combined sensor. In the rest of this study, we always choose the mid-
plane sensor as a reference while evaluating the performance of the optimal one. The reason is that the
outboard mid-plane sensor gives a better detection of the plasma response than sensors at other poloidal
locations, thanks to the ballooning nature of the high-pressure driven RWM in a torus.

For the optimal combination of sensors, we find that
the parasitic contribution is reduced by more than
two orders of magnitude, compared with the mid-
plane snesors, without reducing the total signal. This
yields a transfer function close to the single pole ap-
proximation, and the corresponding Nyquist curve is
close to a circle as shown in Fig. 2(d). Similar re-
sults are obtained for other choices of parameters for
Cβ and θs. We find that a qualitative improvement
is achieved, as the pollution factor is reduced from
the order of 1 to the order of 0.1. An easy way to
illustrate the qualitative improvement of control for
radial sensors, is to compare the maximal achievable
Cβ for various choices of sensor configurations. Fig-
ure 3 shows the minimum proportional gain required
for stabilization of the mode, using mid-plane sen-
sors and optimal sensors, for various choices of θs.
The maximal achievable Cβ are about 1.0, 0.9, 0.78,
for θs = 0.15π,0.2π,0.3π, respectively. This is sig-
nificantly better than the mid-plane radial sensors,
which stabilize the mode only for Cβ up to 0.1.
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FIG.3. Critical proportional gains for a
marginal stabilization of the RWM versus Cβ,
for mid-plane radial sensors (dashed line) and
optimal radial sensors (solid lines) with vari-
ous choices of off-mid-plane sensor locations θs.
Shown for a cylindrical case with r f = 1.5a,rw =
1.3a,θ f = 0.2π.

We find that the optimal coefficients from the optimization depends strongly on the choice of θs. How-
ever, for a given θs, the dependence on Cβ is rather weak, which is a good property for the purpose
of robust control against the plasma pressure. The sensitive dependence of the optimal solution on θs
should not be a significant issue in practice, since the coil configuration is already fixed in the design
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phase.

We also made the sensor optimization for internal poloidal sensors. The results are similar to that
of radial sensors, except the following. (1) The sensor optimization yields rather quantitative, than
qualitative, improvement of the control for poloidal sensors. By quantitative improvement, we mean
that the system parameters have changed, but the fundamental ability to stabilize has not changed. By
qualitative improvement, we mean that the system parameters have changed in such a way as to go
from non-stabilizable to stabilizable. An internal poloidal sensor, located at the outboard mid-plane,
already gives stabilization of the RWM for high plasma pressures, thanks to the fact that the parasitic
contribution of the stable poles is already small compared to the total sensor signal. (2) The values of
optimal coefficient CU are less clustered with increasing Cβ.

Finally, we note that the same technique also works for internal active coils (r f = 1.25a < rw), as
should be expected. A reduction of p. f . from order 1 to below order 0.1 is again achieved, resulting in
a qualitative improvement of the mode control using radial sensors.

3. Sensor optimization in ITER
3.1. Equilibrium and feedback configuration
Figure 4 shows the geometry of the RWM control
using the proposed scheme, for an ITER steady state
scenario (Scenario-4). This scenario has weak neg-
ative magnetic shear and a highly shaped plasma,
with the designed total plasma current 9MA, and
340MW fusion power production at Q = 5 [1].
The target plasma is marginally unstable, with Cβ
about 0.1. We model the ITER double wall and
the plasma facing component (the blanket modules)
as axisymmetric thin shells. The active coils are
super-conducting side correction saddle coils from
the present ITER design. Three sets of radial sen-
sors are located on the inner wall, at three poloidal
angles as shown in the figure.

We scale the plasma pressure from the ITER tar-
get equilibrium, in order to obtain a full range of
beta from the no-wall to the ideal-wall limits, while
keeping the total plasma current at 9MA. Using the
MHD stability code MARS-F [3], we computed the
no-wall βN limit, for marginal stability of the n = 1
external ideal kink, as 2.45, and the ideal-wall limit
as 3.65 (assuming the ITER inner wall as ideal) [15].
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FIG.4. Geometry of the feedback system for
the RWM control in ITER. The ITER double
wall and the plasma facing component (the
blanket) are modeled by thin shells, with the
equivalent field penetration time correspond-
ing to the ITER design. The active coils model
the side correction saddle coils. The poloidal
location for three sets of sensor coils (’o’) are
fixed in this study.

3.2. Robust design
Contrary to the cylindrical case, where we optimize the linear combination of sensor signals for each
individual Cβ, for the ITER toroidal equilibria, we try to find a linear combination of sensor sig-
nals, that gives the best control for all plasma pressures up to the ideal-wall limit. We call this a
robust design (robust against the plasma pressure). [We mention that the individual optimization
in a cylinder shows that the optimal coefficients in the linear combinations are not sensitive to the
variation of Cβ.] We choose 7 equilibria, with a successive increase of the plasma pressure: Cβ =
0.10,0.22,0.35,0.47,0.60,0.73,0.86. We consider only radial sensors for two reasons:- (i) our previ-
ous study [15] has shown that a single set of internal poloidal sensors, located at the outboard mid-plane
of the torus, is capable of stabilizing the mode for plasma pressures close to the ideal-wall limit; (ii) the
cylindrical results from Section 2 indicate that only a quantitative improvement is achieved for poloidal
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sensors using this optimization technique, whereas the improvement is qualitative for radial sensors.

Let us denote the transfer function for the sensor q at pressure C(k)
β as

Pq
k (s) =

M

∑
m=0

Rq
km

s− γkm
, q = 1, · · ·Q; k = 1, · · ·7.

We assume the sensor q = Q is the “main” sensor (the mid-plane one in this study, with Q=3). We
also assume that the pole m = 0 is the unstable one (γk0 > 0,γk,m>0 < 0). As before [15], we find that
three-pole (i.e. M = 2) rational functions yield good approximations for all transfer functions {Pq

k (s)}.
We computed all the poles {γkm} and residues {Rq

km} as the basis for the sensor optimization.

We then look for a set of coefficients {Cq,CQ = 1}, that are independent of the plasma pressure, and
give “optimal” transfer functions Pk(s) = ∑Q

q=1CqPq
k (s) for all plasma pressures C(k)

β .

For a robust design, we specify the goal function for the optimization as a weighted sum of pollution
factors, defined in the same way as for the cylindrical theory, for all chosen plasma pressures

min
{Cq}

∑
k

wc
k p. f .(k), (3)

where the weighting factors are chosen as

wc
k = 1, ws(ω) = ∑

k
wc

k

∣∣∣∣∣
M

∑
m=1

RQ
km

jω− γkm

∣∣∣∣∣

2

.

Note that had we optimized {Cq} for each individual plasma pressure C(k)
β , we always obtained an exact

cancellation of the parasitic contributions, as illustrated in introduction. Therefore, the pollution factor
always vanished.

3.3. Optimization results
We carried out the sensor optimization for the ITER
plasma according to (3), based on three-pole trans-
fer functions computed for all radial sensors and all
plasma pressures. Figure 5 shows the pollution fac-
tors versus the plasma pressure, for both the mid-
plane sensors and the optimal sensors. A reduc-
tion of the pollution factors, generally by a factor
of 5, is achieved. With the optimal combination,
the pollution factor is less than 0.36 for all pres-
sures. This quantitative reduction results in a quali-
tative improvement of the control, as will be shown
by Fig. 8. We emphasize here that a single, opti-
mal combination works for all plasma pressures up
to Cβ = 0.86, indicating a robust design is possi-
ble. A close examination of the results reveals that
the choice of optimal CU and CL is mainly deter-
mined by the plasma response at the highest pressure
Cβ = 0.86. Inversely, we find that an optimal com-
bination that works for a high plasma pressure, also
generally works for lower pressures. This is identi-
cal to the modelled and observed behaviour of n=0
stabilization.
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FIG.5. Comparison of the pollution fac-
tors for the mid-plane radial sensors (dashed
line) and the optimal combination of radial
sensors (solid line) in ITER. The optimiza-
tion is made for all plasma pressures Cβ =
0.10,0.22,0.35,0.47,0.60,0.73,0.86, resulting
in optimal values for the coefficients CU =−1.2
(upper sensors) and CL = −1.51− 0.65 j (lower
sensors). The coefficient for the mid-plane sensor
is fixed at CM = 1.
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FIG.8. Comparisons of critical proportional
gains, required for a marginal stabilization of the
n = 1 RWM in ITER, versus Cβ, for mid-plane
radial sensors (dashed line) and the optimal lin-
ear combination of radial sensors (solid lines) at
three poloidal locations.

We investigated how sensitive the departure from the optimum affects the results. Figure 6 shows a
contour plot of the maximal pollution factor in the complex plane for CU ≡C1 (the coefficient for the
upper sensor). The coefficient for the lower sensor CL ≡C2 is determined by an ad hoc chosen linear
relation to CU . A slight variation of the coefficient CU around the optimum does not yield a significant
increase of the pollution factor, for all pressures.

Figure 7 shows the Nyquist plots of the trans-
fer functions for various plasma pressures, for
mid-plane radial sensors, and the optimal linear
combinations of three radial sensors as the result
of the robust design. At lower pressures (Fig.
7(a-b)), the stability criterion determines that, us-
ing radial mid-plane sensors (curves “1”) stabi-
lizes the n = 1 RWM with large enough propor-
tional feedback gains. The optimization of radial
sensors (curves “2”) improves the mode control
quantitatively by reducing the critical gains. At
higher pressures (Fig. 7(c-d)), radial mid-plane
sensors do not allow stabilization of the mode
with any stable PID controllers. However, opti-
mized combinations of radial sensors allow stabi-
lization with large enough proportional gains, re-
sulting in a qualitative improvement of the mode
control. We also notice that the optimized sensor
signals (the amplitude of the transfer functions)
become smaller with increasing Cβ. As a conse-
quence, we need more proportional gain to stabi-
lize the mode, as the plasma pressure increases.
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FIG.7. Comparisons of transfer functions for mid-
plane radial (labeled “1”) and optimal radial sen-
sors (labeled “2”) in ITER, plotted in the complex
plane for real frequencies −∞ < ω < +∞, for var-
ious plasma pressures (a) - Cβ = 0.10, (b) - Cβ =
0.22, (c) - Cβ = 0.47, (d) - Cβ = 0.73. Solid lines
correspond to ω > 0, and dashed lines correspond
to ω< 0.

Summarizing the optimization results for all chosen pressures for ITER, we plot the critical proportional
gain versus Cβ in Fig. 8. With mid-plane sensors only (dashed line), the mode stabilization is possible
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for Cβ up to about 0.4, whereas the optimal combination of radial sensors expands the stabilization
boundary up to Cβ ' 0.9.

We mention that similar results have also been obtained by studying other toroidal plasmas than ITER.
In this study, we try to find a robust solution for the sensor optimization. However, even better results
(in terms of the maximum achievable Cβ and the control performance) can be achieved by performing
the optimization for each plasma pressure individually. We also considered sensor optimization using
five sets of radial sensors along the poloidal angle. The additional benefit, compared with that from
three sets of sensors, is not significant.

4. Conclusions
Both toroidal calculations and cylindrical theory show, that significant improvement of the RWM con-
trol can be achieved, by choosing an optimal linear combination of sensor signals at different poloidal
locations. This technique works for both radial and poloidal sensors, with both external and internal
active coils. The improvement for radial sensors is qualitative. With optimal choice of linear combi-
nations, stabilization of RWM up to ideal wall beta limit, using only proportional gains, is possible
with radial sensors. For the advanced scenario in ITER, a robust design for feedback stabilization of
the n = 1 RWM is possible, using an optimal linear combination of radial sensors. A single set of
optimally chosen coefficients in the linear combination works for all plasma pressures up to Cβ = 0.86.
These results are obtained for active coils outside the ITER vacuum vessel.
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