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Abstract:

A theory has been developed to predict the error-field penetration threshold in low den-
sity, ohmically heated, tokamak plasmas. The response of the plasma in the vicinity of
the resonant surface to the applied error-field is calculated using nonlinear drift-MHD
(magnetohydrodynamical) magnetic island theory. Error-field penetration, and subsequent
locked mode formation, is triggered once the destabilizing effect of the resonant harmonic
of the error-field overcomes the stabilizing effect of the ion polarization current (caused by
the propagation of the error-field-induced island chain in the local ion fluid frame). The
predicted scaling of the error-field penetration threshold with engineering parameters is
(br/BT )crit ∼ ne B

−1.8

T
R−0.25

0
, where br is the resonant harmonic of the vacuum radial

error-field at the resonant surface, BT the toroidal magnetic field-strength, ne the electron
number density at the resonant surface, and R0 the major radius of the plasma.

Tokamak plasmas are highly sensitive to error-fields, which can drive magnetic re-
connection in an otherwise tearing-stable plasma, giving rise to the formation of locked
(i.e., non-rotating) magnetic island chains at (internal) resonant magnetic flux-surfaces.
Such chains, which are generally known as locked modes, severely degrade global energy
confinement, and often trigger major disruptions. Fortunately, the (highly sub-Alfvénic)
toroidal rotation that occurs naturally in all tokamak plasmas affords them some level of
protection against locked mode formation. To be more exact, rotation induces localized
shielding currents at the various resonant surfaces within the plasma, and these currents
suppress error-field driven magnetic reconnection. Unfortunately, the residual magnetic
reconnection at the resonant surfaces produces a toroidal electromagnetic locking torque
that slows the plasma rotation. Moreover, the rotation is suddenly arrested once the
error-field amplitude exceeds a certain critical value, permitting locked mode formation
to proceed without further hinderance. This scenario is generally referred to as error-field
penetration. The critical resonant error-field amplitude required to trigger penetration
can be as small as 10−4 of the equilibrium toroidal field-strength.

Error-field penetration in low density, ohmically heated, startup plasmas often leads
to unacceptable limitations on the available operating space in tokamak experiments.
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The scaling of the error-field penetration threshold with engineering parameters in such
plasmas (at fixed shape and q95) is conventionally expressed in the form

(

br
BT

)

crit

∼ nαn

e B αB

T RαR

0
, (1)

where br is the resonant harmonic (usually, the 2,1 harmonic) of the vacuum radial error-
field at the associated resonant surface, BT is the toroidal magnetic field-strength, ne

is the electron number density at the resonant surface, and R0 is the plasma major
radius. Empirical scaling studies performed on the COMPASS-D, TEXTOR, ALCATOR
C-MOD, DIII-D, and JET tokamaks [1, 2, 3, 4] have established that αn ≃ 1, and that αB

ranges between −2.9 and −0.6. The former value for αB was derived from COMPASS-D
data [1], and the latter from ALCATOR C-MOD data [3]. Data from DIII-D and JET
yields αB values of −1.0 and −1.2, respectively [1]. The exponent αR cannot be directly
measured, but is inferred from dimensionless scaling arguments to take the value αR =
2αn+1.25αB [1]. It follows that αR lies in the range −1.6 to 1.25. The only aspect of the
scaling with engineering parameters upon which data from all experiments is in agreement
is that the scaling with the density is approximately linear. The considerable uncertainty
in the value of αB (and, hence, in the value of αR) leads to similar uncertainty in the
predicted error-field penetration threshold for ITER. Indeed, extrapolation from JET to
ITER yields estimates for the ITER penetration threshold ranging from (br/BT )crit =
1.3×10−5 to (br/BT )crit = 2.7×10−4. The proposed ITER error-field correction system is
designed to reduce resonant error-field levels down to br/BT ≃ 5×10−5. Such a system is
sufficient to prevent locked mode formation in ohmically heated plasmas according to the
most optimistic estimate (i.e., the latter estimate) for the ITER penetration threshold, but
not according to the most pessimistic. Clearly, it is desirable to reduce the uncertainty in
these estimates. One way of achieving this goal would be to derive a plausible theoretical
model that is consistent with the available experimental data. Unfortunately, this has
proved to be a difficult task.

The original model of Fitzpatrick (1993) [5, 6] is based on the idea that, prior to
locked mode formation, error-field driven reconnection is suppressed to such an extent
that the response of the plasma in the vicinity of the resonant surface to the applied
error-field can be determined from linear resistive-MHD (magnetohydrodynamical) layer
theory. Moreover, in this model, the electromagnetic locking torque due to the error-field
is balanced by a viscous torque due to anomalous perpendicular momentum transport.
The scaling of the error-field penetration threshold predicted by the Fitzpatrick model
(in the so-called visco-resistive regime) takes the form

(

br
BT

)

crit

∼ β −1/6 ν 1/6
∗

ρ 4/3
∗

∼ T
1/6
i B −1

T R
−7/6
0

∼ B
−13/15
T R

−13/12
0

. (2)

Here, the first scaling is in terms of the standard dimensionless parameters, β (the ratio
of the plasma thermal energy density to the magnetic energy density), ν∗ (the ratio of the
electron collision frequency to the electron transit frequency), and ρ∗ (the ratio of the ion
sound radius to the plasma major radius). Moreover, in deriving this scaling, it is assumed
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that the momentum confinement timescale scales like the energy confinement timescale,
and that the plasma heating is purely ohmic. The second scaling is in terms of the physics
parameters, ne, Ti (the ion temperature at the resonant surface), BT , and R0, and is de-

rived from the first scaling using β ∼ ne Ti/B
2

T , ν∗ ∼ ne R0/T
2

i , and ρ∗ ∼ T
1/2
i /R0BT .

The final scaling is in terms of the engineering parameters, ne, BT , and R0, and is de-
rived from the second scaling on the assumption that ν∗ ∼ β ρ

2/3
∗ , which implies the

dimensionally-consistent neo-ALCATOR-like temperature scaling Ti ∼ B
4/5
T R

1/2
0

. Unfor-
tunately, the scaling of the penetration threshold with engineering parameters predicted
by the Fitzpatrick model exhibits no dependence on the density, and is, therefore, com-
pletely inconsistent with the previously discussed experimental data.

The model of Cole & Fitzpatrick (2006) [7] is similar to that of Fitzpatrick, except
that the response of the plasma in the vicinity of the resonant surface to the applied error-
field is calculated from linear drift-MHD layer theory. This is appropriate in situations
in which the linear layer width is less than the ion sound radius (i.e., the ion gyroradius
calculated with the electron temperature). The scaling of the error-field penetration
threshold predicted by the Cole & Fitzpatrick model (in the so-called first semi-collisional
regime) is

(

br
BT

)
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∼ ν 1/4
∗
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. (3)

(The three different scalings have the same interpretation as before.) It can be seen
that the predicted scaling with engineering parameters is an improvement on that of the
Fitzpatrick model, since it does, at least, exhibit some density dependence. Unfortunately,
this dependence is far too weak to account for the experimental data.

The model of Cole, Hegna & Callen (2008) [8] is similar to that of Cole & Fitzpatrick,
except that the viscous torque which opposes locked mode formation is due to a combi-
nation of anomalous perpendicular ion viscosity and neoclassical toroidal flow damping
induced by the non-axisymmetric harmonics of the error-field. This is appropriate in sit-
uations in which the flow damping is sufficiently strong to relax the ion toroidal velocity
in the vicinity of the resonant surface to a fixed value determined by neoclassical theory.
The scaling of the error-field penetration threshold predicted by the Cole, Hegna & Callen
model (in the first semi-collisional layer response regime, and the so-called 1/ν toroidal
flow damping regime) takes the form

(
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BT

)
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. (4)

The predicted scaling with engineering parameters is an improvement on that of the Cole
& Fitzpatrick model, since it exhibits a stronger density dependence. Unfortunately, this
dependence still appears to be too weak to explain the experimental data.

The new Fitzpatrick model [9] is similar to that of Cole, Hegna & Callen, except that
the response of the plasma in the vicinity of the resonant surface to the applied error-field
is calculated from nonlinear drift-MHD island physics, rather than linear layer physics.
This is appropriate in situations in which, prior to locked mode formation, error-field
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driven reconnection is not suppressed to such an extent that the nonlinear island width
is less than the linear layer width. The scaling of the error-field predicted by this new
model (in the so-called polarization regime, and the 1/ν toroidal flow damping regime) is

(

br
BT

)

crit

∼ β ρ∗ ∼ ne T
3/2
i B −3

T R−1

0
∼ neB

−9/5
T R

−1/4
0

. (5)

Thus, the model captures the linear scaling of the penetration threshold with density
that is seen in all experiments. Moreover, the predicted scaling of the threshold with
toroidal field-strength (and, hence, with major radius) falls within the experimentally
determined range. Using this model to extrapolate from JET, we deduce an error-field
penetration threshold in ITER of (br/BT )crit ∼ 5 × 10−5 which (just) lies within the
expected capabilities of the ITER error-field correction system.
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